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AUTHOR'S PREFACE. 



The powers of the mind, like those of the body, are increased 
by frequent exertion ; application and industry supply the place 
of genius and invention ; and even the creative faculty itself may 
be strengthened and improved by use and perseverance. Un- 
cultivated nature is uniformly rude and imbecile, since by imita- 
tion alone we at first acquire knowledge, and the means of ex- 
tending its bounds. A just and perfect acquaintance with the 
simple elements of science, is a necessary step towards our future 
progress and advancement ; and this, assisted by laborious inves- 
tigation and habitual inquiry, will constantly lead to eminence 
and perfection. 

Books of rudiments, therefore, concisely written, well digested, 
and methodically arranged, are treasures of inestimable value ; 
and too many attempts cannot be made to -render them perfect 
and complete. When the first principles ^f any art or science 
are firmly fixed in the mind, their application soon becomes easy, 
pleasant, and obvious ; the understanding is delighted and en- 
larged ; it conceives clearly, reasons distinctly, and forms just 
and satisfactory conclusions. But, on the .contrary, when the 
mind, instead of reposing on the stability of truth and received 
principles, is wandering in doubt and uncertainty, our ideas will 
necessarily be confused and obscure ; and every step we take 
must be attended with fresh difficulties and endless perplexity. 

That the grounds or fundamental parts of every science are 
unentertaining, is a complaint universally made, and a truth not 
to be denied ; but then, what is obtained with difficulty is usually 
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remembered with ease ; and what is purchased with pain is ge- 
nerally possessed with pleasure. The seeds of knowledge are 
sown in every soil, but it is by proper culture alone that they are 
cherished and brought to maturity. A few years of early and 
assiduous application never fail to procure us the reward of our 
industry ; and who that knows the pleasures and advantages 
which the sciences afford, would think his time misspent or his 
labours useless ? Riches and honours are the gifts of fortune, 
casually bestowed, or hereditarily received, and are frequently 
abused by their possessors ; but the superiority of wisdom and 
knowledge is a pre-eminence of merit, which originates with the 
man, and is the noblest of all distinctions. 

Nature, bountiful and wise in all things, has provided us with 
an infinite variety of scenes, both for our instruction and enter- 
tainment ,• and, like a kind And indulgent parent, admits all her 
children to an equal participation of her blessings. But, as the 
modes, situations, and circumstances of life are various, so acci- 
dent, habit, or education has each its predominating influence, 
and gives to every mind its particular bias. Where examples of 
excellence are wanting, the attempts to attain it are few ; but 
eminence excites attention, and produces imitation. To raise the 
curiosity, and to awaken the dormant powers of young minds, 
we have only to point out to them a valuable acquisition, and the 
means of obtaining it. The active principles are immediately put 
in motion, and the certainty of the conquest is ensured from a 
determination to conquer. 

But, of all the sciences which serve to call forth this spirit of 
enterprise and inquiry, the Mathematical are the most eminently 
useful. By an early attachment to these elegant and sublime 
studies, we acquire a habit of reasoning, and an elevation of 
thought, which fix the mind, and prepare it for every other pur- 
suit. From a few simple axioms, and evident principles, we pro- 
ceed graduially to the most general propositions, and remote 
analogies ; deducing one truth from another, in a chain of argu- 
ment well connected and logically pursued ; which brings us at 
last, in the most satisfactory manner, to the conclusion, and 
serves as a general direction in all our inquiries after truth. 

And it is not only in this respect that mathematical learning 
is so highly valuable ; it is, likewise, equally estimable for its 
practical utility. Almost all the works of art, and devices of men, 
have a dependence upon its principles, and are indebted to it 
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for their origin and perfection. The cultivation of these admi- 
rable sciences is, therefore, an object of the highest importance, 
and ought to be considered as a principal part of every liberal 
and well-regulated plan of education. They are the guide of our 
youth, the perfection of our reason, and the foundation of every 
great and noble undertaking. 

From these considerations, I have been induced to compose 
an introductory course of mathematical science ; and, from the 
kind encouragement which I have hitherto received, I am not 
without hopes of a continuance of the same candour and appro- 
bation. Considerable practice as a teacher, and long attention 
to the difficulties and obstructions which retard the progress of 
learners, have enabled me to accommodate myself the more easily 
to their capacities and understandings. And as an earnest de- 
sire of promoting and diffusing useful knowledge is the chief 
motive for this undertaking, so .every exertion has been made to 
render it as useful and complete as possible. 

The subject of the present performance is Algebra ; which 
is one of the most important branches of those sciences, and may 
be justly considered as the key to all the rest. Geometry de- 
lights us by the simplicity of its principles, and the elegance of 
its demonstrations : Arithmetic is confined in its object, and 
partial in its application ; but Algebra is general and compre- 
hensive, and may be applied with success in all cases where truth 
is to be obtained, and proper data can be established. 

To trace this science to its origin, and to point out the va- 
rious alterations and improvements it has undergone in its pro- 
gress, would far exceed the limits of a preface. It will be suffi- 
cient to observe, that the invention is of the highest antiquity, 
and has challenged the praise and admiration of all ages. 
Diophantus appears to have been the first, among the ancients, 
who applied it to the solution of indeterminate or- unlimited 
problems ; but it is to the moderns that we are principall)' in- 
debted for the most curious refinements of the art, and its great 
and extensive usefulness in ever}- abstruse and difficult enquiry. 
Newton, Maclaurest, Sanderson, Simpson, and Emerson, 
among- our own countrymen ; and Euler, Lagrange, and La- 
CROix, on the continent, are those who have particularly excelled 
in this respect ; and it is to their works that I would refer the 
young student, as patterns of elegance and perfection. 

The following compendium is formed entirely upon the model 
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of those writers, and is intended as a useful introduction to 
them. Almost every subject which belongs to pure Algebra, is 
concisely and distinctly treated of; and no labour has been 
spared to make the whole as easy and intelligible as possible. 
A gi'cat number of elementary books have already been written 
upon this subject ; but all which I have yet seen appear to me 
to be extremely defective : besides being totally unfit for the 
purpose of teaching, they are generally calculated to vitiate the 
taste and mislead the judgment. A tedious method prevails 
through the whole, so that the beauty of the science is generally 
destroyed by the inelegant manner in which it is treated ; and 
the learner, when he is afterwards introduced to some of our 
best writers, is obliged to discard much of that which he has 
been at so much pains in acquiring. 

There is a certain elegance in the sciences, as well as in every 
branch of polite literature, which is only to be obtained from the 
best authoci^ and a judicious use of their instructions. To direct 
the student 'm his choice of books, and to prepare him properly 
for the advantages he may receive from them, is, therefore, the 
business of every writer who engages in the humble but useful 
task of a preliminary tutor. This information I have been care- 
fill to give, in every part of the present performance, where it 
appeared to be in the least necessary ; and though the nature and 
confined limits of my plan admitted not of difiiise observations, 
or a formal enumeration of particulars, it is presumed nothing of 
real use and importance has been omitted. 






NOTICE BY THE EDITORS. 



This Edition of Bonnycastle's Introduction to Algebra differs 
greatly from all former Editions ; and though the Editors have 
closely adhered to the plan of its excellent Author, and retained 
a large portion of the original matter, they have availed themselves 
of all the recent improvements in the science, and have introduced 
various new examples, as well as several important and useful 
subjects. Without enumerating all the new features of the work, 
the Editors desire to draw attention to the following additional 
subjects, viz. : — Multiplication and Division by Detached Coeffi- 
cients — Synthetic Division — Ratios, Proportion, and Variation — 
Piling of Shot — Indeterminate Coefficients — ^Multinomial and Ex- 
ponential Theorems — Theory of Equations, of Probabilities, of 
Population, &c. In the application of Algebra to the solution of 
a few useM Geometrical Problems, an example or two on Eailway 
Curves have been introduced. 

The Editors trust that then* efforts have not only rendered the 
work as useful and complete as the circumscribed limits of a class- 
book would permit, but also placed it in a position corresponding 
to the present state of scientific research. They hope that their 
intentions, at least, will be duly appreciated, and that the work 
will meet with that success which its merits may truly deserve. 
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METHOD OF TEACHING RECOMMTENDED. 



1. To enjoin the student to read attentively the definitions, so 
as to understand their import completely, and ultimately to com- 
mit those omntial accurately to memory. 

2. To study the rules carefully, and to comprehend fully the 
principles involved in their structure and composition. 

8. To follow out, independently, the operations employed in 
all those questions whose solutions are performed at length, to 
prepare the mind fully to comprehend the methods required in 
the Exercises afterwards prescribed, 

4. If the pupil is very young, or just commencing his studies, 
attention may be directed to the solution of a moderate number 
of the more simple Examples, which, for this purpose, have been 
placed first in order. 

5. Having proceeded in this manner as far as may be thought 
requisite, he may return to a revisal of these ; while, at the same 
time, he may, at the discretion of his Instructor, undertake the 
solution of the whole, or such a portion of the general Exercises, 
as may be considered advisable, which are particularly designed 
for more advanced students. 

6. In this manner the Treatise may become either a simple and 
popular work, or as complete as its limits will permit, so far as 
the experience of the Editors could determine, 

7. The Key, containing the solutions of all the unresolved 
Exercises, with a few Additional Remarks and Illustrations, will 
enable teachers and private students to use this Treatise advan- 
tageously, and without difliculty. 
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PRELIMINARY REMARKS. 

Algebra is that branch of science which is employed to perform 
calculations by means of the letters of the alphabet, combined with 
certain signs and symbols.* 

The letters of the alphabet are used to denote quantities or magni- 
tudes of any kind, while the signs indicate the operations to be per- 
formed upon them. 

By this combination, algebra may be very advantageously employed 
in the most intricate investigations and profound speculations regard- 
ing the material world, to which the human mind can be applied. 

Quantitt/ or magnitude is anything which will admit of increase or 
decrease, or that is capable of being measured or numbered ; such as 
HneSf spckXj volume, time, motion, weight, force, &c. 

Quantities are divided into two kinds or classes ; distinguished by 
the terms knoum and unknown, or by the terms given and required. 

Known or given quantities are usually represented, in the science 
of algebra, by the early letters of the alphabet, as a, b, c, d, &c., 
while those that are unknown or required, are denoted by the final 
letters, as z, y, x, v, &c. 

Since letters, in this science, have no numerical significations in 
themselves, they are subject to no ambiguity, each retaining, through- 



* The fbllowing is a neat and concise definition : — Algebra is a general 
method of reasoning upon magnitude and quantity by means of symbolical 
characters. 

A 
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out the whole of any investigation, the signification which it was 
defined to have at the commencement. 

The object of the science of algebra is, by solution, either the investiga- 
tion of problems, or the demonstration of theorems. 

The intention of the algebraical problem is the discovering of certain 
unknovni quantities, by means of a relation between these and 
known quantities, indicated by the conditions of the question ; or it 
is the discovery of formula for the solution of questions. 

The object of the algebraical theorem is the demonstration of certain 
properties and relations which exist in the combination of known 
and given quantities. 



DEFINITIONS AND NOTATION. 

The following are the principal s3rmbols employed to indicate the 
operations in algebra, and the relations subsisting between different 
quantities : — 

1. The sign + (pliis) denotes that the quantity which it precedes 
is to be added, and all quantities before which + stands, are called 
positive quantities. Thus 3 + 6 signifies that 6 is to be added to 3 ; 
and a + b, which is read a plus b, signifies that the quantity denoted 
by 6 is to be added to that denoted by a, 

2. The sign — {mintts) denotes that the quantity which it pre- 
cedes is to be subtracted, and all quantities before which — stands, 
are called negative quantities. Thus, 6 — 4 signifies 6 minus 4, or 6 
diminished by 4, and a — b indicates that the quantity denoted by b 
is to be subtracted from that designated by a. 

3. The sign ± (j^lus or minus) comprehends both the former signs, 
and denotes that the quantity before which it stands is to be added 
when + is used, and subtracted when — is employed. 

If neither + nor — precede a quantity, + is always understood, 
and the quantity is reckoned positive : thus a means + a. 

4. The sign co (difference) , signifies the difference of the quanti- 
ties between which it is placed, when it is not known which is the 
greater. 

5. The sign = {equal) denotes that the simple quantity, or the 
aggregate of the quantities which precede it, is equal to the simple 
quantity, or to the aggregate of the quantities which succeed it. 
Thus, 2 + 3 — 1 = 10 — 2— 4,ora = 6 + c, signifies that a is 
equal to the sum of b and c. 

6. The sign x (into) denotes that the quantities between which it 
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is placed are to be multiplied together. Thus, 4x8 signifies 4 into 
8, or 4 multijpKed by 8 ; a x 6 x c, indicates the continued product 
of the quantities represented by o, 6, c, called factors, and so on for 
any number of them. 

The process of multiplication is also frequently indicated by placing 
a dot or point between the successive factors ; thus a.h.c.d signi. 
fies the same asax^xcxcf; and when quantities are repre- 
sented by letters, their continued product is indicated simply by 
writing the letters in succession, without interposing either the sign 
X or . between them. Thus, abed has the same signification as 
a X b X c X d, or a .b . c , d, and is more concise. 

The multiplication of numbers, however, can only be expressed by 
the point in cases where no ambiguity can arise from its use ; thus, 
1. 2. 3. 4 may represent the continued product of 1, 2, 3, 4; and 
^. f. T the continued product of the fractions J, f, f ; while 7.8 may 
be mistaken for 7*8, that is, for seven and eight-tenths, and 78 for 
the number seventy -eight, 

7. The sign -r- {by) denotes that the quantity which precedes it 
is to be divided by the quantity which succeeds it. Thus a-i-b 
signifies that a is to be divided by b, and read a by 6, or a divided 
by 6. 

The operation of division is, however, more usually indicated by 
writing the dividend above the line, and the divisor below it, in the 
places of the two points, (which indicate symbolically their position), 
in the manner of a fraction: thus, 16-r-8 and a -7-6 are usually 

written — and i 
8 b 

8. The sign <: {inequaUty) denotes that one of the quantities be- 
tween which it is placed is greater than the other, the opening of 
the sign being turned towards the greater quantity. Thus, a<c6 
signifies that a is less than 6, and a >> 6 denotes that a is greater 
than b. 

9. The sign : (is to), (somewhat analogous to the sign of division), 

denotes that the quantity which precedes it has the same relation to 

that which succeeds it, that the former divided by the latter has to 1. 

Thus, 4 : 2 denotes that 4 is to 2, or that 4 has the same relation to 2 

4 4 

that ^ hastol ; for 4 is double of 2, and-, or 2, is also double of 1. 

Hence, since the former number divided by the latter is always com- 

4 
pared with unity, the value of the fraction x, or 2, is termed the re- 

lation or ratio of these two numbers. If any two other numbers be 
taken, so that the number arising by dividing the one by the othet 
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has the same relation to unity, then these latter numbers have the 

Q 

same relation or ratio to each other. Thus, since - or 2 has the same 

4 

4 
relation to 1 that - has to 1 ; then 4 is said to have to 2 the same 

relation or rado that 8 has to 4. 

The same is true of all quantities that can be numerically eocpressecL 

10. The signs : : : : (proportion) denote that tlie four quantities be- 
tween which they are placed, are each consecutive pair, equal ratios 
thereby constituting a proportion ; thus x:j/::a:b, signifying that 
X has to y the same ratio that a has to 6, commonly read, x is to y as 
a is to b, or as x is to y, so is a to 6. 

11. The coefficient of a quantity is the number or letter prefixed to 
it, and indicates how many times the quantity is to be taken, or by 
what quantity it is to be multiplied : thus, 5a signifies that the quan- 
tity a is to be taken five times, and consequently the number 5 is the 
coefficient of a. Also, in the expressions ax and 4abx, the coefficients 
are respectively a and 4o6, thus combining numbers with the early 
letters of the alphabet. 

When no numeral coefficient is prefixed to a quantity, its coefficient 
is always 1 understood: thus a and x are the same as la and lar, though 
1 is never written or expressed in practice. 

12. A power of a quantity is the product arising from the multi- 
plication of that quantity any given number of times by itself: thus 
a X a is the second power or square of a, a x a x a is the third 
power or cube of a, and so on. Instead, however, of repeating the 
factor the required number of times, a small figure is placed on the 
right at its upper corner, and expresses the number of factors to be 
multiplied together. Thus, a' and a^ denote the square and cube of 
a respectively, and x^ denotes the power of x when the same factor 
is extended to n terms. 

13. A root of a quantity is that quantity which, when multiplied 
by itself a certain number of times, produces the proposed quantity : 
thus a is the second or square root of a"*, for a x a = o' ; x is the third 
or cube root of a:®, for a: x a: x a: = a:^ j and y is the 7?th root of y*, 
for y X y X y X .... to n factors = y». 

The sign \/*> which is named the radical sign, placed before a 
quantity, indicates that some root is to be teiken, and a small figure 



* In the early nnxl imperfect state of algebrn, a contraction of the requisite 
word was frequently used — often llie initial letter, whence this character is 
merely the antiquated form of the letter r, the initial letter of the word root. 
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placed over the sign, or rather in the angle, shews the root to be 
extracted, except in the case of the square root, where the figure 2 is 
always understood. 

Roots of quantities are frequently and generally more conveniently 
denoted by fractions, placed at the right upper corner of the quantity 
whose root is to be' extracted, thus : — 

The square root of a is indicated either by V^ or a* 
„ cube root „ „ ^■'a or ai 

fourth root „ „ .^/a or ai 

nth root „ „ \i^a or Un 

„ "ith root „ „ y'a"* or an 

This last meaning that the nth root of a, raised to the with power, 
is really^ or understood to be, extracted. 

In the operations of algebra, the identity of these expressions must 
always be recollected. 

14. The reciprocal of an integer quantity is unity divided by that 
quantity. Thus the reciprocals of a'', a-^ y\ ai, xh are respectively 

~2 > ~3'> ~5» — » ~i » ^^* these reciprocals are frequently represented 

« ^ y a^ 07* i 1 Th 

in the more commodious form a *, a:~^ ^"', a~*, x-^' ■'■"^ ^®" 

ciprocal of a general fraction -j^ is — oj^y t^^^i'^^'version of its terms. 

15. The exponent or index of a quantity is the small figure or frac- 
tion employed to denote the power to which it is to be raised, or the 
root which is to be extracted, as well as that employed to denote the 
reciprocal of any power or root. Thus the exponents or indices of 
a*, a:i, y~*, are respectively 2, l^ and — 2, the latter being h. negative 
exponent, indicating the reciprocal of ^*. When no exponent is ex- 
pressed, unity is understood ; thus x is the same as a:*, and this must 
be always recollected. 

16. The terms of an expression are those parts of it connected by 
the signs + or — , and the expression itself is either simple or com- 
pound, 

A simple quantity consists of a single term, as Aay. 

A coTwpownc? quantity consists of two or more terms, as a— 36 + 4a:. 

17. Brackets* ( ), { }, [ ] , are employed to denote that all the quan- 
tities within them are, in their aggregate, to be considered as forming 



♦ A vinculum or line over the quantities was foiinerly much used for the 
same purpose; but being less convenient, is now seldom employed. The vin- 
coluxn may be drawn either horizontally or vertically. 
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one quantity only. The eflfect of the use of these brackets mtist be 
carefully attended to. Thus x— (y—z) is not the same as x—y—z^ 
because in the former expression y—z^ or the excess of y above «, is 
the compound quantity which is to be subtracted, and in the latter 
both y and z are to be subtracted. This operation in algebra is 
effected by changing the signs of y— « in the first quantity, while 
those of the latter remain unchanged, as will be explained in the rule 
for the subtraction of algebraic quantities. 

18. Like quantities are those which contain the same letters or the 
same combination of letters, as a, 3a ; 2ar*y, Zx^y ; 4a:i, 7 \/x ; &c. 

Unlike quantities are those which contain different letters, or dif- 
ferent combinations of letters, as a, 6, 3x*y, 4ary*, 5xyii Is^yi, &c. 

19. A monomial quantity consists of one term only, as a, 6j:, cxy, 
&c. 

A binomial quantity comprises two terms, as x— y, db + cd^ &c.* 
A trinomial involves three terms, as a + 6ar + cy, &c. 
A mvltinomial or polynomial quantity is composed of several simple 
terms, when their number is not precisely defined. 

20. The sign .*. is frequently employed chiefly in this country for 
therefore or consequentU/y and the sign *.* for since or because. 

21. The sign oo (infinity) denotes that the quantity standing before 
it is of an unlimited value. 

22. The sign oc (variation) signifies that the quantity which pre- 
cedes it varies as that which follows. 

Thus A oc B, A varies directly as b, a oc -, a varies inversely or re- 

ciproccdly as b ; a oc b x o, that is, a varies conjointly as b and c ; and 

A oc -, or A varies directly as b, and inversely as c. 

23. A function of one or more quantities is an expression into which 
those quantities enter either alone or connected with other quantities, 
as a + ar, 6a? + ex", (a"— a:')* = y. 

Functions are divided into classes as algebraic functions, trans- 
cendental functions, trigonometrical functions, such as sines, tan- 
gents, &c. 

For the purpose of illustrating the preceding definitions, the 
numerical valuations of some algebraical expressions are subjoined. 

Find the numerical values of the following algebraical expressions : — 
If a= 1, ft = 3, c — 2, rf=0, ande = 5. 

1. a + 6 - 2c + 5rf H- 2e = 1 + 3-4 + + 10 = 10. 



♦ The binomial « — y is sometimes called a residual quantity. 
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2. ab-cd + ac + ae-bd= 3-0 + 2 + 6-0 = 10. 

3. (a + b)(c + d) + (a + c)(b-d) = 4y. 2 + 3 x 3 = 8 + 9 = 17. 

4. a*-4a»c + 6aV~4ac' + c* = 1-8 + 24-32 + 16 = 1. 

c — a e — c a + e 2 36 ^ ^ 

6. V« + V36- V2c + 2 via =1 + 3-2 + 4 = 6. 

EXAMPLES FOB EXEBCISE. 

Find the valaes of the following expressions, if 

a = 2, 6 = 1, c = 4, c? = 6, e = 9. 
1. (a+ b + c)(a + c-^ e)f Ans. 105. 

' ab + ac—bc ac~bd + ae 2cib + Sad—ce^ . 61 

^' 2a + 36 "^ Sc+d e-(b + c) ^ ^''^- 63* 

3. {d-a + (6 + c)'}. {(c-6)»-(e-rf)} . {(« + 6 + c + rf)»-3dfe}? 

_ Ans. 1218. 

4. 2 V(«-*) + 3 Vc- Vce + ^(6-6)- V(a + 6 + c + d-e)? 

Ans. 2. 
6. >^{ac - (6 + d)} + -^{(2rf+ 36)*- 2e(a+ e)} - ^^? 

Ans. 2. 

6. Shew that if a = 6, 6 = 4, and c = 3, 

(a-{-b + c) (a + b -c) (a-^ c- b) (b+ c-a) = 4aV - 
{o« + 6«-c»}». 

7. If a = 5, 6 = 4, c = 3, rf= 2, shew that 4 (a* + 6» + c' +0 

= (o + 6 + c - d)' + (a + 6 + rf- c)' + (a + c + rf- 6)' + 
(6 + c + d-o)'. 

8. If any numerical value he given to a greater than to b and any to n, 

shew that a" — 6* = (a + b) (a—b), 

a» + 6' = (a + 6) (a»-a6 + 6"). 
a» - 6' = (a -6) (a* + ab + b'). 
a^-b^= (a* + 6*) (a* -6* ). 
The component factors of these formulae should be recollected for 
their utility in future applications, particularly in fractions. 



ADDITION. 

1. Addition is the method of connecting quantities together by 
means of the signs prefixed to them, and incorporating such as are 
Hke, which alone can be united, into one sum. 

2. Unlike quantities cannot be incorporated, and consequently must 
be written in succession, prefixing to each its proper sign. 



8 
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3. It will often be found convenient to embrace within brackets 
the coefficients, prefixing or subjoining such a common factor as may 
be suitable.* 

Thus, the sum of a and— 2ar is a— 2a:, the sum of 4x— 2^ and 3a + 26 

is 4x~2y + 3a + 26 ; and the sum of ax^ + 6j: + c, and mx* — nx—d\a 

ax^ + mx* + hx—nx + c— £?, or (a + m) a:' + (h—n) x + c — £?, 

or a x' + 6 X + c 
m — n — d 

This last or third method is not frequently used. The addition of 
like quantities might therefore be properly divided into the two fol- 
lowing cases : — 

(1.) Like quantities with like signs. 

(2.) Like quantities with unlike signs. 

In compliance with common practice, we shall still retain another 
case. 

(3.) Unlike quantities with unlike signs.f 

CASE I. 

WJ^n the quantities are like^ and have like signs. 
Rule, — ^Add the coefficients together, prefixing the common sign if 
necessary, and annexing the common letter or letters. 

r 

EXAMPLES. 



(10 


(2.) 


(3.) 


(4.) 


(5.) 


a 


2aa: 


-3ay 


-26/ 


a6car 


Ba 


box 


-6ay 


-66/ 


3a6cr 


5a 


4ax 


- ay 


- V 


2a6cr 


la 


lax 


-2ay 


-86/ 


labcx 


12a 


Ifiaar 
34aar 


-lai/ 
-19ay 


- 6/ 
-186/ 


abcx 


28a 


14a6cr 



♦ The term Addition, which is generally used to denote this rule, is too 
scanty to express the nature of the operations that are to be performed in it ; 
which are sometimes those of addition, and sometimes subtraction, according 
as the quantities are positive or negative. It should, therefore, be called by 
some name signifying incorporation, or striking a balance ; in which case, the 
incongruity here mentioned would be removed. 

t According to our remarks in article 2 of addition, the incorporation of 
unlike quantities cannot be effected in the usual sense, which would thus have 
reduced the cases strictly to two. 



• 
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(6.) 


(7.) 


(8.) 


(9.) 


2b + Zy 


a-2a:" 


Ix-Ay 


2a + x* 


bb-hly 


a-6ar" 


x-8y 


3a + ar" 


h-\-2y 


4a- x' 


3x- y 


a + a:* 


86+ y 


3a -6x" 


x-Sy 


9a + 0^* 


46 + 4y 


la- x' 


4x- y 


4a + a:* 
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CASE II. 

When the quantities are unlike^ and have unlike signs. 

Rule. — Add first the positive, and then the negative quantities, now 
subtract the less sum from the greater ; prefix, if necessary, the sign 
of the greater sum to the remainder, and annex the common letter or 
letters. 









EXAMPLES. 








(10 




(20 


(3.) 


(40 


(5.) 




-3a 




- 2a» 


— 2a V^ 


2a 


-3ar» 


a- 


■ 8 


+ 7a 




- 3a» 


+ 7a \^x 


-7a + ex' 


2a- 


8 


+ 8a 




- 8a» 


— 9a \/x 


-3a + x' 


4a- 


8 


+ a 




+ 10a» 


+ la \/x 


+ a 


-3a;' 


— a" 


8 


— a 




+ 16a» 


— 4a ^/x 


+ 2a 


- x' 


-3a-» 


+ 12a 


13a« 


— a\/x 


-5a 




3a" 


'8 


(6.) 






(70 




(80 




^ay- 


7 


— • 


px'-^ qy 


-&a' 


+ 26 + Gar' + 


5xi 


- oy + 


8 


+ 


6px'-2qy 


+ 2a' 


-36- 


2aar»- 


&A 


+ 2a3^- 


9 


-{■slpa^ — ^qy 


-5a' 


- 86 + 3aa:* - 


lOari 


- 3ay-: 


LI 


— 


2px'+6qy 


+ 4a" 


-26- 


7aa;« + 


3a:i 


+ l2ay-\- 


13 


+ 
(10.) 


9px'+2qy 

(110 


-3a» 


+ 96 + 


as^ + 


llxi 


(9.) 


1 




(12.) 




ax 




2ay 


3aa: — 


2by 


ams^ 


' ^rhny 


+ r« 


hx 




-3V 


6cx + Sdy 


cpx' 


-dqy 


-hrz 


ex 




+ 4ay" 


-2dx- 


Aay 


— qx' 


^py ' 


f arz 


dx 




- V 


— 4hx + 3% 


-war* 


- my - 


- erz 



a2 
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EXERCISES. 

Find the sums of the following quantities : — * 

1. S^y, 4ax, — xy^ and— 4aar. Ans. 4xy. 

2. 0X2, —ox', + Soar*, and —ax^. Ans. 2ax', 

3. 3x*y, 2a:y*, — Txy", — Sx'y, and 2xy'. Ans. — 5x"^ — 3ary*. 

4. 2ry — 2ar', 3j:' + xy, x' + ary, and 4x' — Sxy, Ans. Ga:* + a:y. 

5. 8a*x* — 3aj:, Tax— 6xy, 9xy— 5ax, and 2a"x'+a:y. 

Ans. lOa'x*— ox + 6xy. 

6. x» + 3x»-4x + 2,2x'-5x» + 7x-8, 3x» + 7x»-5x + 2,x'-5x" 

-5x-l, and 4x® + 5x* + 2x + 5. Ans. llx^ + 5x*-5x. 

7. X + y + «— r, X + i/—z + r, x— y + z+v^ and — x + y + « + v. 

Ans. 2 (x + y + z + v), 

8. x» - y» + 3x»y - 5xy", 3x» - 4x«y + 3y'-3xy', x^ + f + 3x«y, 

2x' - 4y» - 6xy^ 6x'y + lOxy^ and - 6x» - 7xV + 4xy' + 2y», 

Ans. x' + x"y + xy' + y®. 

9. V(«' + ft") - V(«'- 6')-5a6,2 V(a' + b')-Sdb-5 V((^'-^)y 

10 VCa' - b') - 12 V(a' + ^") + lab, Sah-2 (a' + 6*)i - 
3 (a» - 6«)* ab + (a«-6»)i + («" + *'A a^^ 12 (a« + b')^ 
- 5 (a" - 6«)^ - 4a6. 

Ans. 2 (a* + b')^ -3(a' - 6«)i + 4a*. 

10. Find the sum of — ^-^ and — ^. Ans. x. 

1 1 T7- J ^1, ^ a' + ab ■{■ b' , a*-a6 +6* . , , , 

11. Find the sum of and . Ans. a +o . 

12. Find the sum of x" + xy + y", t/ix* + wcy + joy", and qx^-\-rxy + 

Ans. (1 + 778 + g') x' + (1 + n + r) xy + (1 + JO + s) y*. 

13. Find the sum of (o + b) x'- (c + c^y*, 3 (a + b) x*+6 (c-\-dy, 

and 6 (a + 6) x» - 4 (c + <?)y*. Ans. 10 (a + 6) x*. 



CASE HI. 

When some of the quantities are like, and others unlike. 

Rule. — Collect all the like quantities together, by taking their 
sums or differences, as in the foregoing cases, and set down those 
that are unlike, one after another, with their proper signs. 



♦ The commas shew generally the different lines of the example to be placed 
under each other, to obtain the aggregate or sum. 
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EXAMPLKB. 

(1.) (2.) 

OX* — bx' f X®* —fx* 

cx^-dx <7J-^"»+ hx^* 
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ax* + ex' — hx* • 


-dx 




ftr'« 


+^x"»-/xn +^xi* 


or (ox' + cx'—bx~ 


-d)x 


or 


(ex"* 


+^)^'*-(A**-%-^' 


(3.) 








(4.) 


OX — 6x 








+ cm/ + ixy— 13 


—ex + dx 








- 2xy + cy - 7 


gx — hx 








— 4ey — xy 4- 9 



ox + dr -i- .gx—bx—cx—hx, (a— 21) xy—3cg^ 11 

or(a+c?+5')a: — (6+c+A) x or(ax— 2^x — Sc)i/ — 11 

(6.) 

ox"* + 6x* — cxP + doo^ 
— bx^ — da^ + ax" — ex« 
(e +/) X* -(^ + e) x« + (6+c) JtP 
(c — a)x9 — kofi + (c? + c) x« 



(a-J)x'"+ (a + 6 + e +/)x»» + (6-c?-A;)xp --(a-c-rf+fi)x« 

In collecting coefficients of aggregates in this manner, the following 
rules should be observed. 

(1.) Collect the coefficients of the same power throughout the 
whole expression in numerical or literal order, as 

1, 2, 3 . . . «, or 

(2.) In like manner, arrange the aggregates of coefficients in the 
order of the characters selected. 

(3.) The second answer to the preceding questions may be omitted 
on a first perusal, and deferred till a knowledge of multiplication and 
division is obtained. 
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SUBTRACTION. 



Subtraction is the method of finding the difference between any 
two quantities of the same kind. 

Rule, — Conceive the sign or sig^s of the quantity or quantities to 
be subtracted to be changed, (+ into — , and — into +,) and pro- 
ceed as in the several cases of addition.* 



(1.) 


(2.) 


(3.) 


5a + 76 + 3c 


4ab -6a + 3b 


X* + y' + *» 


3a + 26 + c 


Zab — 5a— b 


-x'-y'-^ 



2a + 56 + 2c ab - a + 4b 2a:' + 2y' + 21* 

(4.) (5.) (6.) 

7a — 66 + c 2a:*+ 6xy — 3y" box — 7by + Scz 

a + 26 - 2c 2x*- xy - f Sax - 66y + 2c8 



(7.) (8.) (9.) 

15\/j^-12Vy- Va a» + 3a*6 + 3a6»+6' -5x*y+Bxy'-6y' 

Wx- Wy^Wa a'~3a»6+3a6*-6« 2xy'-Qx'y-7y' 



EXAMPLES FOR PRACTICE. 

1. Find the difference of 7x' — 8a: + 6, and 6x' + 6r — 4. 

Ans. 2ar* - 14a: + 9. 

2. From 6a: - 2a - 6 + 7 take a - 36 + 8 + 4a:. 

Ans. 2x-3a +26-1. 

3. From 4 (a + 6)» - 7 (c - rf)* take 3 (a + 6)» - 6 (c - d)'. 

Ans. (a + 6)«- (c-ef)». 

4. From 16a:^ - lOy* + 7zitake9y^ - 6zi -Bxi, 

Ans. 18a:* - 19y^ + 12zi. 

5. From i (a + 6) subtract J (a — 6.) Ans. 6. 
G. From oa:' + 6a:* + ca: + rf take aV + 6'a:* — c'x + d. 

Ans. (a - a') x» + (6 - 6') x* + (c + c') a: + (d-d), 

7. From 3a:" + 7x*"* - 5x""'take 4a:"~* - 7a:"'"' + 3ar"""\ 

Ans. 3a:* + 3a:*-^ + 2x"''' - 3a:*"'. 

* The term subtraction, used for this rule, is liable to the same objection as 
that for addition ; the operations to be performed bdng frequently of a mixed 
nature, like those of the former. 
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MULTIPLICATION. 

Multiplication is the method of finding the product of two or 
more quantities, and is performed in the same manner as in arith- 
metic ; except that it is usual, in this case, to begin the operation at 
the left hand, and to proceed towards the right, or contrary to the 
way employed in the latter. 

The rule is commonly divided into three cases ; in each of which 
it is necessary to observe, that like signs, in multiplying, produce + , 
and unHke signs-. 

It is likewise to be remarked, that powers, or roots of the same 
quantity, are multiplied together by adding their indices : thus, 

a X a", or a} y. a^ = a} +2 = 0'; a^ x a*= a^ -*■ * = a' ; a^ 'X ai 

= a^ "'^ ^ = o^ "*" • =a« ; and a* x a*=^ af^"*^*; where m and n may 
be either integers or fractions. 

The multiplication of compound quantities is also, sometimes, 
simply denoted by writing them down, with their proper signs, in a 
bracket, or a parenthesis, without performing the whole operation, 
as 

dab (a - h\ or 2a\/(a* + 6"), or a^(a + h). 

This method is often preferable to that of executing the entire pro- 
cess ; particularly when the product of two or more factors is to be 
divided by some other quantity, because, in this case, any quantity 
that is common to both the divisor and dividend may be more readily 
suppressed ; as will be evident from various instances in the follow- 
ing part of the work.* 



* The above rule for determining the signs in the product may be thus 
proved. If the quantity a is greater than the quantity 6, and a — 6 is to be 
multiplied by e, the product must obviously be less than oe, since a — 6 is less 
than a, and consequently when each of the terms of a — 6 is multiplied by e» 

the result will be 

(a — h) X c = ae — 6c, 
because if it were ae + bct the product would exceed ae, which is absurd. 
Also, if a be greater than 6, and e greater than d, then we shall have 
(a — h) X (c — d) = a<j — ad — 6c + bd. 
For the product of a — 6 by c is ac— 6c, and that of a — 6 by — d\B — d(a — 6), 
as has been before shewn; hence a— 6 being less than a, it is evident that the 
part — <2 (a — 6) which is to be taken from e {a — 6) must be less than ad, and 
since the first term of the product — d (a — 6) is — ndt the second term must 
be -f 6d; for if it were — 6d, a part greater than ad would have to be taken 
irom e (a — 6), which is absurd. 
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CASE I. 

When the factors are both simple quantities. 

Rule. — Multiply the coefficients of the two terms together, and to 
the product annex all the letters, or their powers, belonging to each, 
after the manner of a word ; and the result, with the proper sign 
prefixed, wiU be the product required.* 



12a 

36 


(2.) 

- 2a 
+ 4b 


EXAMPLES. 

(3.) 
+ ba 
-6x 


(4.) 
-9x« 
-bbx 


36a6 


-Bab 


- 30ax 


+456ar» 


(6.) 

lah 
— bac 


(6.) 
-6a"a: 
+ bx 


(7.) 
-2xy' 
- xy 


(8.) 
— 7ary 
+ 6ay 










(9.) 

3a% 

2a'b 


(10.) 
12«»ar 
-2a:«y 


(11.) 

- Qxyz 
+ afz 


(12.) 
a;»— 1 

xn + l 








CASB II. 





When one of the factors is a compound quantity. 

Rule. — Multiply each term of the compound factor, considered as 
a multiplicand, separately, by the multiplier, as in the former case ; 



* When any number of quantities are to be multiplied together, it is the 
same thing in whatever order they are placed : thus^ if ab is to be multiplied 
by c, the product is either abct acby or bca ; although it is usual, in this case, as 
well as in addition and subtraction* to put them according to their rank in the 
alphabet. It may here also be observed, in conformity to the rule given above 
for the signs, that( + a) x ( + &) or (— a) x (—&)=+ a6, 
and ( + a) X (—6) or (—a) X (+ 6) = —ab. 
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then these products placed one after another, with their proper signs, 
■will be the whole product required. 

EXAMPLES. 



(1.) 

3a - 26 
4a 


(2.) 

6a3^-8 
3a; 


(3.) 

a" - 2x + 1 
4,r 


12a' -8a6 


18x'y-24a; 


4a'x-8x" + 4r 


(4.) 

12a; -ab 
ha 


(5.) 

35a;" - 7a 
-2a; 


(6.) 

3i^' + y-2 

xy 


\ 


(7.) 

13a;* - a»6 
-2a 


(8.) 

25xy + 3a" 
13a;« 


(9.) 
3-pn _ a;»^iy«_2y« 
hxy 









CASE III. 

When both the factors are cortvpound quantities. 

Rule, — Multiply each term of the multiplicand separately, by each 
term of the multiplier, setting down the products one after another, 
with their proper signs ; then add the several lines of products to- 
gether, and their sum will be the whole product required. 

EXAMPLES. 

(1.) (2.) (3.) 

a •\- x x — y x^ + xy — y* 

a + x X — y X — y 



a* + cue x^ — xy a;® + x^y — xi^ 

+ ajc -^ a^ — xy ■{■ y' — x'y — xy' + y* 

a" + 2007 + a:^ a;" - 2xy+ y' x» * -2xf + y' 
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(4.) 

a + X 
a — X 


(6.) 
x'^xy 


(6.) 
x^ + xy + f 
X -y 


a^ + ax 
— ax — 3^ 




a^ * -a^ 


x' » -/ 


x» * * -y' 



EXAMPLES FOB PRACTICE. 

1. Required the product oi 3^ — xy + y^ and x + y. 

Ans. x" + y*. 

2. Required the product of x' + a:*y + a^y* + y" and x — y, 

Ans. a:* — y*. 

3. Required the product of a:* + ay + y* and 3^ — xy + y^, 

Ans. X* + a:*y* + y*. 

4. Required the product of Za^ — 2ay + 6 and a^ + 2xy — 3. 

Ans. 3ar* + 4a:'y - 4ar«y« - 4x^ + IQxy - 16. 
6. Required the product of 2a' — 3aa: + 4r* and 6a' — 6aa: — 23^, 

Ans. 10a* - 27a*a: + 34aV - 18ax» - 8x*. 

6. Required the product of 6x' + 4aar» + 3a«a: + a'and2ar*-3aa:+a«. 

Ans. 10x» - 7ax* - aV - 3aV + a\ 

7. Required the product of 3a:' + 2x^y^ + 3y' and 2x^ - Sx^y^ + 6y'. 

Ans. 6x« - 5xy - 6a;y + 21a:y + x^y' + 15y'. 

8. Required the product of a:* — oar* -\- bx — c and a^ — dx + e. 

Ans. x' -(a + d)x^ ■\-(b + ad+ e)x' -(c-\- bd+ ae)ji^ 
+ (ai + 6e) ar — ce. 

9. Multiply y' + y« _ y* _ y8 ^ ^ ^ 1 1,^ ^a _ ^ + 1. 

Ans. y* + 1 

10. Multiply a:»-i + 2a:"-' + 3a:«-8by a:" + ar + 1. 

Ans. a:« + 1 + Sx" + 6a:"-i + 5a*-' + 3a:«-» 

11. Multiply a* + t"— ly"— 1 + y* by a* — a:«— iy»— 1 + y». 

Ans. a:'* - a:2"-a^-a + 2a:"y« + y«*. 

MULTIPLICATION BY DETACHED COEFFICIENTS. 

When the factors consist of powers of the same quantity, the 
product may be obtained very simply by means of the coefficients 
alone, and introducing in the result the proper powers of the 
quantity. 

1. Find the product of ar' + x* - a:* - a:' + a: + 1 by ar' — a: + 1. 

Supplying the absent terms of the series of powers with ciphers, 
multiplication will be performed in the following manner : — 
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1+1+0-1-1+0+1+1 
1-1 + 1 

1+1+0-1-1+0+1+1 
-1-1-0+1+1-0-1-1 

+1+1+0-1-1+0+1+1 

1+0+0+0+0+0+0. +0+0+1 
Now a:^ X x^ r= x® ; hence the product required is = x® + 1. 

2. Multiply/ + 2/ + 2y + 1 by/ - 2/ + 2^-1. 

Ans. / — 1. 

3. Multiply together a: — l,a: — 3, a: + 2, a: + 6, and x — 5. 

Ans. x" - X* - S7x^ + Glx^ + 156a; - 180. 

4. Multiply together / + 4, y + 1, and ^ — 1. 

Ans. y* + 3/ - 4. 
6. Multiply a: -2 + 3a:-^ + 2 + a: by a:'^ - 2ar + 3. 

Ans. a:^ + 2a; + 1 + 7x-^ + 3x-2. 



DIVISION. 

Division is the converse of multiplication, and is performed like 
that of numbers ; the rule being usually divided into three cases ; in 
each of which, like signs give + in the quotient, and unlike signs — , 
as in finding their products. * 

It is here also to be observed, that powers and roots of the same 
quantity are divided by subtracting the index of the divisor from 
that of the dividend. Thus, - 

a»-^a*,or-a-= a8-2— a- a' -i- or, or — = a^ -" — cT^ — a^\ 
a * 



1 - «"* 

and a* -+ a», or — = a»»~^. 

a* 



♦ According to the rule here given for the signs, it follows that 
+ ab —ah — ah + ab 

as mil readily appear by multiplying the quotient by the divisor ; the signs of 
the products being then the same as would take place in the former rule. 
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CASE I. 

When the divisor and dividend are both simple quantities. 

Rule, — Set the dividend over the divisor, in the manner of a fraction, 
and reduce it to its simplest form, by cancelling the letters and figures 
that are conmion to each term. 

EXAMPLES. 

dab 12a3^ 

Qab -r- 2a, or ^ = 3& ; and 12ax^ -h 3ar, or —^ = 4ax ; 

a -r- a, or - = 1 : and a -j a, or = — 1. 

Ai o « -2a 2 

Also — 2a -T- 3a, or — — = — - ; 

And 9a:* -^ sA or ^ = 3x*~i = 3ar*""* = Sari- 
Sari 

1. Divide 16x« by 8a:, and 12a«x« by - 8a«a:. 

Ans. 2a: and — —, 

2. Divide — 15ay* by 3ay, and — 18aa:*y by — 8aa:. 

Ans. — 6^, and 2^xy. 

3. Divide - ^a* by fa* and oa:* by - f a*a:*. 

Ans. — ^, and — ~a^x , 

D O 

4. Divide a^6* by 0*6, and a:* + * by a:*. 

Ans. a*6*, and a:*. 

5. Divide x*-* by a?-* *, and a- ^6- *c ~ ' by abc. 

Ans. a:~ ', and a~ ^fe ~ *c~ *. 

6. Divide a:i by si' ^^ ^^, 

7. Divide a:2«-i by a:"» +» . Ans. a^-K 

8. Divide y« + 1 by ^"-1. Ans. y-(«-2) r= -^^.j- 



CASE ir. 

TF^n ^Ae divisor is a simple quantity ^ and the dividend a compound one. 

Rule. — Divide each term of the dividend by the divisor, as in the 
former case, setting down such as will not divide in the simplest form 
they will admit of. 
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EXAKPLBS. 

(oi+J*) ^ 26, or i!*±^= ia + 46=^*. 

(10a6 — 16aa:) -f- 6a, or r = 2b — 3a:. 

.o 9x /. 30aar - 48a:'» 
(SOox - 48ar2) ^ g^^ ^^ — = 5a - Sr. 

1. Let 3a:^ + 6a* + 3aa: - 15a: be divided by 3a:. 

Ans. a:* + 2.r + a — 5. 

2. Let 3a6c + 12a5a: — 9a% be divided by Sab, 

Ans. c + 4a: — 3a. 

3. Let 40a»68 + 60aW - llab be divided by - aK 

Ans. - 4QaW - eOab + 17. 

4. Let 15a*6c — 12aca:' + 5ad^ by divided by — 6ac. 

Ans. — Sab + -z-x' . 

5 c 

5. Let 20aa: + 15 aa:^ + lOaa: + 5a be divided by 5a. 

Ans. Sx^ + 6x + 1, 

6. Divide ar^ + a^ + ^ + a^+' + a^+^bya:*. 

Ans. 1 + X + a:^ + a:^. 

7. Divide a5* ~* + ax^ ~' + 6a:* — * by a:* — *. 

Ans. X + aa^ + bs^, 

8. Divide a*x - a* -^ ^x* + a« + V- a* + V by a» 

Ans. X — ox^ + a^a:^ — a'^x*. 

CASE III. 

When the dirjisor and dividend are both compound quantities. 

1. Set the quantities down in the same manner as in division of 
nnmberSf ranging the terms of each of them so that the higher 
powers of one of the letters may stand before the lower. 

2. Divide the first term of the dividend by the first term of the 
divisor, and set the result in the quotient, with its proper sign, or 
simply by itself, if it be affirmative or positive. 

3. Multiply the whole divisor by the term thus found ; and having 
subtracted the result from the dividend, bring down as many terms 
to the remainder as are requisite for the next operation, which per- 
form as before ; and so on, till the last term of the dividend is brought 
down. 
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EXAMJ'LKS. 



3: + ^)x2 + 2xf/ + y^{x + y 
a^ + xy 

xy -\-f 
xy + f 



a -H x)€fi + 5a^x + 5ax^ + 3^{a^ + iox -f x^ 
a' + a^x 



4a^x + 5ax^ 



ax^ + z* 



X - 3)a:3 _ 9^2 _|_ ^^^ _ 27(3:2 _ 6t + 9 



ar' - 3x^ 



- 6x2 _^ 27x 

- 6x2 + J8^ 



9x - 27 
9x - 27 



2a:* - 3ax + a2)4x* - Oa^x^+ea^'x - a* (2x2 + Zax - a* 

4j^ - Cflrx^ + 2a2x2 



6ax-3- 
6ax3- 


lla^x^ + 6a«x 
9a2x2 + Sa^x' 




— 


2a2x2 + 3a»x - 
2a2x2 + Sa^x - 


a* 
a* 


* 
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Note 1. If the divisor be not exactly contained in the dividend, the 
quantity that remains after the division is finished must be placed 
over the divisor at the end of the quotient in the form of a fraction : 
Thus* 

a + x)o' — x^(a^ — ax •\' 7? — 



a» + a'x " + "^ 



— €?X 

— c?x 


— ax^ 






ax^ 


+ x^ 






-2a^ 



X + y)^ + y*{^ — ^y + xy^ — y^ + 



or* 


+ ^y 




• 






- ^y 
-^y 










^y^ 
xY 


+ xf 






- 


— xf + 

- xf - 


2/ 



X +y 



2. The division of quantities may also sometimes he carried on, ad 
infinitum^ like a decimal fraction ; in which case a few of the leading 
terms of the quotient will generally be suflScient to indicate the rest, 
without its being necessary to continue the operation : Thus, 



* lu the case here given, the operation of division may be considered as 
terminated, when the highest power of the letter, in the first, or leading term 
of the remainder, by which the process is regulated, is less than the power of 
the first term of the divisor; or when the first term of the divisor is not con- 
tained in the first term of the remainder ; as the succeeding part of the quo- 
tient, after this, instead of being integral as it ought to be, would necessarily 
become fructional. 
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X 3^ 3^ 3^ o 

a + x)a .... (1 + -s «-+ -j-— «c« 

' ^ a a* a^ a* 

a + X 



— X 










— X 




x« 








a 








+ 


3^ 

a 








+ 


3^ 


3^ 










x» 










a' 


a:* 








a« 


a8 






+ 


a:* 
a8 



And by a process similar to the above it may be shewn that 



^ X^ 3^ Xl^ 3^ 



a — X a c^ cfi a^ cfi 

Whence the law, by which either of these series may be continued at 
pleasure, is obvious. 



EXAMPLES FOB PBACTICE. 

1. Let o' — 2ax + a:* be divided by o — x. 

Ans. a — X. 

2. Let 3? — Zax^ + Za^x — o^ be divided by a: — a. 

Ans. 3^ — 2ax + c?, 

3. Let a^ + 6a*x + Soar" + a:^ be divided by a + x. 

Ans. c? + 4ax + jt*. 

4. Let 2/ - 1 V + 26y - 17 be divided by y - 8. 

Ans. 2y« - 3y + 2 - — -g. 

5. Divide x* + 1 by x + 1, and x® — 1 by x — 1. 

Ans. x*-x8 + x" — x + 1, andx^ + x* + x8 + x* + x+ 1. 

6. Divide 48x8 - 76ax« - 64a«x + lOSo^ by 2x - 3a. 

Ans. 24x2 _ 2ax - 36a«. 
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7. Let 4a:* - Ox* + 6a: - 3 be divided by 2a:» + 3a: - 1. 

8. Let a?* — a^a^ + 2a'a: — a* be divided by a:* — aa; + a*. 

Ans. a:* + cur — o*. 

9. Let 6af* — 96 be divided by 3a: — 6, and a* + a:* by a + x. 

Ans. 23^ + 4x^ + Sx + 16, and a* - a*x + aV - ax^ + x*, 

10. Let 32a:* + 243 be divided by 2x + 3, and a:^ - a« by x - a. 

Ans. 16x* - 24x8 ^ 26x^ - 64x + 81, and 
x* + ax* + a^a^ + a^s^ + a*x + a*. 

11. Let 6* - 3y*bedividedby 6 -y, anda* + 16o6' + 16fe*bya + 2fe. 

Ans. 68 + ftSy ^. 5ys + y8 _ ^i!L.^ and 
cfi - 2a«6 + 4a62 + 86*. 

12. Let x" +jpx + 5' be divided byx + a, andx^ —jpj:^ + ^ra:— r by x— a. 

Ans. X + (p — a) H =^- -, and 

^^ ' X + a 

x" + (a -p) X + (a^ - fl5p + 5^) + -P^ + ^i^-r ^ 

13. Divide o^x" - 2a62a: + b^ljax-b, 

Ans. a'x" + a6x — 6*. 

14. Divide wmix* — (n* + wr) x* + 2nrx — r* by wx — r. 

Ans. wix* — nx + r. 

16. Divide a — x by a* — x*. 

Ans. a»» +«» .x» + a» .x»....+ a».x>» +x» 

16. Divide a' + x* by a + x. 

Ans. a^ — ax + a^, 

17. Divide x* — y* by x + y. 

Ans. 0^ — x'y + ay* — y*. 

18. By a similar process, shew that a« — x* is divisible by o + x 

when n is even, a" + x" by a + x when n is ocW ; and if n be even, 
a* + a:* is divisible by neither a+ x nor a — x. 

19. Shew that a» — x» is divisible by a — x whether n is even or odd. 
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DIVISION BY DETACHED COEFFICIENTS. 

The method of performing division by detached coefficients may 
frequently be employed with much advantage, and, in illustration of 
the method, wo have subjoined an example or two. 

1. Divide 3fi -2x^+1 hjx^ -2x + 1. 

1-2 + 1)1+0 + 0-2 + + + 1(1 + 2 + 3 + 2 + 1 
1-2+1 



2 
. 2 


-1-2 
-4 + 2 




+3-4+0 
3-6 + 3 




+2-3+0 
2-4 + 2 



1-2 + 1 
1-2 + 1 
Now 3fi -7- x^ =1 xi* ; hence 

quotient = ar* + 2x3 + Sa:^ + 2a: + 1. 

2. Divide 32a« + 243 by 2a + 3. 

Ans. 16a* - 24ta^ + 36a« - 54a + 81. 

3. Divide a« - 3a* + a^ + a^ - 3a + 1 by a + 1. 

Ans. o* — 4a3 + 6a* — 4a + 1. 



SYNTHETIC DIVISION. 

The synthetic method of division is still more useful than the 
method of detached coefficients. It is simply a change of arrange- 
ment of the work, and the conversion of the process of subtraction 
into that of addition. This conversion is effected by simply changing 
the signs of all the terms of the divisor except that of the first term. 
The process will be understood from an attentive consideration of the 
following examples : — 
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1. Divide 6a:' + 2x* - 21x3 + 12x« - 21a: + 8 by ar^ + 2a: - 1. 

By detached coefficients, 

a^ a-" a:* 

1+2 - l)6+ 2-21 + 12 - 21 + 8(6 -10 +6-8 

6 + 12- 6 .•.6a:'*-10a^ + 5a:-8 

= quotient. 



- 10- 

- 10- 


-15 + 12 
-20 + 10 




5 + 2-21 
5 + 10 - 6 




- 8-16 + 8 

- 8-16 + 8 



By the syntJietic method. 





6 + 2-21+12-21+8 


- 2 


-12 + 20-10 + 16 


+ 1 


+ 6-10+ 5-8 



6-10+5-8 * * 
.-. 6x* - 10a:2 + 5x - 8 = quotient. 

The student will easily perceive that the latter process is only a 
modified arrangement of the work in the preceding method by de- 
tached coefficients. In the former, the coefficients are 2 and — 1, and 
in the latter they are changed into — 2 and + 1, and multiplying by 
the coefficient of the first term in the quotient, which is 6, the pro- 
ducts — 12 and + 6 are written diagonally instead of horizontally. 
Then the sum of — 12 and 2 is — 10, the coefficient of the second 
term in the quotient. Again, multiplying by — 10, and writing the 
products + 20 and — 10 diagonally as before, the sum of — 21, 
+ 20 and + 6 is 5, the coefficient of the third term of the quotient, 
and so on till the process either terminates, or leaves a remainder, 
which may be written over the divisor in the form of a fraction, and 
thus the quotient will be completely determined. 

When the coefficient of the first term of the divisor is unity, the 
process is very simple, as is evident from the preceding example; 

B 
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but when that coefficient is not anity, the process might be managed 
as in the following example : — 

2. Divide 72a:* - TSj:" - 10x« + 18a: + 6 by 6x^ - 4x - 1. 
ar^ 1 x* x^ x^ X 



6 

+ 4 

+ 1. 
Divide by 6 

quotient = 



72-78-10 + 18 + 6 
+ 48-20-12 

+ 12 - 5-3 



72 - 30 - 18 



+ 1 + 3 = remainder. 

a: + 3 



12-6-3 
Hence the complete quotient = 12a:^ — 5ar — 3 + nj^^ \ "_ y 

EXAMPLES FOK PRACTICE. 



1. Divide a«-5a' + 15a*-24a'* + 11c?-\Za + 5 by a^-Za + 5. 

Ans. a*-2a' + 4a2-2a + 1. 

2. Divide 1 —y by 1 + y. 

Ans. l-2y + 2y«-2y»+ 

3. Divide 1 + 2a: by l-a:-x'. 

Ans. 1 + 3a: + 4a:2 ^ 73.8 ^ 11^4 ^_ 

4. Divide 3a:* - 4a:3 __ 5^.2 ^ 16^ _ 24 by a: - 2, and also by x + 2. 

. ('3a:3 + 2ar»- 2a: + 12. 
^^^'X^:^ - 10a:2 ^. 14^ _ 12. 

6. Divide 6/ - 32y* + 77^ - 86y2 - 663^ + 216 by 4^^ - 8y + 24. 

Ans. ly^ — 5^* + iy + 9. 



ALGEBRAIC FRA.CTIONS. 

Algebraic Fractions have the same names and mles of operation 
as numerical fractions in common arithmetic ; and the methods of 
reducing them, in either of these branches, to their most convenient 
forms, depend upon similar principles. 

CASE I. 
THE GREATEST COMMON MEASURE. 

A measure of a quantity is one which divides that quantity without 
remainder. 
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A common measure of two or more quantities is one which divides 
each of these quantities without remainder. 

The greatest common measure of two or more quantities is the great- 
est of all the quantities which divides each of the proposed quantities 
without remainder. 

To find the greatest common measure of two algebraic quantities. 

Rule, 1 . Arrange the two quantities according to the powers of sonic 
common letter, and divide that which contains the highest exponent 
of the common letter by the otlier, or if the highest exponent be the 
same in each of the quantities, take either of them for a dividend. 

2. Divide this divisor by the remainder, and repeat this operation 
till there is no remainder : the last divisor is the greatest common 
measure. 

8. If each of the terms of one of the quantities contain a factor 
which is not contained in each of the terms of the other, it m:iy be 
rejected previous to the division, because it is no part of the common 
measure, and a similar modification may be made whenever, in the 
.course of the operation, it can be effected. 

4. If the sign of the first term of any divisor be negative, the signs 
of all the terms of the divisor may be changed without affecting the 
result ; and if the numerical coefficient of the first term of |fhe ori- 
ginal, or of any new dividend, be not divisible by that of tne first 
term of the corresponding divisor, the several terms of any such di- 
▼idend may be multiplied by such a number or quantity as will give 
an integral quotient. This artifice avoids fractional quotients. The 
greatest common measure of monomial quantities is easily found by 
inspection : thus, the greatest common measure of 12a^b^ and 200^*^ 
is 4a'b. 

5. The greatest common measure of three or more quantities is 
found by first finding the greatest common measure of two of them, 
and then of that common measure and a third, and so on. 

EXAMPLES. 

1 . Find the greatest common measure of 6o'6' and 2a^b — 6ab^, 
Here 2a'6 - 6a6» = 2ab(a' - 36*), and 6a'b^ - 2ab x Bah ; 
.*. greatest common measure = 2ab. 
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2. Find the greatest common measure of 6a' + 7a ^ 3 and 
12a» - 19a' + 14a - 3. 

6a' + 7a - 3)12a» - 19a' + 14a - 3(2a - 11 
12a' + 14a' - 6a 



Multiply by 


33a» 
2 


+ 20a- 


3 


— 


66a» 
66a' 


+ 40a - 6 
- 77a + 33 


Divide by 


39)117a- 


39 



3a - l)6a' + 7a - 3(2a + 3 
6a' - 2a 



+ 9a- 3 
9a - 3 

Hence greatest common measure = 3a — 1. 

3. Find the greatest common measure of the two quantities, 
2a* + a^ - 20a» - 7a + 24 and 2a* + 3a» - 13a' - 7a + 15. 

The labour of writing may be abridged by using detached coefli- 
cients, and the process may be neatly arranged by taking the snccea- 
sive divisors on the left and right alternately of the dividends, as in 
the following work : — 



-3 



2 + 1-20-7 + 24 

2 + 7 + 0-9 



6-20 + 2 + 24 
6-21 + + 27 



2 + 3-13-7 + 15 

2 + 1-20-7 + 24 




1+2-3 

coefficients of last divisor. 



3 + 6 
3 + 6 



9 
9 



2 
3 



Hence a' + 2a — 3 = the greatest common measure. 



EXAMPLES FOB FRACTICE. 



Find the greatest common measure of the quantities in the following 
examples : — 
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1. a» + 2a + 1 and a* - 2a - 1. Ana. a + 1, 

«. jf* — 1 and x^ -{- x^, Ans. ar' + 1. 

B. x^ - h^x and x^ + 2bx + 6«. Ans. ar + 6. 

4. 3a2 - 2a - 1 and 4a3 - 2a2 - 3a + 1. . Ans. a - U 

6. a^ — c^ and x* — a*. Ans. x — a. 

6. j:^ + a:^^* + a;V + / and a:* - y*. Ans. a^ -k- x^y ->r xy^ ■\- y*. 

7. a* — a:* and a' — a^x — ax* + x®. Ans. a' — x". 

8. X* + a"x' + a* and x* + cu:' - o^a? — a*. Ans. x** + aa; + a*. 

9. 7a' - 23a6 + 66' and 5a» - 18a'6 + Haft* - 6Z/\ Ans. a - 36. 

10. x'-8x + 7, x' + 4x-5, and x'-9x' + 23x-15. Ans. x-1. 

11. a' + J' + c' + 2a6 + 2ac + 26c and a* - 6' - c' - 26c. 

Ans, a + 6 + c. 

CASE II. 
THE LEAST COMMON MULTIPLE. 

A multiple of a quantity is one which can be divided by that quan- 
tity without remainder. 

A common multiple of two or more quantities is a quantity which 
can be divided by each of these quantities without remainder. 

The least common multiple of two or more quantities is the host 
quantity which is divisible by each of them without remainder. 

To find the least common multiple of two algebraical quantities. 

Rule. — Divide the product of the two quantities by their greatest 
common measure, and the quotient is their least common multiple. 

Or, divide either of the two quantities by their greatest common 
measure, and multiply the result by the other quantity. 

The least common multiple of three quantities is found by first 
finding the least common multiple of any two of them, and then of 
that common multiple and the third, and so on for any number of 
quantities. 

EXAMPLES. 

1. Find the least common multiple of 9x' and 6ax. 
The greatest common measure is 3x ; hence 

9x* X 6ax „ ^ ^o 9 

= 3x X 6ax = ISax* 

ox 

9x^ X 6ax 

or ^ = 9x* X 2a = 18ax' = least common multiple. 

ox 

2. Find the least comTnon multiple of 6a' — a — 1 and 20-^ + 3a — 2. 



30 



ELEMENTS OF ALGEBRA. 



1 


2 + 3 - 
2 - 1 


- 2 


6-1-1 
6 + 9-6 


2 


4 - 
4- 


-2 
- 2 


-10 + 5 
or 2-1 



Hence 2a — 1 is the greatest common measure, and if one of the 
j^uantities, as 2a^ + 3a — 2, be divided hj2a — 1, the quotient is a + 2, 
and therefore (a + 2) (6a2 _ a - 1) = 6a8 + lla* - 3« - 2, the 
least common multiple. 

EXAMPLES FOR PRACTICE. 

Find the least common multiple of the quantities in the following 
examples : — 

1. 2a2, 6a6», and 4La%^, Ans. 12a86'. 

2. a^, 3ah'\ Qhc and axy. Ans. Mb^csy, 

3. 2a*, 5a% and Qa^bK Ans. 30o*6«. 

4. x'^ - 8x + 7 and x^ ■{■ Ix - 8. Ans. x^ - 57x + 66. 

5. a8 - a26 - a62 + h^ and a^ - aH + oi* - ^»3. 

Ans. a^ - a*6 - a6* + b^. 

6. a + ar, a^ — a:*, and a^ — 2aa: + a:^. 

Ans, a^ — oP-x — ax* + x^. 

7. x^ - 1, x^ + x^ + X + 1, and a:^ - a:* + a: - 1. Ans. a:* - 1. 
S. f - 4^2 + 9y _ 10, and f + 2f - St/ -[■ 20. 

Ans. y* - 7y* + 26y - 40. 

CASE III. 
REDUCTION OF ALGEBRAIC FRACTIONS. 

To reduce a fraction to its lowest or most simple terms. 

Rule, — Divide tlie terms of the fraction by the greatest number or 
quantity that will divide each of them without remainder ; or find 
their greatest common measure, and divide the numerator and deno- 
minator by that common measure. 



EXAMPLES. 



(*hc X 

1. Reduce ^r-of-o and ^ 

ba^b^ ax + 3^ 

n'hc a'b X c c 

ba'l? ~ a'b X 5b ~ bb' 



to their lowest terms. 

X y, x 



X 



ax -i- X x{a ■\- x) a + x 
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2. Reduce 



ex + a:* 
o^c + G^X 



to its lowest terms. 



ex ^r X* X (c ^r x) X j, . . , 

-5 =- r= -5^7 — : — ^ = -=■ r= fraction required. 

arc + ax a* (c + a:) a" 



3. lloJuce 



a' + a -12 
a* -5a2+ 7a-3 



to its lowest terms. 



1 


1 + 1-12 
1-3 


1-5+ 7 - 3 
1 + 1-12 


+4 


+ 4-12 
4-12 


- 6 + 19 - 3 

- 6 - 6 + 72 






25)25-75 




1-3 



-6 



Hence a— 3 is the greatest common measure, and 
g' + g - 12 _ (a' + a-12)-^ (a-3) _ q + 4 
a» -Sa'^+Ta-S" (a^ - 5a' + 7a-'3)-T-(« - 3)~a2-2a+l 



EXAMPLES FOR PRACTICE. 



1. 



r'-i»a: 



Answers. 
x' — hx 



X- + 2bx + 62- 

2 ^-"«' 

• x» — a V 

3 6fl* + 7gr - 3r* 
'6a« + lla.r + 'dx^' 

4 2x3 - 36ar - 6 
' 3ar= - 24a: - 9* 

e a:* - 9a? + 20 

* ar" + 6a: - 55' 

g 9a:' + 2a:' + 4a:' - .r + 1 
' 15x* - 2a:' + lOa:^ _ -J^' 

- 3a» - 3o«& + ah^ - ^>' 
4a2 - 06 - 362 • 

8 a^ + y^ — g' — 2ay 
x^ — y^ — s^ — 2yz 



a: + 6 


a:» + a2 


x' 


3a - a: 



9. 



10. 



X* - 1 
x' - 1 

fl3« + a^* - 2 



3a + a 
2 

X — 4 
x+ 11* 

3x' + x^ + 1 
5x2 + X 4. 2* 

3q' + h^ 
4a +36* 

X — y + g 
X + y + 2* 

xg + 1 
a:* + :p2 + r 

q^ + 2a« + 2 
a" + 2 * 
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CASE IV. 

To t\dace a mixed quantity to the form of a fraction. 

Any iutcgnil quantity, a, may be ruduced to the form of a fraction 
by writing 1 for the denominator. Thus « = t ; and it may be put 
in a fractional form, having any specified denominator, h^ by multi- 
plying both a and 1 by 6 ; thus « = y = y-. 

Now, if a + - bo the mixed quantity, composed of an integral 
c 

quantity a, and a fraction - ; then 

h ah ac h ac+6 

c I c c c c 

Also, if a — - be the mixed quantity, then a — - = ; 

hence we hnve the following 

Rule. — Multiply the integral part by the denominator of the frac- 
tion, and to the product add the numerator when it is positive, or 
subtract it when it is negative, then the result placed over the deno- 
minator, will be the fraction required. 

EXAMPLES. 

a 

1. Reduce 3f and x -\ — to fractions. 

X 

Qfl _ 3x5 + 2 _ 15 + 2 _ 17 

^* - 5 ~ "~5~ - y 

a xxar + o ar' + a 

XX X 

a2 _ ^2 _ (.2 

2. Reduce a ■{■ b — r to the form of a fraction. 

a — 

ah- "^ -^^ - ^ _ (<^ + h) (a-h) ~ (fl2-&2-c«) 
a — b a — b 

a^ - b^ - rt« + />2 + c« c2 



a — b a — b 



3. Reduce 1 and ba to fractions. 

a a 



. a — 2x , 6a' - 3x + h 
Ans. and . 



a 
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M -n t OX + x^ , 2x — 7 i, » 

4. Redace x — — ?: and 5 + — = to tractions. 

2a 3x 



. ax — X* - llx — 7 

Ans. — r and — 5 

2a Bx 



• 



5. Reduce 1 and 1 + 2a: = — to fractions. 

a ox 

2a+ 1 - X , 10a;* + 4a: + 3 

Ans. and . 

a ox 

6. Reduce — ^r-i — + 1 and — tt-i 1 to fractions. 

2ab 2ab 

. (a + bf ^ (a - by 
Ans. ^ J and „ . • 
2ab 2ab 

7. Reduce 1 -\ r-7 and 1 ^r-^ to fractions. 

2ab 2ab 

. (a + b + c)(a+b-c) (a-b + c)(-a+b + c) 
^^' 2^ ^** 2^ • 



CASE T. 

To reduce a fraction to a whole or mixed quantity. 

,-,-.. ac ■{■ b ac h b 3 .x, r i.* ac — b 

The fraction = — +- = « ■] — , and the fraction 

c c c c c 

•=.a ; hence the following 

c 

Bide. — ^Divide the numerator hy the denominator for the integral 
part, and place the remainder, if any, over the denominator for the 
fractional part ; then the fractional part added to the integral part, 
when the remainder is positive, or subtracted from it when negative, 
will give the mixed quantity required. 

EXAMPLES. 

27 ax — x^ 
1, Redace -^ and to whole or mixed quantities. 

27 - „ .ax — a^ ax x^ 

-=-=:5f, and = z=.a — x. 

5 a: ar a: 

-^ -o J ah — 2a^ j «* + ^' ^ • j 

8. Reduce ; — and to mixed quantities. 

ab a — X 

2a . . 2a:' 

Ans. 1 — 7- and a + ar + 



b a — X 

b2 
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3. Reduce ^ and ^ to whole quantities. 

^ - y * + .y 

Ans. a:* + ay + y*, and a:* — ay + y*. 

. ^ , 10a:* - 5x + 3 , 4x' - 8a: + 3 

4. Keduce ^ and to mixed quantities. 

3 3 

Ans. 2a: — 1 + --, and x — 2 + --, 
ox 4x 

' T> A 3a:" + 6a: + 5 2a:* -f 19a:» + 35 ^ . , 

o. Keduce -— T and -g , — to mixed quantities. 

X T 4 X ~~ OX T" iX "~ iSl 

29 23 

Ans. 3x - 6 + — —7, and 2x + 6 + 



X + 4' X - 3 



/"^j 2x)' x^^ 1 

6. Reduce ^ and — to whole or mixed quantities. 

o — X 3^ — 1 ^ 

x* 

Ans. a' - 5ax + 7x" and a;J»(«-i) + a:f^«-a) + .... + x* + xr + 1. 

a — X 



CASE VI. 

To reduce fractions having different denominators to equivalent fractions 
that shall have a common denominator, 

,_. a a "iC d ad ,ccx.bhc^. . a ,c 

.Since y = 7 j= yj, and -}= -j v = tj ; therefore y and -= are 

h b y. d Id d d y. b bd^ b d 

equivalent to y-^ and j-i which have a common denominator Wj 

hence we have this rule : 



Rule, 1. Multiply each numerator by all the denominators except 
its own for the new numerators, and all the denominators together 
for a common denominator. 

2. When two or more of the denominators have a common 
measure, find the least common multiple of the denominators, and it 
will be the least common denominator. 

3. Divide thi« common denominator by the denominator of one of 
the given fractions, then the numerator of the fraction being multiplied 
by the quotient thus obtained, will give the new numerator of that 
fraction, and so on for all the fractions. 
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EXAMPLES. 



ace 



1. Redace the fractions -71 -jf y <uid t» to equivalent fractions having 
a coinmon denominator. 



adfk ] 



the respective new numerators, 



hc.fk 
hdek 
hdfh 
hdfh = the common denominator, 



axrfx/x^ = 

cx6x/x^ = 

ex6x(fxj; = 

Ax&xJx/ = 

6xc/x/xifc = 

hence the equivalent fractions are 

adfk hcfk hdek hdfh 

hdflc hdfic hdfk* *°^ hdfk' 

2, Reduce -r^rt -r-zt -=-» =-' ««—' *uid 7^77- to equivalent fractions 
12 15 5 Ix 2\x 63x ^ 

having a common denominator. 

Here we may reject 5, Ix aad 21x, hecause 15 is a multiple of 5 and 
63x is a common multiple of Ix and 21a:, and writing the remaining de- 
nominators in a line, we have the following process : 

12, 15, 63ar 



4, 5, 21a:, 
.'. 3x4x5x21x= 1260x = the least common denominator. 



„ . 1260a: 

Hence a X 

. 1260a: 

* ""-IT 

D 

3dxl^ 

Ix 

1260a: 

4fl X -TTT 

21x 

-, 1260a: 
^^^-63^ 



New Numerators. 
a X 105a; = 105aa: .*. 

6 X 84x = 846a: 

2c X 252a: = 504cj: 

Zd X 180 = 540<f 

4e X 60 = 240e 

5A X 20 = lOOA 



a 



10502: 



12 


1260X 


h 


846a: 


15 


~ 1260x 


2c 


504 ex 


5 


1260x 


3e/ 


540(f 


7a: 


~ 1260x 


4e 


240e 


21x 


" 1260X 


5A 


lOOA 



63x "" 1260x' 



which are the equivalent fractions having a common denominator. 
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3r 2b 

3. Eediice -» - - and dj to equivalent fractions having a common 

denominator. 

. 9cx 4ab _ Qacd 
Ans. -^—1 ~ — , and -^ — • 
oac 6ac 6ac 

3 2x 4x 

4. Reduce -> -^ and a + -^, to fractions having a common deno- 



mmator. 



. 46 40x , 60a + 48x 
^"^' 60^ -60"' ^^'^ —60 



.5. Reduce ^f -^' and > to fractions having a common deno- 

2 7 a — a: 

minator. 

7a' - 7a2: 6a3: -- 6x' , 14a 4- 143: 

14a — 14x 14a — 14a: 14a — 14x 

6. Reduce ^, — and — to fractions having a common denominator. 

xy xz yz 

Ans. -'-—I -=^ and . 

xyz xyz xyz 

7. Reduce —^f^i —%i^ a°d —^ to fractions having a common deno- 
minator. 

. ah b^ ^ a^ 

8. Reduce —, — ; — v ti r ^^^ o^ a -^\ to fractions having 

4(a + x) 4(a — a:) 2(a''— ar) ** 

a CQmmon denominator. 

. d^ ^ ax ab + bx , 2c 

^"^- 4(a« - x^y 4(a2-a:'0 ^ 4(a« - ar^y 

9. Reduce —9 ~ — — and — to fractions hav- 

{a-x)^ {a- x)-' (a - x)* 

ing a common denominator. 



(a - x)* (o - a:)* (a - z)* 
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CASE YII. 

To add fractional quantities together. 

Ride. — Reduce the fractions, if necessary, to a common denomina- 
tor, ^then add all the numerators together, and their sum written 
above the common denominator will express the sum of the frac- 
tions. 

The process will sometimes be much simplified by first finding the 
sum of two of the fractions having the simplest denominators, and 
then adding the remaining fraction or fractions to this sum.^ 

EXAMPLES. 
XX X 

1. Add -> - and - together. 
Z i 4 

Here the least common denominator is 12 ; therefore 

X X ar_6z 4x 3jr_13x_ x 

2"^3'^4~12'^12"^12~12"~^ "*■ 12* 



a c e 

2. Add T' T and ^ together. 

a c e _ a'df c-hf e'hd _ adf-\- bcf + bde 
l '^d'^/~Tdf'^Mf^fbd~ bdf 

3. Add a — — =— and b + together. 

c 

Sx^ . . , 2ax , 2ax 3x" 
a T- and +0-1- =. a + + j— 

C CO 

, 2abx — Scx^ 
= ° + * + 63 

^ . , , 2j: , 6a: . 39a: 

4. Add -=- and -— . Ans. -7—-. 

6 7 36 



* In adding or subtracting mixed quantities, it is best to bring the frac- 
tional parts only to a common denominator, and then to affix their sum or 
difference to the sum or difference of the integral parts, interposing the pro- 
per sign. 
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^ . , , 3x , X . 15a: + 2aar 

5. Add tr- and -• Ana. ^-r . 

2a 5 10a 

/. A jj 4r J * - 2 . 27a: - 14 

6. Add -=- and — = — • Ana. ^r=, — • 

7 5 35 

7. Add 2a, 3a + -^ and a — -^' Ana. 6a — 7=-» 

8. Add 2a + ^, -^- and ^— ^. 

5 a — X a 



. . , 10a(a - x) + 3aa<a - x) + 6a:» 

Ana. 2o -\ -^ =-^ ^ • 

6a(a — x) 



9. Add 5x + — 5 — and 4x — 



6x 

5x^ - 16x + 9 



Ana. 9x + 



15x 



10. Add 5x,^-5- and — • Ana. ox + -jr-5 . 

3ar 4af IJar 



11. Add z — '—s and r» Ana. 



1-a:* x+1 l-x 

12. Add r — : — 9 9 and z • Ana. 



1 + al + a 1 — a l—a 

,_.-, 6 bx ,a:* . ^ 

13. Add , > Tj— — ^, and 77— — ^. Ana. 1. 

6 + X (6 + x/ (6 + x)* 

14. Add ^^^, 5^-^^ and ^^^^. Ana. 0. 

joy qr pr 

,, .,, 2 3 ,4 . 9x«- 84x4-29 

10. Add -i and :r« Ana. 



x-lx-2 x-3 x« - Gx» + llx - 6' 

16. Add il^^^j\ and ^J:^4 
ar ■\- xy + y^ 3* - xy ■{■ y^ 

2(aP* + 3xy + y*) 



Ana. 



X* + xy + y* 
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CASE VIII. 
To subtract one fractional quantity from another. 

Rule, — Reduce the fractions to a common denominator, if necessary ; 
sabtract the requisite numerator from the other, under the difference 
write the common denominator, and it will give the difference of the 
firactions required. 

EXAMPLES. 

1. It is required to find the difference of -^ and -=-. 

3 5 

Here 2x x 5 = lOar ) . 

3xx3= 9J. I the numerators. 

And 3 X 5 = 15, the common denominator. 

Whence ^— - — r^ = Tc» ^^6 difference required. 
15 lo ID 



2. It is required to find the difference of — o7~ and — ^ . 

(x — a ) X 3c = 3cx — 3ac ) . 

(2a - 4x) X 24 = 4«i - Sftx]"*^' numerators. 

And 26 X 3c = 6&c, the common denominator. 

3ca: - 3ac Aah - 8bx Scx-Bac-^b+Sbx . 
Whence —^-^ ^j^- = ^ , the 

difference required. 

3. Required the difierence of --- and -— . Ans. -_ . 

7 5 oo 

4. Required the difference of 15y and — ^— ^. Ans. — ~ . 

5. Required the difference of 7 and j—- — . Ans. t« s- 

b — c b + c tr — tr 
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X — CL X 

6. Required the difference of r and x + xt« 

c 26 

. ex •\- 2bx — 2ab 
^- 2fc • 

7. Kequired the difference of a H and a — . 

a + X a — X 

2a« + 2x* 



Ans. 



8. It is required to find the difference of or + 



2a: + 7 
8 



, 6a: - 6 . IGSora: - 86x + 99 
and X - -^j— . Ans. :^ . 



Zx — 6 
9. It is required to find the difference of 2a: + and 

3x + ii^r^iO Ans i5!?-± ^ 

3x + jg . Ans. -Y(,5~- 



CL '-~ X 

10. It is required to find the difference of a + — 7 r- and 

a {a + X) 

a + X . ■ 4x 

Ans. a — 



a (a- x)' """* " a' - ^* 
1 1 . Find the excess of — ahove ^r-, and of above 



a - 2a; a + 2a;' a; - 6 x- 4 

. Sax , 2 

Ans. -^5 :— s- and 



a* - 4a^ a:2 _ loa: + 24' 



X + a . X ^ a . ^2('ar~a) 



12. From the sum of and subtract 



X — a x+a X •\- a 

4ar 



Ans. 



x^ — o*' 



18. Prom 7 r^-7 r subtract 



(a - 6) (a: + ay ""^"^\a - b)(x + 6)' 

X 



Ans. 



(a: + a) (ar + 6)' 
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CASE IX. 
To muhijply fractional quantities together, 

Bute. — Multiply the numerators together for a new numerator, 
and the denominators for a new denominator ; and the former of 
these, being placed over the latter, will give the product of the frac- 
tion-, as required.* 

EXAMPLES. 

J. 2x 

1. It is required to find the product of - and — . 

D 9 

--C X X mX iiX X ■, 1 . - 

Here ^ = — — = — , the product required. 

m X 4 J? lOx 

2. It is required to find the continued product of -, --, and -■-, 

""* 2 X 5 X 2X = "210" = Yf ""^ P™*""'* ^^'^"'""^ 

X a ^~ X 

3. It is required to find the product of - and . 

a a — X 

J X y. (a ■\- x) a:* + a.r . , ^ . _ 

Here 7 ^ =: —s. the product required. 

a y<. [a — X) a^ — ax ^ 

Bx 5x 5x^ 

4. Required the product of -j- and ^t* Ans. - -.-. 

2 do 26 

5. llequired the product of — and -^— . Ans. - -. 

^a OQ> 



• When the numerator of one of the fractions to be niultiplkd, and the 
denominator of the other, can be divided by some quiintity which is common 
to eacli of them, the quotients maybe used instead of the fractions themselves. 

AIbo, when a fraction is to be multiplied by an integer, it is the same whether 
the nmnerator be multiplied by it, or the denominator divided by it. 

Or if an integer is to be multiplied by a fraction, or a fraction by an integer, 
the integer may be considered as having unity for its denominator, and the 
tv»o may be then multiplied together in the usual manner. 
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6. It is required to find the continued product of -5-? -=— and — - — . 

Ans. 



21a + 21a: 

7. It is required to find the continued product of — 9 > and -^. 

Ans. 15ax. 

8. It is required to find the product of 2a H and 6a • 

a ax 

Ans. 12a* + 6bx 5. 

X a* 

X •\- \ x "— \ 

9. It is required to find the continued product of 3x, — ^ — and j-. 

2a a + 

3x8 _ 3a. 



Ans. 



1d^ + 2a6' 



10. It is required to find the continued product of — T~r~» — 77-5 

a "f* O CLX "7" w 

.ax L <^ — «*i 

and a H . Ans. . 

a — X X 

11. Find the product of a: H — and x — — ^. Ans. ar*. 

X — y X ■\- y 

12. Find the product of a'^ + a6 + 6* and -5- ^ + -7:;. 

a^ ah o^ 

^'^^ F +^ + ^' "*' ^w 

13. Find the product of -» 5 and p 4. 

^ a® + a;^ (a - a?/ 

a» + 2a^3: + 2aa:» + a^ 
a3 - 2a2a: + 2a3^ - x^* 

X* + 3ic + 2 x^ •\- f)x + 4 

14. Find the product of , . _ — —^ and « . ' —-. 

^ a:* + 2a: + 1 a:^ + 7x + 12 



Ans. 



Ans. — —5 
a; + 3 
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CASE X. 

To divide one fractional quantity by another. 

Rule. — ^Multiply the denominator of the divisor by the numerator 
of the dividend, for the numerator ; and the numerator of the divisor 
by the denominator of the dividend, for the denominator. Or, 
which is more convenient in practice, multiply the dividend by the 
reciprocal of the divisor, and the product will be the quotient re- 
quired.* 

EXAMPLES. 

1. It is required to divide - by -^. 

„ X . 2j: X 9 9a: 3 ^, . 
^'''' 3 -^ T = 3 '^ 25 = 6S = 2 = '* ^'"- 

2. It is required to divide -7- by -r- 

TT 2a d 2ad ad . 
Here ^- x -7- = — j- = -jr^- Ans. 
4iC Abe 2 00 

3. It is required to divide j by 



X — h bx + a' 

„ a: + a 6a: + a Sa:^ + 6aa: + o' . 

Here r x -—r- = ^ — Ans. 

X — X + x^ — b* 

2x^ X 

4. It is required to divide — g — -g- by . 

a "x" x^ X -J* a 

2x^ a-\- X 2x\a + x^ 2x\a + x) 

c? •\- 3^ X x(a^ + x^) x{cfi ~ ox + x'^).(a + x) 

2x 
a^ — ax ■\- x^ 



* When a fraction is to be divided by an integer, it is the same whether the 
numerator be divided by it, or the denominator multiplied by it. 

Also, when the two numerators, or the two denominators, can be divided by 
•ome common quantity, that quantity may be thrown out of each, and the 
quotients used instead of the fractions proposed. 
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5. It is required to divide -r-- by -» and by 5x, 

6 '' X 7 



Ans. — and -. 



6. It id required to divide ^ Z, by -^9 and — ^ by -. 



A ^+1 J 5 

Ans. — : — and 



4x I — X 



7. It is required to divide — g -g- by 



c — X 

2a + X 



Ans. 



c^ 4- ca: + a:' 



8. It is required to divide ^^^^J^^^, by ^±^. 



. x' + 6' 
Ans. . 



9. Divide x+y+— byy+x + C and -y^-?-^ ^y ^^. 
•^ y ^ X x2+4x + 4''x + 2 



. X , X — 3 
Ans. -9 and ^r. 

y j:+ 2 



irt n- -J 1 v 1.1.1 ,x* - 9x + 20 , x2 - 12x + 35 

10. Divide 1 by - + - + - and -s— 5 — — pr by — ^ ^ ; . . 

a 6 c X* — 8x + 12 "^ X* — 7x + 6 



. a&c _ X* — 5x + 4 

Ans. —5 ; » and 



ah '\- he •\' (jc X* — 9x + 14* 

11. Divide x** + x* + x2+l ^-x-^ + x-*+x-2+l byx*+x-'+ 
X + X ~ ^. 

Ans. x' + x-'orx'H — 5- 

X 

EXAMPLES FOB PRACTICE ON FRACTIONS. 

Simplify the following expressions : — 

1 ^- 1 . g-2 . q+7 . 

1. -^ — + — o — + g . Ans. a. 



FRACTIONS. 4 T) 

^ _J 1^ o + 3 g + 3 

a - 1 2(a + 1) 2(a*'' + 1)* ^''^' ~a* - 1* 

. J_ 1_ _ 1 _ 1 x-1 ^^ + 1 

^' x» "^ a:« X {x' + 1/ "*■ 0^ + r ^^- a^(^2 + lyi' 

- g + 6 + c , 3a + & — c a — 6 + c a — 6 + c 
2(ar - 1/ "^ 2V - 1^ "^ 23(a: -^="1)" ~ 2»(a: + 1)" 

ax2 + 6a: + c 



Ans. 



(ar - l)2(x*^ - 1) 



'• V . V* + 2^3 + di^ + v 

1 + V + v^ 

s. ' ' ■ ' 



(a—hXa-cXx+a) (J)-a)(h-c){x+h) (c-a)(c-b)(x+c) 

1 



Ans. 



Ans. 



(x+a)(x+bXx+c) 
c 



(a-bXa-cXx-a) ' (b-aXb-cXx-b) ' (c-a)(c-6X-«^-c) 



(x—aXx — b)(x—c) 



10 7 Tw w ^ + 71 m TT- 7T + 



(a-bXa-cXx-a)^ (b-aXb-cXx-b) (e-a)(c-b)(x-c) 

Ans. 



x^ 



(x — a)(a: — 6)(x — c) 

!!• 7 iTTT 77 Tn + 77 TTL TZ t\ + 



(a-6Xa-cXa:-a) (6-oX&-c)(a:-&) (c-a)(c-6)(x-c) 

Ans. ^'+^^+^ 



12. 7 ,.^ . ,, + 71 r-7— : — c. Ans. 



{x—a)(x—b){x—c) 
1 



(a-6)(x+6) ^ (6-a)(x+a)- (x+a)(a:+6) 
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1 1 

13. 



(a — b)(a — c)(x—a) (b—a)(b—c)(x—b) (c—a)(c — b)(x — c) 

1 



Ans. 



(x — a) (x — b)(x — c) 



,^ x^ - 9x + 20 x"^ -6x . (x- 4:) (x-7) 



15. 1 1 111 1 



X ar+l x + 2 x x — 1 x — 2 

. 6a:2(ar» - 2) 

Ana. -r— J — ^^ = — - — . 

9r* - 24a:* + 4 

16. 7 H 7 -' Ans. ar^* + 2. 

x'l — 1 x"* + 1 a:" + 1 a:« - 1 



INVOLUTION. 



Involution is the raising of powers from any proposed root ; or the 
method of finding the square, cube, biquadrate, or fourth power, &o., 
of any given quantity. 

Bule. I. Multiply the index of the quantity by the index of the 
power to which it is to be raised, and the result will be the index 
of the power required. 

2. Or multiply the quantity into itseK as many times less one as is 
denoted by the index of the power, and the last product will be the 
answer. 

Note. When the sign of the root is + , all the powers of it will be 
+ ; and when the sign is — , all the even powers will be + , and the 
odd powers — ; as is evident from multiplication.* 



♦ Any power of the product of two or more quantities is equal to the same 
power of each of the factors multiplied together. And any power of a frac- 
tion is equal to the same power of the numerator divided by the like power of 
the denominator, as may be easily shewn. 

Also, a»* raised to the nth power is a"» X a"» X a«» . . . . to n terms, or a"«» 
and — a*» raised to the nth power is ± a"**, according as the index n is an 
even or an odd number. 
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EXAMPLES. 



a the root. 


a^ the root. 


a^ = square. 


a* square. 


a^ — cube. 


a^ cube. 


a* _ 4th power. 


' a® 4th power 


a* = 5th power. 


a^° 5th power. 


&c. 


&c. 


— 3a the root. 


— 2aar2 the root. 


+ 9a2 ~ square. 


+ ^a^xi^ — square. 


--27a^ = cube. 


— Ma^ — cube. 


+81a* — 4th power. 


+ 16a*x^ 4th power. 


&c. 


&c. 



- the root. 
a 



-5- = square. 

-5- = cube, 
cr* 

a* 

-J- = 4th power. 

&c. 



a •{■ X root. 

a ■{- X 

a* + ax 
+ ax •{- a^ 

a* + 2ax + x^ square. 

a + X 

cfi + 2a^x + ax^ 

+ a^x + 2ax* + ar^ 

a* + Sa^x + 3ajc* + x' ♦ . . cube. 



+ 



+ 



2qa:' 
~W~ 
4a^x* 
~W 
8aV»_ 

276^ 

lQa*x^ 
816* 

&c. 



the root. 
= square. 
= cube. 
=: 4th power. 



a — X 
a — X 



root. 



a — 



ax 

ax + 3^ 



a' — 

a — 



2ax + x^ 

X 



square. 



a? — 2a^x + ax^ 



a^x + 2ar2 - x^ 
a^ — Sa^x + Sax^ — a:' . . cube. 



In like manner, 

(a+x)*=:a*+4a'T+ Bft^x^ + 402'+ a:* 4th power. 

(a-a:)"=a"-5a*a: + 10a8x2-10aV+ 5aa:* -a:" 5th power. 

(a + a:)'=a« + Qa^x + 15d V + 20a V + 15aV + Sax" + a:« . . . 6th power. 
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EXAMPLES FOR PBACTICE. 

1. Required the third power of 2a*. Ans. Sefi. 

2. Required the 4th power of — 2o*x. Ans. IQa^x*. 

2 8 

3. Required the third power of — ^ary. Ans. — —x*y*, 

4. Required the 4th power of -^. Ans. ., -' 

5. Find the square of x + a: ~ * and the cube of x* + 1 + a: ~ *. 
Ans. a:'*+2+ar~2and 3fi-{-Z3^-\-^x^-\'l + ^x~^ + ^x~ ^-\-x~^, 

6. Find the cube of a"« + 1, and the mth power of 2a*x'». 

Ans. a3"» + 3a2« + 3a" + 1 and 2 "a^-xS"". 

By considering attentively the laws followed in the preceding 
examples, there may readily, by induction, be obtained the following 

Rule. II. A binomial or residual quantity may also be raised to any 
power, without the trouble of continual involution, as follows : — 

1. Find the tenns without the coefficients, by observing that the 
index of the first, or leading quantity, begins with that of the given 
power, and decreases continually by 1, in every term to the last ; 
and that in the following quantity, the indices of the terms are 1, 2, 
3, 4, &c. 

2. To find the coefficients, observe that those of the first and last 
terms are always 1 ; and that the coefficient of the second term is the 
index of the power of the first : and for the rest, if the coefficient of 
any term be multiplied by the index of the leading quantity in it, 
and the product be divided by the number of terms to that place, it 
will give the coefficient of the term next following ; or instead of 
dividing the product of the coefficient and exponent, divide only one 
of them by the number, whenever such division is practicable, and 
multiply the quotient by the other. It may be observed that the co- 
efficient of each succeeding term is equal to the product of the coeffi- 
cient of the preceding term by the index of the leading quantity, 
divided by the index of the following quantity increased by unity. 
In this way the general result may be put down at sight. 

Note. — The whole number of terms will be one more than the index 
of the given power ; and when both terms of the root are + , all the 
terms of the power will be + ; but if the second terra be — , all the 
odd terms will be + , and the even terms — ; or, which is the same 
thing, the terms will be + and — alternately, the coefficients equi- 
distant from each extreme are equal, while the sum of the indices 
will be equal, in each term, to the index of the power required. 
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Ruk III. — For the purpose of generalisation, suppose it were re- 
quired to raise the binomial a ± i to any power denoted by n. Pro- 
ceeding with n as has been done with the different indices in the 
preceding escamples, we shall have 

X ,v- ._,i n~l ^-,., n(n—l)n~2 ,,- 

(rt+ by —a^ + na*^^b + n. —- - a^'^b^ + —~ — -\-— - a*-3i^ 

. n(n-l)(n-2) n-3 ... , 
+ ^ g ^ g \ -^~a'^IA+ .,, + b* (1) 

Writing —6 for & in the formula (1), we have 

, ,. ._,, . n — 1 _,- n(n—l)v — 2 „,o 

2 2 o 

+ "i!?_:l)OL=?).!lzl „»^ - . . .±6. . . . .(2), 

forming what is known by the name of the binomial theorem of 
Newton, which, as will be afterwards shewn, holds true whether n 
be a whole number or a fraction, and either positive or negative, 
though, if a fraction or negative, the scries will not terminate. 

From the great utility of this theorem in all branches of pure mathe- 
matics, and their practical applications, it sJwuld be well recollected and 
readily applied by every student 

By a little consideration of the several terms of the formula (1), 
it will be seen that the p\h. term is 

n(n-l) (»-2).. ^ (^_I:l(^-I^.-(.-iV.p-i (3) 

1.2.3 Gf^^^^ ^^ 

And from this general expression, any term of the formula (1) may 
readily be obtained. Thus, if the fourth term were required, we 
should have /? = 4, and the last factor in the numerator of the frac- 
tional part of (3), viz., n — (p — 2), would become n — 2, while the 
last factor in the denominator would be 3 ; therefore the fourth term 
is n(n -l)(n- 2) 

1.2.3 • 

Note, 1. The index of the first or leading quantity, a, in the for- 
mula (1) is the index of the given power, and decreases continually 
by unity in jevery term to the last. The index of the other quantity, 
6, increases continually, by unity, from 1 in the second term to n in 
the last term, and therefore we learn that the whole number of terms 
in any integral power of a binomial or residual expression is one 
more than the index of the proposed power. 

c 
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Note, 2. The coefficient of any term in the fonnula (1) may be 
found from that of the preceding term, by multiplying the coeffi- 
cient of the preceding term by the index of a in that term, and 
dividing the product, by the number of the ^me term, reckoning from 
the first term, or simply by the index of the second quantity of the 
preceding term increased by unity. Thus, to find the coefficient of 

the fourth term, multiply -^^— — -9 the coefficient of the third term, 

by n — 2, the index of o in that term, and divide the product by 3, 
the number of the terra, or the index of h in the third term, increased 

by 1, — ^the quotient will be —. — -^ — - — ^, the coefficient of the 

1.2. o 

fourth term, and so on. This mode of finding the coefficients of the 

successive terms is of great use in the practical application of the 

theorem, as will appear in the following 



EXAMPLES. 

1. Find the fifth power of a + a:, or expand (a + xf. 

Comparing this with (a + 6)» in the formula (1), we have 6 = a:, 
and n = 5 : hence 

(a+ar)6=a»+5a*a:+5. Ic^x"" + 10. -a^x" + ^^4^ aa:*+~-— -2:* 
^ ^ 2 3 4 5 

= a* + 6a*a: + lOaV + 10a V + 5ax* + a:*. 



2. Find the fifth term of (2 + xj. 

By formula (1), a = 2, 6 r= a:, n = 7, and since /> = 5, the ex- 
pression (3) gives the fifth term of (2 + xj = 

Vo'o'1 2 V= 35 X 8ar* = 280ar*. 



3. Find the fourth power of o — 2a; and the cube of 3a — 2y. 

Ans. (a - 2a:)* = o* - Mx + lA.c?:^ - 32aa:» + I62*. 
(3a - 2i/f — 27a^ - b^a^t/ + SQaf - 8/. 

4. Find the third term of (2aar + 3x^)* ; and the fourth term of 
(a* + x^f, Ans. 720aV and 20aV. 
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6. Find the cube of cf — 6ar +cx^, and thence deduce the cube of 

1 - 2j: + 3r». 
Ans. {a-bx + cx^f= a''-Sa%x + 3a (62+ ac)x^-b(b^ + 6ac)x=* 
+ 3c (6* + ac) x*-Sbc^x' + cV, 
and (1 -2x + 3x''/ = 1 -6a; + 21x2-44^3 + 63a:*-54a:« + 27x«. 

6. Find the fourth power of m a: — wy, and the cube of e* — er*. 
Ans. (mx—nyf = m*x^—Am^nx^y + ^rn^nrx^y^—^mn^xy^ + n*^*, 

and (e*-e-«/ = e^** -3e* + 3e-*-e-3* 

7. Shew that, 

(a + a:)' + (a-xf = 2a' + 6aa:' 
(a + a:)' - (a -a:)' = 6a'a:+2a;'. 

8. Shew that the sum of the coefficients of the terms of (a + bf 
is = 2* ; and the sum of those of (a — 6)» is = 0. 

9. Shew that the sum of the coefficients of the even terms of (a ± by is 
equal to the sum of the coefficients of the odd terms, though in the 
second case with contrary signs. 

To find the square of a polynomial quantity. 
Since 

(a+h + c+df={{a+b)+{c-{-d)Y={a-^by+2{a+bXc + d)^-{c-^dy 
=a'+2a6 + 62 + 2ac+2a^+26c+26c?+c2+2cc?+<i" 
—a^ + 6'' + c' + cT^ + 2(a6 + ac-^ad-^ be + 6c?+ cd) : 

therefore we have the following rule for finding at once the square 
of a polynomial quantity. 

Rule, — ^To the sum of the squares of each of the terms of the poly- 
nomial quantity add twice the sum of the products of the terms taken 
two and two. 

EXAMPLES. 

1. Find the square of 1 + x + x' ■{- x^. 

(l+a;+a:2+x*)2=l+a:2+a:*+a:«+2(a:+a:2+ar^ + a:'+a:*+a:') , 
=:l + 2a:+3a:2+4a:3+3x*+2jr^+a:«. 

2. What is the square oi x—y+2z—3v equal to ? 

Ans. x^+y^+4z^+9v^ — 2xy+4xz—6xV'-4yz+6yv—12zv, 

3. Find the square of a"— a:' +2 oar+i^. 

Ans. o* + 2a262+6*+4a(a2 + 62>+2(aa-6«)a:«-4ar»-Vx*. 



62 ELEMENTS OF ALGEBRA. 



EVOLUTION. 

Evolution, or tho extraction of roots, is the method of finding the 
square root, tho cube root, &c., of any given quantity, and is hence 
the inverse of involution. 

CASE I. 

To find any root of a simple or monomial quantity. 

Rule, — Extract the root of each factor separately, and the product 
of these roots will be the root required. Thus, 



V9aV =: >v/9 X ^/a"" X V^^ — Soar. 

If the proposed quantity is fractional, divide the required root of 
the numerator by the same root of the denominator. Thus, 



^27/ ~ 27/ ~ V27 X ^/ ~ 3y 



2* 



Note. — The square root, the fourth root, or any other even root, 
of an affirmative quantity, may be either + or — . Thus, \/«° = 
+ a or —a, and ^b*' = + b^ or — b^^ &c. But the cube root, or any 
other odd root, of a quantity, will have the same sign as the quan- 
tity itself. Thus, 

'^a' — a; ^ - a^= -a-, a^ -a^zz-a, &c * 

It may here, also, be further remarked, that any even root of a 
negative quantity is unassignable. 



© 

♦ The reason why -fa and — a are each the square root of a^ is obvious, 

since, by the rule of multiplication, ( + a) x ( + a) and (—a) x ( — a) are 

both equal to a*. 

And for the cube root, fifth root, &c., of a negative quantity, it is plain, 

from the same rule, that 

(-a) X (—a) X (—a) = — a^; and (—a^) X (+ a«) = — a^. 

And consequently ^ —a® ^=- — a, and ^^ — a^ z= — a. 
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Thus, ^ — c? cannot be determined, as there is no q^uantity, 
either positive or negative (+ or — ), that, when multiplied by itself, 
will produce — a*. 

EXAMPLES, 

1, Find the square root of 9a:^ ; and the cube root of 8x'. 

Here V9^ = V9x A/^ = 3xar=3j:. Ans. 
And >^ 8j:' = >^ 8 X ^:^ = 2 x ar = 2x. Ans. 

2. It is required to find the square root of ^ > and the cube root of 

27c»* 



Here 



•'-» VaV ax , „ 8a V 2ax 



la a: \/a*x ax , ,, 

N^i?=vrc«-^2^''^°^^- 



>V/4ca -2c' ^ 27c^ 3c* 



3. Find the square root of 4a'x', and the cube root of — 125a'j:'. 

Ans. 2aa:® and — taji^. 

4a* 

4. Find the 4th root of 256a*a:', and the square root of Q-jra- 

2a« 



Ans. 4aj;^ and 



^xy 



8a' 32a V 
6. Find the cube root of , , and the 6th root of 55 q~' 

. 2a . - 2030^ 
Ans. z—s- and — r — . 
5x* 3 

6. Find the square roots of a2"jc*» and 64a*a:', and the nth root of 
a**2^—». Ans. a*j:2», 8a'x, and a^a^ — i. 

7. Find the nth root of 2»a2»a:P*», and the pth root of — r — ^. 

Ans. 2a x**, and — r^r-. 



CASE II. 

To extract the square root of a compound quantity. 

Rule, 1. — Range the terms, of which the quantity is composed, 
according to the dimensions of some letter in them, beginning with 
the highest, and place the root of the first term in the quotient. 
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2. Subtract the square of the root, thus found, from the first term, 
and bring down the next two terms to the remainder, for a dividend. 

3. Divide this dividend by double that part of the root already 
determined, and place the result both in the quotient and divisor. 

4. Multiply the divisor, so increased, by the term of the root last 
placed in the quotient, and subtract the product from the dividend ; 
and so on, as in common arithmetic. 



EXAMPLES. 

1. Extract the square root of x* — 4x^ + 6a;' — 4x + 1. 

ar* — 4a;' + 6a;' — 4a: + 1 (a;' — 2x + 1 = root required 

«4 



2x* - 2a;)-4ar» + 6a:* 
-4ar' + 4a:' 



2:r2-4a; + l)2a:'-4a; + 1 
2a:2-4a:+ 1 



2. Extract the square root of 4a* + 12a'a: + ISa^a^ + 6ax' + a:*. 

4a* + 12a'a; + ISa^a;' + Qax^ + a:* (2a2 + 3aa; + a^» = root. 
4a* 



4a* 

4a2 + ^ax) 12a^x + 13aV 
12a'a: + da^x^ 



4a2 + Qax+x^)4a^x^ + eaa:" + x* 
4a^x^ + 6aa:» + a:* 



* 



Note. — When the quantity to b3 extracted has no exact root, the opera- 
tion may be carried on as far as is thought necessary, or till the 
regularity of the terms shews the law by which the series would be 
continued. 
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EXAMPLE. 



1. It is required to extract the square root of 1 + x. 



x' x^ x^ bx* 



1 T x^x T 2 8 16 128' 



2H-f> 














X 


+ 


4 














ar» 




"" 


4 














x^ 


a:» 


_L.^* 








x^ 
4 


4 


8 


+ 64 






2 + X - 


* 

m 


t^\x^ 
16/8 


a:* 
64 










8 


a:* 
+ 16 


64^ 


256 




— 


5a:* 
64 + 


a:' 
64 


a:« 
256 



Here, if the numerators and denominators of the last two terms be 
each multiplied by 3, which will not alter their yalues, the root will 
become 

X X oX it • QX Q • O • iX 

1 + ft ~ 7r~A r n A f* ~~ n — ~a — P^-Ti + 



2 2.4 ' 2.4.6 2.4.6.8 ' 2.4.6.8.10 
where the law of the series is manifest. 

EXAMPLES FOR PRACTICE. 

Find the sqaare roots of the following quantities : — 

Answers. 

1. a* + 4a'a: + 6a"a:2 ^ j^ao^z j^ ^^ ^2 4. 2ax + xK 

2. a:* - 2a;' + ^Ix^ - Ja: + iV- a:* - a: + J. 

3. 4a:« - 4ar* + 12ar3 + 3.2 _ g^. + 9^ 2a:8 - x + 3. 

4. ar6+4a^+10a:* + 20j:^ + 25x2 + 24x + 16. ar^ + 2a:' + 3a: + 4. 
6. 4a26* - 1 2a%^ + 1 la^h^ - 1 2rt»i + 4a«. 2ai"» - ^a% + 2a3. 
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Aoswen. 

6. a:* - 2/?x8 + {p'^->r2q)x^ - 2pqx ■\- f, x^ -- px + q. 

7. x**^ - 2a:"/»4'»» + ««•. x^** - 2*». 

8. x2» + T-2« + 2. j:» + a:-«. 

x^ y* z^ xy yz xz x y z 

^- 4 "^ 9 "^ 16"^ -3 "^ 6"^ T* 2 "*■ 3 "^ 4- 

^"* 16 ^ 26 ^ 6=* ^ 6'' ^ 6*' 4 ^ T "^ T«' 



n.^+4_2(^ + l^) + 3. 

y* x* V^ xy 



- + ^ - 1. 



-« o 2a , . a* . 6' a6 ah 

lt.f + -y-by + -^ + -^--^. y+3-2' 



*'• ^^* V2 X + 7 .y/ + 49/ + 16x'- 7y ^ + iS" 

14. Find the square root of 2 or of 1 + 1, and thence deduce the square 
root of a' + h. 

V^-1 + 2 2.4"*" 2.4.6 2.4.6.8 2.4.6.8.10 

/-2 j: _ * ^^ ^ 36« _ 3.56* 

Va +«'-«+2;^- 2:4^ + 2.4.6a* 2.4.6.8a' "*" 

15. Required the square root of a — 6*. 

i 6« 6* 6« 56« 
Ans. a 

2a* 8a^ 16a* 128a* 

a, CL "t" X 

16. Extract the square roots of —r and of . 

a^ — X a — X 

. . X \»ijX Sj.OXr 

^"'- ° + 2^ + iliS- + 2A6^ + 

^ X X^ 3^ 

"^^+0 + 2^+ 2^ +•••• 

17. Find the square root of 1 — 1, and thence deduce the square root 
of a* — 3^, 

A /I 7 _ 1 1 1 3 3.5 

Ans. VI - 1 - 1 - 2 - 2':4 " 2A6 - 2X6^ " 

■1 y a g X a> OX^ 6t03t 

andva-ar =« - 2^ " 2:4^ - 2^6^ " 2.4.6.8a' " ' ' 



/ 



a • 
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CASE III. 



To extract any root of a compound quantity, 

Ruk. — Arrange the terms so that the indices of the powers of the 
letter or letters may either decrease or increase regularly from the 
first term to the last ; then the required root of the first term will be 
the first term of the root, and subtract the corresponding power of 
this term from the given quantity ; divide the first term of the re- 
mainder by twice the first term of the root, for the square root ; by 
three times the square of the first term of the root, for the cube root, 
and so on, and the quotient will be the next term of the root. In- 
volve the binomial part of the root so obtained to the proper power, 
and subtract the result from the given quantity. If there be no re- 
mainder, the operation is completed, but if there is a remainder, 
divide the first term of it by the same divisor as before, which will 
give the next term of the root ; and proceed as before till the opera- 
tion^ either terminates, or a suflScient number of terms has been ob- 
tained.* 



♦ Direct rules for the extraction of any root are easily investigated, but they 
are of little practical importance, and in many instances these rules are super- 
seded by a slight inspection of the given quantity whose root is to be extracted. 
Thus, if the cube root of Sx^ + 48*^ — GOa;* — SOa^* — 90*" + 108«— 27 
were required, the cube root of the first term, 8«^, is 2a!''*, and the cube root of 
the last term, — 27, is — 3 ; therefore the extreme terms of the root are 2«' 
nnd — 3. But we know from the formation of a complete cube that the second 
term divided by three times the square of the root of the first term will give the 
second term of the root; hence iSx^ divided by 3(2a!'')2 or 12aj* gives 4a;, which 
is the second term of the root ; therefore the root is 2a?'' -h 4* — 3, if ilie given 
quantity admits of an exact cube root. The cube of this root produces the 
proposed expression, and therefore the root is truly determined. The term, 4«, 
of the root might also be found by dividing the last term but one by three times 
the square of the root of the last term; thus, 108a: divided I'y 3(— 3)* or 27 
gives 4a5 for a quotient as before. A similar inspection would give any root of 
a complete power. The fourth root may be obtained by first extracting the 
square root, and then the square root of the former square root. 

All even roots, that is, roots the denominator of whose index is an even 
number, may be found in a similar manner. Thus, let the index of the root 
be ^ = ^ . ^, then first extract the square root and then the cube root. Let 
the index of the root bo ^ r= ^ x ^, then first extract the cube root of the ori- 
ginal quantity, and next the cube root of the cube root already found, and so on. 
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EXAMPLES. 

1. Required the square root o{ a^ + 2xy + y* + '^xz + 2yz + «*. 

0:2 + 2xy + y« + 2x2; + ^yz + «2(x + y + « 

ar* = root. 



2x ) 2xy 



(a: + y)« = X* + 2xy + y^ 



2j: ) 2xz 



(x + y + zy = T^ + 2xy ■{- y^ + 2xz + 2yz + s^ 



2, Required the square root of a* — 2a^x + Sa^x^ — 2cux^ + a:*. 

a* - 2a3a: + Sa^z* - 2flur' + ^a^ - ax + x« 
a* = root. 



2a") - 2a''x 



(a« - oar/ zr a* - 2a'x + 02^:2 



2a^)2a'x^ = difference 
(a* -01 + x^f = a* - 2a^x + ^a^x^ - 2ar'» + x* 



3. Required the cube root of x* + Bx*^ — AQx^ + 96x — 64. 

x' + 6x5 - 4^j;3 ^ 90^ __ g4^^2 + 2x - 4 
X® r= root. 



3x*) 6x5 



(x8 + 2x7 == ^* + 6x5 ^ i2x* + 8x« 



3x*) - 12x* = difference 



(xS + 2x - 4)» = x^ + 6a* - 40x' + 96x - 64 
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4. Required the square root of 40^ — 12ax + 9x^. Ans. 2a — Zx. 

5. Required the square root of a* + 2ab + 2ac + b^ ■{- 2bc + c*. 

Ans. a + b + c. 

6. Required the cube root of a:^-6a:^ + 15x*-202:'+15x2-6j:+l. 

Ans. x^ — 2x + 1. 

7. Required the 4th root of 16a*-96a'x+216a2j:2_216ax'+81a;*. 

Ans. 2a — Bx. 

8. Required the 5th root of 32a:* - SOx* + 80a;' - 40^2 + 10a: - 1. 

Ans. 2a; — 1. 

9. Required the 10th root of a:" + 10ax" + 45aV + 120aV + 210aV 

+252a6J:* + 210oV + 120aV + 45aV+10a''a:+a'^ 

Ans. X + a. 



IRRATIONAL QUANTITIES OR SURDS. 

An irrational qiuintity^ or a surd^ is a quantity which has no exact 
root, and is usually expressed by means of the radical sign or by a 
fractional index. When a fractional index is employed, the nume- 
rator denotes the power to which the quantity is to be raised, and the 
denominator, the root of this power to be extracted ; or the denomina- 
tor denotes the root of the quantity to be extracted, and the nume- 
rator the power to which such root is to be raised. 

Thus \/2 or 2''* denotes the square root of 2 ; \^a^ or a^ denotes 
either the cube root of the square of a, or the square of the cube root 



m 



of a ; and generally a" means the wth root of the Twth power of a, 
or the ?»th power of the nth root of a. 

CASE I. 

To represent a rational quantity in an irrational or surd form. 

if^ "* "my- - 

ffince ar=:a=:rt=a =:....a", and that a* - - a * — (a*)* ; 

hence we have the following 

Bule. — Raise the quantity to the power corresponding to the uvioar 
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bcr denoting the root of the surd, and to this power affix the required 
index or radical sign. 

Note. — Since va*^x \/6« = v'(o'' x fc«); therefore a mixed surd, 
as 2^2 may be expressed as an entire surd ; for by the rule 2=\/2*, 
.-. 2V2 r= V22 X V2 = ^72' = \/8- 



EXAMPLES. 

1. Represent 3 in the form of the square root, and 2^''4 as an entire 
surd. 

Here 3 x 3 = 3^ r= 9 ; therefore 3 = V9, also 2 x 2 X 2 = 
2'» = 8, .-. 2 = ^8, and 2^'4 = ^^8 X ^'4 = ^^^32. 

2. Express 5 in the form of the square root, and 2x^ in the form of the 
cube root. 

Ans. V25, and ^^8x« or (8a:«)i 

3. Express — 3x in the form of the cube root, and — 2x in the form of 
the fourth root. Ans. ^ _ 27a:^ and ^l^. 

4. Let a* be expressed in the form of the iifth root, and a + x, 

\^a + V ^> -o~ and j-y- in the form of the square root. 

Ans. 4/a}\ (a2 + 2aa: + x^f, (a + 2 V^+ hf, aJ^ and aJ^. 

2a ^1 9 
5 Let 5\/6, 3\/«j i'{/4a, i\/5a and -o-\^t-2 ^6 expressed in simple 

radical forms or entire surds. 

Ans. \/150, V9a, \|-> \^- and Ayj-^-. 

6. Express (a + x) < — — — >■ and r -j — — — r in simple ra- 

dical forms. 

Ans. \/«'^ — ^* and( r- j . 
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CASE II. 

To reduce quantities having different indices to others that sJuiIl Juive 

either a given or a common index. 

Bule. — For a given index. — Divide the indices of the proposed 
quantities by tlie given index, and the quotients will be the new in- 
dices of tliosc quantities ; then write the quantities with their new 
indices under the proper radical sign or given index. 

For a common index. — ^Reduce the indices of the quantities to a 
common denominator, and involve each to the power denoted by its 
numerator. 

EXAMPLES. 

1. Reduce 3 and 3 to quantities that shall have the index - , and 
also a^ and a^ to quantities having a common index. 

1 1 1 A A 

Here o-T-^ = r X t = o^^3» *^® index of the first (juantity, 

2 o I 1 2 

1 1 1 fi fi 

--^-- = -X7 = - =2, the index of the second quantity ; 

o 6 o 1 o 

therefore 3^ and 2^ = (3s/ and (2^/ = 27* and 4^. 
Again, a* and a =. a and a = (a*) and (a^) . 

2. Reduce 5^ and 6^ to quantities that shall have the common index - . 

o 

Ans. 125* and 36*- 

3. Let 2 and 4 be reduced to quantities that shall have the common 

index-. Ans. 16^ and 16^. 

o 

4. Let a^ and a be reduced to quantities that shall have the common 
index -. Ans. (a®)* and (a*)^. 

5. Let a and b be reduced to quantities that shall have the common 

index -. Ans. (a*)^ and (b^)^. 

o 
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¥ A . * 

6. Reduce 3 and 4 to quantities having a common index. • 

Ans. 27* and 16*. 

7. Reduce 4 and 5 to quantities that shall have a common index. 

Ans. (4*)^ and (S^A 

8. Reduce a and a to quantities that shall have a common index. 

Ans. (o8)* and (c?f, 

JL X 

9. Reduce or and h to quantities that shall have a common index. 

Ans. (a*)^ and (6'/'. 

— — 

10. Reduce a» and h^ to quantities that shall hare a common index. 

1 1 

Ans. (a*) •»» and (6*) «". 

CASE III. 

To reduce an irrational quantity or surd to its most simphfoitn. 



Since a\/h^(S^d— a x v'i* x \^c* x \/d = a x 6 x c x -^c? = ahc\/d^ 

and aA;;|j .. a;j(^^;) :=a;;j(^ x c-i) = « x ^^c-i 

ah 
= — ^c*—i, we have the following 

w 

jRwfe. — Find all the factors in the irrational part of which the re- 
quired roots can be extracted; and take the remaining factor or 
product of the remaining factors for the simplified surd; then the 
product of the coefficient of the given surd and the several roots 
will be the coefficient of the surd in its simplest form. 

When the surd is fractional, multiply both numerator and denomi- 
nator by such a quantity or number as will render the denominator 
a power whose root can be extracted ; then the coefficient of the surd 
divided by the root of the denominator will be the coefficient of the 
simplified surd. If the surd part admits of further reduction, proceed 
as in the former part of the rule. 
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EXAMPLES. 



1. Reduce 2^/48 and 3 VI 08 to their most simple forms. 

2\/ 48 = 2\/16 x~3 = 2\/16 X\/3 = 2x4x\/3 = 8\/3' 
3v^i08^ B^'27 X 4 = 3>^'27 x i?'4 = 3 x 3 x .^4 =r 9i^4 

2. Reduce V? and 3^^'! to their most simple forms. 

Vf = \|^ -aI^x 14 ^ aJ^V X V14 = y4^. 

3-^1 = 3^--^ = 3\j~ X 50 = 3 X i X ^^50 = * v''50. 

3. Reduce '^^ 472392 and i^41472 to their most simple forms. 

Ans. 64>^3, and 12-^2. 

4. Reduce \/125 and \/294 to their simplest forms. 

6V5, and 7\/6. 

5. Reduce -^56 and -^192 to their most simple forms. 

Ans. 2v'7, and 4^3. 

6. Reduce 7^80 and 9'^81 to their most simple forms. 

Ans. 28\/5, and 27^3. 

7. Reduce yfy Vi ^^^ ii^iir to tlieir most simple forms. 

Ans. Tjljt \/30, and | >^12. 

8. Reduce \^(98a'x) and Vi^^ — ^) to t^eir simplest forms. 

Ans. 7a\/2x, and x\/x — a. 

9. Reduce 5'^^4^ and 5'^9y to their most simple forms. 

Ans. t\^150, and ^^375. 

10. Reduce V3a» - 6aa: + S"? and V(« + ^) (a^ - ^^) to their most 
simple forms. Ans. (a — x) \/3, and (a + x)\/a _ ^^ 

simplest forms. 

b^x^ X V X 

Ans. — 2-, and t— --5^5(0 + by 
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CASE IV. 

To add surd quantities together. 

Rule, — ^When the surds are of the same kind, reduce them to their 
simplest forms, as in the last case ; then if the surd part be the same 
in them all, annex it to the sum of the rational parts, and it will give 
the whole sum required. 

But if the quantities have different indices, or the surd part be not 
the same in each of them, they can only be added together by the 
signs + and — . 

EXAMPLES. 

1. It is required to find the sum of ^27 and \/48. 

Here \/27 = \/( 9 x 3) = V 9 x V3 = 3\/3 
V48 = \/(16 X 3) - a/16 X \/3 = 4\/3 

.'. sum r= 7^3. 

2. It is required to find the sum of '^/'SOO and '{/lOS. - 

Here v'500 = ^^(125 x 4) r= y'125 x a/'4 ^ 5v'4 
^108 = v'C 27 X 4) = A?' 27 X >^ 4 = 3\/4 

.*. sum = Q^^, 

3. It is required to find the sum of 4^/147 and 3^/75. 

Here 4\/147 = 4V(49 X 3) = 4 x a/49 x V3 = 28V3 
3\/ 75 - 3\/(25 X 3) = 3 X \/25 x V3 = 15\/3 

.*. sum = 43v'3. 

2 1 

4. It is required to find the sum of 3\/^ and 2\/Tn- 

lu 

Here 3v| = ZV—^ = 3v'(4 x 10^ = |viO 

4 
.'. sum = -y/\0, 
o 

6. Find the sura of \/72 and ^128. Ans. 14\^2, 
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6. Find the sum of \/180 and \/405. Ans. 15v/5. 

7. Find the sum of 3^40 and y'lSS. Ans. G'^S. 

8. Find the sum of 4v^64 and 5^/128. Ans. 32\/2. 

9. Find the sum of 9^/243 and 10\/363. Ans. 191\/3. 

2 27 SI 

10. Find the sum of S\/- and 7 V tt. Ans. 77; VS. 

11. Find the sum of 12^^^ and 3^^, Ans. 6?v^2. 

4 o2 4 

12. Find the sum of iV(a^b) and ^\/(4&x*). Ans. Qa + I^^V^. 



CASE V. 

Tojind the difference of surd quantities. 

Rule. — When the surds are of the same kind, prepare the quantities 
as in the last rule ; then the diflference of the rational parts annexed 
to the common surd will give the wliole difference required. 

But if the quantities have different indices, or the surd part be not 
the same in each of them, they can only be subtracted by means of 
the sign — . 

EXAMPLES. 

1. It is required to find the difference of \/448 and \^lVi. 

HereV448 = V(64 x 7) = 8>v/7 
And VI 12 — >v/(16 X 7) =: A^l 

.'. difference = 4-y/7. 

2. It is required to find the difference of v 192 and v24. 

Here v^l92 = \/(64 x 3) = 4^3 
And -^24 =\^(8 x3)=2a/'3 



.*. difference = 2^/3. 



3. It is required to find the difference of 5\/20 and 3y45. 

Here 5>v/20 = 5a/(A x 5) = 10^5 
And 3>v/45 = 3>v/(9 x 5)= 9^5 

.'. difference = \/5. 
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4. Find the difference of i V8 *°^ IV*- 

Here iV* = ix/ i = ^aV^ = W^ 
And IVi = IV?rV = V'a\/6 = AV6 

.*. difference = HV^* 

5. Find the difference of 2^50 and yiS. Ans. 7V2. 

6. Fmd the difference of v'320 and v'40. Ans. 2v^5. 

7. Find the difference of ^f and ^A* •^^* iS V^^- 

8. Find the difference of 2>v/i and ^8. Ans. \/2, 

9. Find the difference of 3^i and v'72. Ans. ^9. 

10. Find the difference of y'f and y'^j. Ans. t»2>^'18. 

1 1 . Find the difference of \/(80o*z) and \/(^Oa^x^). 

Ans. (4a*— 2aj;)\/6x. 

12. Find the difference of S\/(cfib) and 2-^(a«6). Ans. (8a-2a^)^b. 

CASE VI. 

To multiply surd quantities together. 

Rule, — When the surds are of the same kind, multiply the product 
of the rational parts by the product of the surds, and the result will 
give the required product, which may be simplified, if necessary, by 
Case III. 

But if the surds are of different kinds, they must be reduced to a 
common index, and then multiplied together in the usual manner. 

EXAMPLES. 

1. It is required to find the product of 3 a/ 8 and 2 'v/6. 

Here 3\/8x2V6 = 3x2 x V8 x a/6 = 6\/48 = 6 V(16x3) 

= 24V3. 

2. It is required to find the product of l\/% and f Vt* 

Here i^| x |>^f = i X f X v'tf X *) = %</i = ^^(^^) 

= ^VGV X 15) = f X J^^15=K/15. 
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3. It is required to find the product of 2^ and 3 . 

Here 2^ x 3* = 2* x 3*= (23)^ x (32/ r= (8 X 9)*= 72^ 

4. It IB required to find the product o{ 5\/a and B\/a, 

Here 5\/« X 3\J'a = 5 x 3 x a* x a* = 15 x a* x or 

= 15a* "^^ = 15a* 

5. Find the product oi 5ab''\/2a-^arb^/b and Bb\/2F+2hVa» 

5a6V2a-4a2&y6 
36 \/2b +2bVa 

30a6Va6-12a2iV2 

+ lOa*^, V2 - SaH^x/ah 

(30a6» - Sa%^)^/^- 2a%^\/2 
or, 2ab\15b-^)\/ab-2a%''\/2 = product. 

6. Find the product of 5-^8 and Sy'S. Ans. 30^5. 

7. Find the product of v'lS and 5-^4. Ans. lO-v^O. 

8. Required the product of JiJ^e and ^'^sx/d. Ans. t*c'^2. 

9. Find the product of ^-^18 and 5^/20. Ans. 5\!/45. 

10. Required the product of 2\/3 and 13j/v/5. Ans. 27-^675. 

11. Required the product oi72^^a^ and 120J^a. 

Ans. 8706a a**. 

12. Required the product of 4 + 2^/2 and 2 — \/2, Ans. 4. 



13. Required the product of (a + 6)* and (a+ 6)"*. 



m * n 

Ans. (a + 6)" ««• 
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CASE VII. 

To divide one surd quantity hy another. 

Rule. — ^When the surds are of the same kind, find the quotient of 
the rational parts, and the quotient of the surds, and the product of 
these will give the whole quotient required. 

But if the surds are of different kinds, they must be reduced to a 
common index, and then be divided as before. 

EXAMPLES. 

1. It is required to divide 8\/108 by 2^6. 

Here ?^^ = 4^/18 = 4V(9 x 2) = 12^2. 
2v b 

2. It is required to divide 8>^512 by 4-J/2. 

Here ?^i? = 2 ^256 = 2 {/(64 x 4) r= 8^4. 

3. It is required to divide W^ ^7 5 V2. 

„ JV5 3 5 3 10 3 ... 
^^'^|V2 = 2^2=2^T = 4^'^- 

4. It is required to divide \/7 by >^7. 
Here-,-- = —=. -^=7^ *=-7*- 

6. It is required to divide 6\/54 by 3\/2. Ans. 6\/3. 

6. It is required to divide 4>^72 by 2^18. Ans. 2v^4. 

7. Divide 5f Vt^t by § V^. Ans. UV^- 

8. Divide 3^^% by 2fx/i' -Ajis. U\^^' 

9. Divide 4»Va by 2|v'<a5). Ans. flfp-/ • 
10. Divide 32f ^a by 13f ^a. Ans. J4 Ja*. 



11. Divide 9ga* by 4xTa* Ans. |?4a«»' 

12. Divide v^O +^12 by ^5 - V^- Ans. 8 + 2^15. 
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BEMAUKS. 

1. Since the division of surds is performed by subtracting the 
index of the divisor from that of the dividend, any power in the 
numerator of a fractional quantity may be removed into the deno- 
minator^ and vice versa, by simply changing the sign of its index. 

Thus, since a* -i- a"* = a*~^ rr «•, and a* -:- a"* = 1, .'. a* = 1 ; 

1 _ 1 X a-* _ a— 1 __ a— 1 __ __j 

a ~ a x a~^ ~~ a* ~ 1 "~ 

,1 1 X a-» <<•"• a— » 

and — — r= - -- = — — =: a"~». 

a» a» X a-* a* 1 

b ci~* 6"* 1 1 1 

:= (a + x)—^ ; and a (a? — a:")"* = ; and 

so on. 

2. Since OxaoraxOr=0; therefore - r= 0, and ^ = a, where 

a 

a is any finite quantity whatever. 

3. Since- = 2a, - r= 3a, - = 4a, etc, it is obvious that the less 

i ' * ' i ' * 

the denominator is, the greater will be the quotient ; therefore if the 

denominator be indefinitely small, the quotient will be indefinitely 

great ; hence 

a X 1 

°' 0- °'^o="- 

CASE VIII. 

To involve or raise surd quantities to any power. 

JSule, — When the surd is a simple quantity, multiply its index by^ 
2 for the square, by 3 for the cube, &c., and it will give the power of 
the surd part, which, being annexed to tlie proper power of the ra- 
tional part, will give the whole power required. And if it be a com- 
pound quantity, niultiply it by itself the proper number of times, ac- 
cording to the usual rule.* 



* When any quantity that is affected with the sign of the square root is to 



70 ELEMENTS OF ALGEBRA. 



EXAMPLES. 



2 i 2 

1. Find the square of -a , and the cube of x V^* 

Here {^^a j = ^a» = ^a = -^a*. 

2. Find the square of S'^S, and the cube of 17 V'21. 

Ans. 9^32, and 103173V21. 

3. Find the 4th power of iVS? and the square of 3 + 2\/5. 

Ans. ^, and 29 + 12-v/5. 

4. Find the cube of \/x + 3^/^, and the 4th power of \/3 — v^* 

Ans. x\/x + 9x\/i/ + 27i/\/x + Vly\^y^ and 49 — 20>\/6. 

CASE IX. 

To find the roots of surd quantities. 

Bule. — ^When the surd is a simple quantity, multiply its index by 
} for the square root, by J for the cube root, &c., and it will give 
the root of the surd part ; which being annexed to the root of the 
rational part, will give the whole root required. And if it be a com- 
pound quantity, find its root by the usual rule.* 



be raised to the second power, or squared, it is done by suppressing the sign. 
Thus, (Va)^ or v'«X V«=a; and ( V(« + &))^ or \/(a + Ox V(« + W 

* Since the nth root of the mth power of any number a, or the mth power 

m 

of the nth root of a, is a** ; and the nth root of the mth root of any number a, 

1 
or the with root of the nth root of a, is a*"" , it appears that the square root of 
the square root of a is the 4th root of a ; and that the cube root of the square 
root of a, or the square root of the cube root uf a, is the 6th root of a ; and 
so on for the fourth, fifth, or any other numerical root of this kind. 
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EXAHPLE0. 



1. It is required to find the square root of 9-^3, and the cu])o root of 
i>V/2. 

Here (9\!^3)*=9* x 3^ ^ *:^9* x 3^=3-C;'3, 

2. Find the square root of 10^, and the cube root of ^V«* 

Ans. lOyiO, and iax/a. 

3. Find the 4th root of ^-ra , and the cube root of oVo* 

ol 6 6 

2 1 
Ans. -a , and J\/3a« 
6 

4. Find the square roots of a:" — 4x\/a + 4a, and a + 2\/ab -\- b. 

Ans. X — 2\/ay and \/a + \/h, 

CASE X. 

To transform a binomial or residual surd into an entire surd form, 

Bule. — Involve the given binomial or residual surd to the second, 
third, or fourth power, according as the entire surd is to be expressed 
in the form of the square root, cube root, or fourth root. 

EXAMPLES. 

1. Transform 2 + \/3 and \/2 + VS to entire surds of the form of 
the square root. 

Here2 + \/3 = \/( ? + V3)'^= \/(4 + 3 + 4V 3)=V(7 + 4\/ 3), 
and ^/2 + V^ = V(V^ + V5f=^V(^ + 5 + W^0)- \/(7 + 2VlO). 

The binomial surd 2 + V3 may also be expressed as an entire surd 
of the form of the cube root. Thus, 

2 + V3 = -^(2 + V3)» = v'(8 + 12\/3 + 18 + 3V3)=i^(26 + 15V3). 

2. Transform ^2 + '^ 4 to an entire surd. 

(v'2 + \/4)» = 2 + 3v^l6 + 3^/32 + 4 = 6 + 6^2 + 6-^^4 ; 
hence ^^2 + ^4 = {6(1 + v^2 + -^4)}^. 
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3. Transform 3 — \/5 and \/2 —2\/Qto entire surds. 

Ans. \/(14 - 6V5), and \/(26 - 8^/3). 

4. Transform 4 — \/7 and 2>^'3 — -^9 to entire surds. 

Ans. \/(23 - 8\/7) and (15 — 18(2>^3-^9)}*. 

CASE XI. 

To extract the square root of a hinomial svrd^ one of whose tenns is 
rational^ and the other a quadratic surd. 

Since by involution C\/x± \/^y^ = x+y:t2\/xy ; therefore inversely 
V(x+i/±2Vxi/)= Vx^Vy- 
Now when x and y are numerical quantities, they can be so incor- 
porated that their sum shall be one numerical quantity, and their 
product another, and then all trace of their values is lost. We have 
thus an expression of the form a ± V^> where a = a: + y, and 
\/b=. 2^xy or V^^y* 

The values of x and y may, however, be discovered by the following 
process : — * 

Let \/a->f\/h = \/^+ s/y i then, by squaring, we have 

a+A/ft = x•\^y•^2^/xy\ .\ a = ar+y, and \/h — \/^xy. 
Squaring these last two expressions of equality, we have 

x^ 4- 2xy + ^' rr a* 
\xy — 6, 

.*. by subtraction x^ — 2xy + y^ — ^a _ j — qI^ suppose, 
and taking the root, x — y = V a^ -^h or c. 

But, X + y :=. a ; 

hence adding and dividing by 2, gives x = — ; 

and subtracting, and dividing by 2, gives y = ~ r= ; 



Similarly ^'a~^ y^ = .y/jr - >y/y = A^^^-y-^ - /J^ 



— c 



• This Investigation may be deferred till a knowledge of equations is obtained. 
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In this manner the square root of a binomial surd may be obtained, 
and the entire process should be gone through in almost every in- 
stance, as little real benefit can be derived by the student from mere 
substitution in any formula. 

EXAMPLES. 

1. Extract the square root of 11 + 6^/2. 



Let yil + 6^2 = yx + A/y, .', 11 + Q\/2 = x + y + 1\/ry ; 
hence x + y = 11 and 2>\/xy = 6>\/2, or, by squaring, 

4xy — 72, 

.'.by subtraction, x^ — 2ry + y* z= 49 
and the square root gives, x — y r= 7, 

but X + y z= 11; 
hence 2a: = 18 or x =9 and 2y = 4 or y = 2. 
Therefore Vll + 6V2 = V^ + V^ = V^ + V2 = 3 + ^2. 
Sunilarly Vll - 6V2 = \/x - \/y= \/9 - \/2 = 3 - \/2. 

2. Find the square roots of 3 - 2^2, 6 ± 2^5 and 23 ± 8^7. 

Ans. /v/2 - 1, V^ ± 1> and 4 ± \/7. 

3. Fmd the square roots of 36 ± 10^11* 33 ± 12^6 and 94 ±42^6. 

Ans. 5 ± Vll» 2/V/6 ± 3, and 7 ± 3^5. 

. _,. , ^. ^ .7 + 3V5 47 - 21V5 , 14 ± 5V3 

4. Fmd the square roots of j u\ — ' ^ 9~~^ — • 

. 3 + V5— 15 - 7\/5 , 5 ± V3 
Ans. —f-^ 1^, and — ^. 

CASE XII. 

To find a multiplier, or multipliers, so that the product of a binomial or 
trinomial surd by such multiplier or multipliers, may become rational. 

We have already seen, pages 7 and 10, that 

(x + y)(ar-y)=ra:2-y", 
(x + y)(x^ - xy + y^) = x^ + f, 
(x -y)(x^+ xy + y^) = x^ -y^; 
and in a similar manner we find that 

(x + Vyj (x - Vy) = x^-y . . . (1) 

(\/x + ^y) (\/x - vy) = ^ - y> • . . (2) 

(i/x + ^y)(i'x^-^xy\-^y^)=x+y, ... (3) 

(4^x-^y)(^x^+^xy+^y^):=x-y. . . . (4). 

1> 
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Also, since (-^ a: + ^y) {y/x — ^y)^=^ \/x — /^^y, 

and {\/x — \/y) (^y/x + \/\j) z=:x — y . . by (1) : 

.*. {\^x + x/y) {\/x - i/y) {\/x + \/y) — x-y, . . (5). 

By means of these and similar formulae, the requisite multiplier or 
multipliers may readily be found in all cases that usually occur in 
practice. 

EXAMPLES. 

1 . Find a multiplier that shall render 5 + V^ rational. 
Wy formula (1) the multiplier is 5 — V^' ^^^ 

(5 + V3) (5 - V3) = 25 - 3 = 22, a rational product. 

2. Find a multiplier that shall render >\/5 + \/Z rational. 
By formula (2) the multiplier is \/h — \/3t hence 

(V5 + V3) (a/5 - V3) = 5 - 3 = 2, a rational product. 

3. Find multipliers that shall render V5 + \^3 rational. 

By formula (5) the multipliers are \^5 — ^3 and \/5 + \/S ; hence 
(l^5 + v'3)(v'5-A^3)= V5-V3, and again 
(^5-\/3)(\/5 + \/3) = 5-3 = 2, a rational product. 



4. Find a multiplier that will render ^^V — ^1 x 3 + -^3^ rational. 
By formula (3) the multiplier is \^l + ^3'^ hence 
(yr'-^TV3 + v'3^){\^l + ^3)= 7 + 3 r= 10, a rational product. 

5 Find the multipliers that shall rationalize each of the quantities, 
^/b-\/x,^/a-lr\/h,a+^/h,\-\/2a,^^3-l^2,2iIi^i^^^ + i/Q^{■\^4:, 

Ans. \/6-\-\/x, ^a—\/b, a-\/h, 1 + v'2a+>^4a*, 
V^32+i^6 + J^4 and ^/3-^2. 

CASE XIII. 

To reduce afraciiony whose denominator is either a simple or a compound 
surdy to another that shall have a rational denominator. 

Rule. — 1. When any simple fraction is of the form , multiply 

each of its terms by \/a, and the resulting fraction will be — ^. 

a 

Or when it is of the form -j--, multiply them by "i^a^y and the re- 
suit will be -^ — . 



IRBATIONAL QUAKT1TIE8 OR SURDS. 76 

And for the general form, -,— » multiply by \/a"-*, and the re- 

suit will be . 

a 

2. If it be a compound surd, find such a multiplier, by the rule of 
last case, as will make the denominator rational ; and multiply both 
the numerator and denominator by it, and the result will be the frac- 
tion required. 

EXAMPLES. 

2 3 

1. Reduce the fractions — - and r-: — to others that shall have rational 

denominators. 

TT _?_ — ^ V3 _ 2V3 , 8 __ _3^ V5' _ 



Jx5 - 5 -5Vi-5- 



3 a/2 

2. Reduce — z r^ and zr^ — t: to fractions whose denominators 

^'o—^"2 S — \/2 

shall be rational. 



Here 



3 



_y. V5 + V2 ^ 3V5 + 3V 2 ^ 3V5 + 3V2 ^ ^^^ ^ ^^^ 



V6-V2 VO + V2 6-2 3 

and 
\/2 _ V2x(3 + V2) _ 3V24-2 _ 2 + 3^2 _ 2 3 
3-y2""(3-V^;x(3+V2)~ 9-2 "" 7 ~ 7 "^ 7 '^ * 

3. Reduce —~ — -, ^ "^ . yq— V ^^ .^ — to equiva- 
V7 + A/3 3 + v'x Va + yft ^7-'^5 

lent fractions having rational denominators. 

^ V42--3V2 3£-5^ ?±iz2A^\„a5(.J/49 + v''35 + ^''25). 
4 9— a: a— 6 ^ 



4. Reduce -r- , -i and -^ — ^ to equiva- 

^9 + ^10 V4+.^5 Va+x-ya-x 

lent fractions having rational denominators. 



Ant. -^1 -^^^^ y- ^,4(>{/5-</4)(V5+2),and y-^ . 
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MISCELLANEOUS EXERCISES ON IRRATIONAL QUANTITIES. 

Answers 

1. SimpKfy ^40 + -y/lSS - J v^320. S^^S. 

2. Simplify 8V* - i\/12 + 4^27 - 2\/i\. W^- 

3. Simplify y^Spy + 4a: >f^ - -{/126a:y. :r2^*. 

4. Simplify iV8m»n - ^N27V- 18^— 

5. Simplify i^a^ x e^a' x a«^ -^ V«*- 2a. 
6.Si.pHfy(^)*x(^)*x{^y. .V*or(p)* 

7. Multiply a* + 2a^-3bya* - 2a^+3. a^-4a* + 12a^-9. 

8. Multiply V(^ + 2y2) + y by VC^:* + 2y*)-y. a:*+i^'. 

9. Divide ^/ (x*- Sar^ _ 2x2) i,y ^a:. (a^* - 3x - 2)i 

10. Divide 3a + 6a* - a* + 2a*-2a*^+4a^ 

by 3a* - a* + 2a*. o* + 2a*. 

.. T^. .1 ''^^^^ + ^^^^ , mi + ni ^ 

11. Divide— ^-r -— - by — -. 1. 

mtnt — mtnt mt — nt 

12. Divide &x (x — y) \/ y ^ ocy \/&x 

by 2x\/'d — B\/2xt/. x\/Si/ + y\/2x. 

14. Simplify -J^ ± J,^^\, — ^- I* i(3L±V«. 

*" "^ y - m \ (y -mf y-m j y-m 

15. Simplify [{(o-O""}-']-* and {(ari)-l}- i. o«* and a-,V 

16. Simplify (y + ^^)« + (x + v'^/. («* + y^f. 
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Answers. 

17. Find the square root ofdm^n + 4aw* — 12mn V an. 

Sm^n — 2n\/a. 

18. Simplify ; ~ + ; ^, r. ■ » ■ , s^. 

20. If X =^ i (a + a-i) and y = i (6 + 6-i), 

what is the value of a^ + (1 — x^)'- . (1 — y^) . i( o^ "^ "1/' 



21. Simplify — — - — + — — - — ^ — . 2 (a + x). 

\/a -\- X + y/x \/a + a; — \/x 



IMAGINARY QUANTITIES. 

An imaginary quantity is one whose value cannot be assigned in 
consequence of the impossihility of performing the operation indicated. 
Thus V — o* indicates an operation which cannot be performed, 
since the square root of — a* is neither + a nor — a, for (+ a/ 

= + a^ and (— a)* = + a^ ; and therefore ^ — c? is an imaginary 
or impossible quantity. If, however, we disengage the quantity a' 

from under the radical, we get \/— a*=V«* X ( — l) = i "V — 1» 
and thus it is plain that all imaginary quantities will depend on the 

single imaginary \/ — 1, 

Now (V - 1)2 ={(- 1)*} = (-1)* = .( - ly = -1 ; 
(V - 1)8:= (^- i)2x v-1 =-i X V-i=-V-i; 
(V- i)* = cV- i)^x(v-i)2=-ix -1= 1 

(V-l/ = (V-l)*x(V-l)= lxv-l= V-i, 

and so on. 

Keeping these results in mind, the various operations to which 
all real quantities can be subjected, will equally apply to imaginary 
quantities. 
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Thusav/-1+ h\/-l+c\/-l = (a + 6+ c)>v/-l, 
x^-1 -'2yx/ - l + Zz\/-l = (a: - 2y + 3z)\/-l, 

EXAMPLES. 

1. Multiply X + y \/ — \ hj x — y \^ — \^ and dirido 1 + \/ — 1 
by 1 - V - 1. 

.'. product = x" — y'^C— 1) = a;' +y^^ a real quantity. 
^^1-V-l 1-V-l l + V-l" 2 — 2 

= V ~ 1. 

2. Multiply 2V-3 by 3^-5, and divide -24>v/-15 by 6^-5. 
Here 2>v/-3 x 3V-5=2>v/3x(-l) x 3/v/5x(-l) 

= 6>v/15 X V~ 1 X V- 1 = - 6\/15. 



And ^ ; . = --a"^ - ^ — ■-—- - - 4 V3 X ^^^ 

= - 4 /v/3. 

3. Divide 2+3^-1 by 2 - V - 1» and also 2a + 36 V - 1 

by 2a - 6V - 1- 

1 + 8 V-l :. 4a2-3624-8a6V-l 
Ans. ^^— and ^.-^^^ . 

4. Find the continued product oi x + a ^ — 1^ x — a \/ — I, 
X + I (3 - V- 5) and X + | (3 + V-^)- 

Ans. a:* + Sox® + |a2ar^+3a'x+ Ja*. 

5. Find the fourth power of 1 — 2\/— 1, and the cubes of — J + JV~3» 

and - i^ - i V-3 

Ans. — 7 + 24\/ — 1, 1 and 1. 
« 

6. Find the square root of 5 — 12^ — 1, and the value of 

\/4 + 6 V - 6 + V4 - 6 V - 5- 

Ans. 3 - 2 V - ^ ai^d 6. 
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EQUATIONS. 

An equation is the expression of the equality of two algebraical 
quantities, one or both of which contain some power of the unknown 
quantity. Thus 2a; + 3 = 15, cix^ =z bx ■\- c, andx^ + qt^ + bx—c^^O 
are equations. 

The members or sides of an equation are the two quantities between 
which the sign of equality is placed. Thus in the equation 2a:+ 3 = 15, 
the^rs^ or Ze/Jf-Aanc?^ ntiember is 2x + 3, and the second or right-hand 
member is 15. 

The terms of an equation are the several quantities of which it is 
composed ; thus ar, a, and b are the tenns of the equation x + a=: b, 

A simple equation is one whicli contains only the first power of the 
unknown quantity, as 2a: + 3a = 4x — Sb. 

A quadratic equation is one whicli contains the second power, or 
both the first and second powers of the unknown quantity, as 

x^ = 25, r^ + 10a: := 200, ax'^ - bx = - c, 

or ar x = , or ar"* — pa: = — g. 

a a ^ ^ 

The first of these is a simple or pure quadratic^ and each of the others 
is a compound^ or adfccted quadratic. 

A cubic equation is one in which the highest power of the unknown 
quantity is the third power, as x^ = 54, 2j^—^x = 35, or x^ — as^ 
+ 6x = c. 

A biquadratic equation is one in which the highest power of the 
unknown quantity is the fourth power, as a:* =: 25, 5x* — 4a: = 6, 
or a:* + ax^ + bx' + ex =^ d. 

An equation is said to be of th e^rsf, second^ third, or nth degree, 
according as the highest power of the unknown quantity contained 
in it, is the^rs^, second, third, or nth power of that quantity. Thus, 

X* + ax""-^ + Ix*-^ + ex "-3+ hx — h, 

is an equation of the nth degree. 

A root of an equation is that quantity which, when substituted for 
the unknown quantity in it, makes both members the same, and 
thus verifies the equation. 

A simple equation has only one root. For if the equation 2a: -V- 3a ^i ^h^ 
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can have two roots, let them be r, and r, ; then by substituting each 
of these for the unknown quantity x, we have 

2rj -f 3a =r 56 
2rj, + Sa = 5b, 

Now, if from the first of these equations the second be subtracted, we 

get 

2r^ — 2r, = 0, or r^—r^ = 0, .*. r^=rg; 

and the simple equation has therefore only one root. 

An identical equation is one wliich can be verified by all values of 
the quantities contained in it. Thus {x—y)^ =: (a: + y)* — 4xy is an 
identical equation, for if any values whatever be assigned to xandy, 
the equation will be verified. 

The solution of an equation is the method of separating the unknown 
quantity from the other known quantities in the equation, so that 
the unknown quantity shall form one member of the equation, and 
a combination of the known quantities the other member. 



SIMPLE EQUATIONS 

The solution of simple equations, and of those of higher degrees, 
depends entirely on the following axioms : — 

1 . If equals, or the same be added to equ lis, the wholes or sums 

are equal. 

2. If equals, or the same be taken from equals, the remainders are 

equal. 

3. If equals be multiplied by the same, or by equals, the products 

are equal. 

4. If equals be divided by the same, or by equals, the quotients 

are equal. 
6. If equals be involved to the same power, the powers are equal. 
6. If of equals the same root be extracted, the roots are equal. 

Rule I. Any quantity may be transposed from one side of an 
equation to the other, by changing its sign from + to — , or from 
— to 4- , and the equation will still subsist, as is evident from axioms 
1 and 2. 

Thus, if a: + 3 = 7 ; then will x = 7 — 3, or a: = 4. 

And, ifa:-4 + 6=8; then will x=8 + 4-6 = 6. 

Also, \ix — a-{-h^=c — d\ then will j: = a— 6 + c — J. 

And, if 4a: - 8 = 3j? + 20 ; then 4a: - 3r = 20 + 8, and conse- 
quently r r= 28. 
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From this rule it also follows, that if a quantity be found on each 
side of an equation, with the same sign, it may be left out of both of 
them ; and that the signs of all the terms of any equation may be 
changed from + to — , or from — to + , without altering its value. 

Thus, ifa: + 5=:7 + 5; then, by cancelling, x = 7. 

And, ifa — a: = 6 — c; then, by changing the signs, x — a=^ c—b^ 
or a: = a + c — 6. 

JRule II. If, in any equation, the unknown quantity be multiplied 
by any number or quantity, the multiplier may be taken away, by 
dividing all the rest of the tcnns by it ; and if the unknown quantity 
be divided by any number, the divisor may be taken away, by mul- 
tiplying all the other terms by it, as is evident from axioms 3 and 4. 

Thus, if ax = Bab — c ; then will x =z Bb . 

a 

If 2x + 4 = 16; then will a: + 2 = 8, or ar = 8 ~ 2 = 6. 

Also, if ^ = 5 + 3 ; then will a: = 10 + 6 = 16. 

2t 

And, if -r 2 = 4; then 2a: — 6 = 12, or by division, a: — 3 = 6 

o 

or X = 9. 



Bule III. Any equation may be cleared of fractions, by multiply- 
ing each of its terms, successively, by the denominators of those frac- 
tions ; or by multiplying both sides by the product of all the deno- 
minators, or by the least common multiple of them, as is obvious from 
axiom 3. 

X X Hx 

Thus, if - +- z= 5, then, multiplying by 3, we have x -\- — =z 15 ; 

and this, multiplied by 4, gives 4x + 3a: =: ^0 ; whence, by addition, 

7a: =r 60, or a: = Y = 8 -. 

X X 

And, if T + « = 10 ; then, multiplying by 12 (which is a mul- 

120 
tiple of 4 and 6,) 3x 4- 2a: = 120, of 5x = 120, or a: = —-=24. 

5 

It also appears, from this rule, that if the same number or quan- 
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tity be found in each of the terms of an equation, either as a multi- 
plier or divisor, it may be expunged from all of them, without 
altering the result. 

Thus, i( (uc := ab -\- ac ] then, by cancelling, x=: b + c. 

And, if - + - = -; then, x + b — c. or x ^ c — b. 
a a a 

Rule. IV. If the unknown quantity, in any equation, be in the 
form of a surd, transpose the terms so that this may stand alone, on 
one side of the equation, and the remaining terms on the other (by 
Rule I.) ; then involve each of the sides to such a power as corre- 
sponds with the index of the surd, and the equation will be rendered 
free from any irrational expression, as appears from axiom 5. 

Thus, if y'x — 2 = 3; then will \/x == 3 + 2 = 5, or by squaring, 
X=z5'=: 25. 

And, if \/(Bx + 4) := 5 ; then will 3j: + 4 = 25, or 3a: = 25 - 4 

21 
= 21, and consequently x = -_- = 7. 

o 

Also, if ^(2x + 3) + 4 = 8 ; then will ^(2x + 3) = 8 - 4 = 4, 
or 2j: + 3 = 4^ = 64, and consequently 2x = 64 — 3 = 61, or a: = 

5i-3ol 

2 -'^"2* 

Rule. V. If that side of the equation, which contains the un- 
known quantity, be a complete power, the equation may be reduced 
to one of a lower degree, by extracting the root of the said power on 
botli sides of the equation, as is obvious from axiom 6. 

Thus, if x» = 81, then x = a/81 = 9; and if a" = 27, then x — 
^27 = 3. 

Also, if 3:r2 - 9 = 24 ; then Sx** = 24 + 9 = 33, or x» = ^= 11, 

and consequently x = \/\l. 

« 

And, if X* 4- 6x + 9 = 27 ; then, since the left-hand side of the 
equation is a complete square, we shall have, by extracting the 
roots, X + 3 = V27 = V(9 x 3) = 3 V3, or x = 3^3 - 3. 
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Bule. VI. Any analogy or proportion may be converted into an 
equation, by making the product of the two extreme terms equal to 
that of the two means.* 

Thus, if 3x : 16 :: 5 : 6 ; then 3j: X 6 = 16 X 5, or 18x = 80, or 
_ 80_40_ 4 
"^"1^-9 "V 

2x 2cir 

And, if -^ : a : : 6 : c; then will -^- = ab, or 2cx = Sab ; hence, 
o o 

, J. . . Sab 

hv division, a:= -z;—. 
'2c 

Also, if 12 - X : - • : 4 : 1 ; then 12 — a: = -^ =: 2x, or 2x + x = 

ji 2 

12 
12 ; and consequently ar = -^ = 4. 



MISCELLANEOUS EXAMPLES. 

1. Given 6j: — 15 = 2a: + 6, to find the value of x. 

Here 5a: - 2a: = 6 + 15, or 3x = 6 + 15 = 21 ; and therefore, by 

21 
division, we shall have x = - - r= 7. 

o 

2. Given 40 - 6x - 16 = 120 - 14x, to find the value of x. 

Here 14x - 6x =^ 120 - 40 + 16 ; or 8x = 136 - 40 = 96 ; and 

96 
therefore, by division, x = — = 12. 

o 

3. Griven 3x' — 10x= 8x + x^, to find the value of x. 

Here 3x — 10 = 8 + x, by dividing by x ; 
or 3x — X = 8 + 10 = 18, by transposition. 

18 
And consequently 2x = 18 or by division,- x = -— = 9. 

z 

4. Given 6aar* — 12a6x* = 3ox^ + 6ax^, to find the value of x. 

Here 2x — 46 = x + 2, by dividing by 3ax* ; 
or 2x — X = 2 + 46 ; and therefore x = 46 + 2. 



* This rule may be deductd from definitions 9 and 10. 
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5. Given x^ + 2a: + 1 = 16, to find the value of x. 

Here a: + 1 = 4, by extracting the square root of each side ; and by 
transposition, x = 4 — 1 = 3. 

6. Given 5ax — 3h=z 2dx + c, to find the value of x. 

Here 5ax — 2dx = 36 + c ; or (5a — 2d)x = 36 + c ; and therefore, 

, J. . . 36 + c 
by division, x = ■= r— ;. 

XXX 

7. Given - — - + j = 10, to find the value of x. 

..r-^ 2x 2x , Sx 

Here *-— + -- = 20 ; and 3x - 2x + — = 60 ; 
o 4 4 

or 12x - 8x + 6x = 240 ; whence lOx = 240, or x = 24. 

8. Given — h x = 20 ^ — , to find the value of x. 

2x 
Herex~3 + — = 40 -x+19; or 3x-9 + 2x= 120-3x+57; 
o 

whence 3x + 2x + 3x = 120 + 57 + 9 ; that is, 8x = 186, or x = 

23J. 

|2r 

9. Given \^— + 5 = 7, to find the value of x. 

i2x 9?* 

Here ^— = 7 — 5=2; whence, by squaring, — = 2' =. 4, and 

2x= 12, orx = 6. 

10. Given x + \^(a* + x') = . , -jr, to find the value of x. 

^/^O T X^^ 

Here xVC^^ + x») + a^ + x^ = 2a2, or x>v/(a' + x*) = a^ - x«, 
•% x*(aa + X*) = a* - 2aV + x*, or aV+x*=a* -2oV+a^ j 

•*. Sa^x* = a*, or 3x^ = a* ; hence x^ = — , and therefore 
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EXAMPLES FOR PRACTICE. 

Find the value of x in each of the following equations : — 

Answers. 

1. 6x + 22 = 2a: + 31. x — 3. 

2. 4 - 9x = 14 - 11a:. a: — 5. 

3. a: + 18 = 3ar - 6. x = \\\. 

4. a: + I + I = 11. ap = 6. 

X 6 

6. 2x - 5 + 1 = 5x - 2. * = ^' 

T= IJ. 

a:= 3VV. 



X a: a:_ 7 
^- 2 + 3 " 4 - 10- 






7 ^ + 3 + ^-4 
^- 2 + 3 - ^ 


X 


-6 

4 • 


a:' 






a -^^ X 




^ ax — b ^ a bx 
^' 4 '3-2 


— 


bx — a 
3 


10. . ^ . . ^ - 


b. 







a 




36 




^ ~ 3a - 26' 


"1* 


V(6« - 2a6) 




6 



1 +a: 1 -X 

11. 2 + V3i = V(4 + 5a:). a: = 12. 

.2a a 

n.^, + ^a + x) = -^^^-^y x = -^. 

4aa 

13. \/(cr + ar) + \/(a — x) = >v/aar. x = g . . 

— a 

14. \/a + >\/x = \/ax. x = 



(v - If 



16. V(o + i) + VC" - x) = *. * = 2 V(4o - ''*)• 
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Answers. 

16. \/(a^ + ax) — a- V(a" - or). x = |>v/3. 

17. x/(x -\-a) = c - V(r + 6). x = ^ ^^5 ^ b. 



18. a + a: = \/{a^ + a:V(^* + J^')}- ^ ~ 4^ " ^ 

\a-\-x/ \a—xj \a^ — ar/ b — c 

23. VC^^'-x^) + a-V(a^- 1) ^ oV(l -^'*)- ^ =^ (^^*^|)* 

24. </(a + r) + >^(a-j:) = i*. a: = ja^ - y-j^J }* 

05 x'-l 50:^ + 5 _ 3a:-Kx + 3) 

^^•i(x+l) x(2:-l)+l-^*^ 2 • ''-"• 

1 + x' 1 - x" _ _ /■a-2\^ 



26. 7T-h^ + 7:: ^ = «• 



= (- 



(1+xf^ (1-xf - "• -^ ~ Va+4y • 

27. 4^ = « + ^^^^- X r= (2a + 17. 
>V/^+l 2 

28. V(^+x+x') + >^(l-x+a:8) = a. x = |.(^^^y. 
29^ \/(q+x) + \/(a-x) _ ^^ ^ _ 2ai 



i 1 a" — />* 

30. (a + x)"* = (x^ + nax + i»2>«. x = 7 -^. 

^ ^ (« — 2)a 

81. v(x+v-)-v(-V-)=«G^)* '={^-S^}'- 
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SIMULTANEOUS EQUATIONS OF THE FIKST DEGREE, 

Containing two unknown quantities. 

When the values of two unknown quantities are to be determined, 
two independent equations must necessarily be given, and when the 
conditions expressed by these two equations are fulfilled by the same 
values of the unknown quantities contained in them, these equations 
are coexistent^ and are usually termed simultaneous equations. Any of 
the three following methods may be employed for the solution of 
such equations. 

First method. — Find the value of either of the unknown quantities 
in terms of the other and known quantities from each equation ; then 
put these two values equal to each other, and there will be formed an 
equation involving only one unknown quantity. This is the method 
of comparison, 

Second method. — Find the value of either of the unknown quantities 
in terms of the other and known quantities from one equation, and 
this value substituted for it in the other equation, will give an equa- 
tion involving only one unknown quantity. This is the method of 
substitution. 

Third method. — Multiply or divide the two equations by such num- 
bers or quantities as shall make the terms containing one of the un- 
known quantities, the same in both equations, then the difference or 
sum of the resulting equations, according as the equalized terms have 
the same or contrary signs, will give an equation containing only 
one unknown quantity. This is the method of equalizing the coeffi- 
cients. 

EXAMPLES. 

1. Given 2jc -{- 3y =^ 23 and bx — 2y ^= 10, to find the values of 
X and y. 

By the first method. 

From these two equations, we get 

23 - 3v , 2y -I- 10 
X = — - and X = -=^— ^ ; 

95 
hence 19y = 95, and therefore y = — =6, 

o 5 5 
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By the second method, 

no Oj. 

From the first equation we get x = — -i and substituting this 

value for x in the second equation, gives 

5(23 - 3y) __ 2y = 10, or 115 - Iby - 4^^ = 20 ; 

95 
.*. 19y — 95, and hence y = — = 5 ; 

23 - 3v 23-15 8 ^ 
anda' = — 2-^ = — 2— = 2 = 4. 

By the third method. 

Multiply the first equation by 2, and the second by 3 ; then 

4j: + 6y = 46 
15a: - 6y = 30. 
The sum of these gives 19x = 76, or a: = 4. 

Substituting this value for x in the first equation, gives 

8 + 3y = 23 ; therefore 3y = 15, ory = 5. 

„ ^. 2ar 3?/ 9 , 3r 2y 61 « , , w /. ^ 
2. Given -^ + -r =7^i ^^^ "T + "F" = tjttti to find tlievaraesof xandv. 
O 4 20 4 5 li\j 

Clearing these equations of fractions, we get 

8a: + 15y = 9 . . . (1) 
90a: + 48i/=6l ... (2) 

Multiply equation (1) by 6 ; then we have 

48a: + 90?/ = 54 ... (3) 
90a: + 48y = 61 . - . (2) 

Taking the sum and difference of equations (3) and (2), we get 

138a:+ 138^y= 115, or 6a: + 6^ = 6 ... (4) 
42a: - 42y = 7, or 6a: - 6y = 1 . . . (5) 

Adding and subtracting equations (4) and (5), we get 

12a: =6 .*. x=^ 
12y = 4 .-. y = j. 
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the values of x and y. 



3. Given^ - 12 ^•^- + 8 and ^^ +$ - 8 = ^- + 27, to find 
2 4 5 o 4 



Multiply the first equation by 4, and the second by 60, to clear them 
of fractions ; then 

2a: - 48 = y + 32, 
\2x + 12y + 20a: - 480 = 30y - 16a: + 1620. 

Transposing and simplifying these results, we get 

2a:- y =80 (1) 

47a:- 18^ = 2100. . .(2) 

Multiply equation (1) by 18, then 

36a: - 18^ = 1440 ... (3) 
Subtracting (3) from (2) gives 

11a: = 660, .-.a: = ^ = 60. 

And from (1) ;/ = 2a: - 80 = 120 - 80 = 40. 

X "f* V X ~~ V 

4. Given — ^-^ H —- = 59, and a: : 3^ : : 1 1 : 5, to find the values of 

X and y. 

Clearing the equation of fractions, and converting the analogy into 
an equation, we have the equations 

7x + y = 708 
bx - 33y = 0. 

Multiply the first by 5 and the second by 7 ; then 

35a: + 5y = 3540, 
35a: - 231y = 0. 

Subtracting the latter from the former, gives 

2363^ = 3540, or y =r ^ = 15. 

_ 33y 33 X 15 „„ „ ^^ 

Hence x — - r^ = = = 33 x 3 = 99. 

o o 
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EXAMPLES FOR PRACTICE. 



Find the values of the unknown quantities in the subsequent simulta- 
neous equations : — 



1. a: + y r= a, and a: — y = 6. 



Answers. 
a + b a — b 



2. 6x - Sy = 9, and 2x + 6y = 16. 

3. 4j: + y = 34, and 4y + x= 16. 

4. 2x + 3y= 16, and 3x - 2i/= 11. 

5. ax -{• bi/-= c, and px + qi/ — r. 



6.^4-|^26,and|+| = 25. 

„ 6 . 3 17 ,18 20 , 

7. -+- = -—, and =1. 

X y 10 X y 

- a b ^ b a . 

8. — I- ~ = c, and — | — =zd. 
X y X y 

« 1 1 3,1.1 1 
^' Yx^b-y^l^'^^bi^Ty^l- 

10- f + 7y = 99, and I + 7j: = 51. 



11. 2x 



y - ^ A JO , X -2 
-^—^ = 4, and By + -j- 



X 
X 

X 



X=z 



br 

aq — bp*^ 



_cq- 



3,y = 2. 

8,yr=2. 

5,^ = 2. 

ar — cp 
aq — bp 



a: = 72, y = 144. 



z = 





X 


-6,3r- 


10. 


ac- 


-b^ 

-bd* 




6« 
-6c 




X- 


4 


4 
3 



12. j:-L_=5, and4y ^^ — 



9. 
3. 



a:=7, y= 14. 

xr=2,y—Z. 
a: r= 5, y = 2. 



13. 



7 + a: 2a: — y 



4-^ = 3^-5, 



14. 



5y — 7 4ar — 3 

~r- + . = 18-5ar. 



a: - 2 _ 10 - X _ y - 10 
6 3 ~ 4 ' 

2 j^+4 _ 2ar -\- y _ ar + 13 
3 8 ~ 4 • 



X = 3, y = 2. 



X = 7, y = 10. 
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15. 



3r + 4y + 3 __ Sr - y _ >/ - 8 



Answers. 



10 15 



9y + 5r - 8 _ f + y _ 
12 "T" ~ 



= 5 + — H— » 
o 

7x+6 



11 



xz=7,t/=9. 



^^ Bx - 2y , 11?/ - 2 4ar - 3y 4- 5 45 - ar ^ 



45 - 



43: - 2 _ 553: + 71j^ + 1 

3 ~ is" 



► X = 5, y = 6. 



"•M 



4 "^ 6 



1 y ^ 



1 + -^ 
^8* J 



a: = 9f,y=-4t 



The following examples may be solved in a similar manner, though 
the equations are not of the first degree. 

Answers. 

^-~"2^'^" "2^'' 



18. X + y = a, and 3:^ — y* — 5^ 



19. a:* + y» = c, and 3: :y : : a : 6. ^^^V^TqiTp} ' ^ = ^(oMTv ' 

20. x^-y'=c, anda:+y : a : : 3:-y : 6. ^^-y-i^^J » y~~2~Va6J * 

21. :^+y» = a,and:.--5^»=6. .=(^^)* ^ = (^y. 



22. a:* + ary = a, and y' + xy =• b. 



a 



ar=: 



y=^ 



V(a+6)' ^ v'(«+^) 



23 



«-l /'a + Ai 

. y«+y-a_aJ! + 2, andy" + ary = a. 3:= I'y = V~9~"; * 

{2Ca+l)}* ^ ^ ^ 



24. a(x2 + y2)_2(^_y2)^2a> / a + b ^ ,,^f^LzI\ 

(a^ - b') (x^ -y^) =^abf ^~\a- bj '^-\a+ bJ 
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SIMULTANEOUS EQUATIONS OF THE FIRST DEGREE, 

Containing three or more unknown quantities. 

When there are three unknown quantities, there must be three 
independent equations, and from these three equations, an equation 
may be found containing only one unknown quantity, by the following" 

Rule. — Find the values of one of the unknown quantities, in each 
of the three given equations, as if all the rest were known ; then 
put the first of these values equal to the second, and either the first 
or second equal to the third, and there will arise two new equations 
with only two unknown quantities in them, the values of which may 
be found as in the former case ; and thence the value of the third. 

Or, multiply each of the equations by such numbers or quantities 
as will make one of their terms the same in each ; then, having sub- 
tracted separately each of these resulting equations from one another, 
or from the third, in succession, when the signs are like ; or added 
them together, when the signs are unlike, as the case may require, 
there will remain two equations only, which may be resolved simi- 
larly, or by any of the former rules. 

And in nearly the same way may four, five, &c. unknown quan- 
tities be found from the same number of independent simple equa- 
tions ; but, in cases of this kind, there are frequently shorter and more 
commodious methods of operation, which can only be acquired by 
practice, 

EXAMPLES. 

1. Given x + y ■{■ z — 2^, x ■\- 2y+3^ — 62, and \x + ^y -ir \z — 10, 

to find the values of or, y, and z. 
Subtract the first equation from the second, then 

y + 2« = 33 (1) 

From the first of the given equations, subtract the double of the third, 
then 

1+1=9, or 2^-1- 3^=: 54 (2) 

From twice equation (1) subtract equation (2), then we get « = 12 ; 
hence 

y = 33 - 2^ nr 33 - 24 = 9, and 
ar = 29 - y - « = 29 - 9 - 12 =r 8. 
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2. Given 2x -{■ 4i/ - '6z = 22, 4x-9.y ■^5z= 18, and 6x + 7i/-z- 03. 
to find the values of x, y, and z. 
Multiply the first equation by 2, and from the result subtract the 
second, then 

lOy - 112=26 (a) 

From three times the first equation subtract the third ; then 

6y - 82 = 3 (b) 

From equation (a) subtract twice equation (6), then 

5z = 20, and 2 =: 4 ; 

hence from (6) 5y = 82 + 3 = 35, and y = 7 ; 
therefore 2a: = 22 - 4y + 32 = 4, and ar = 2. 

Find the values of a:, ^, and z in the following simultaneous equa- 
tions : — 



1. 


Ans. 


X+ y+ 2= 53 


ar = 24 


x + 2y + 32= 105 


y= 6 


ar + 3y + 42 = 134 


2 = 23 


3. 

7x + 5y + 22 — 79 


ar=4 


8j: + 7y + 92 = 122 


y-9 


X + 4y + 62 — 55 


2-3 


5. 




5x + 3y 65 


ar= 7 


2y - 2 = 11 


y=10 


3r + 42 = 57 


«= 9 



2. 


Ans. 


3a; + 2y - 2—20 


X 5 


2x + 3i/ + Qz 70 


y-6 


a: - y + 62 — 41 


2=7 


4. 




^ + Jy + i« 32 


a: =12 


ix+iy + 12 16 


^=20 


i:«^+iy + J« 12 


2 = 30 


6. 




7^ — 42 _ 4 


a:-4 


4a: - 3y — 1 


y = 6 


82 - 9v = 3 


2 = 6 



7. 

3 4 1 38 

+ - = — a: = * 

a: 5y 2 5 

1 1 2 _ 61 __ 

35'^^"^2~'6' ^~^ 

£_J_4_161 _ 

5x 2y "^ 2 ~ lO" * ~ * 



8. 
X y z 

X y 2 

X y 2 



^ = 1^ 



y=:i 



« = i 
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9. 
X '^- 1/ = a x = 



X + z — h y 



y -\- z =z c z^=. 



11. 

^-:.--3 



ar + y 



xz 



= 4 



X ■\- z 



y^ - 



Ans. 


10. 


Ans. 


a -{■ h — c 


i + Ua 

a' y 


2 


2 


a+h — c 


a — 6 4- c 


X 2 


2 


2 


^ a-h+c 


-a-\'b-\-c 


i + i-c. 

y « 


2 


2 


*-_a + 6 + c 




12. 




ar 4J 


1 1 1 

-+ -+ -— 

a: y 2 


\h X 2 


y 8 


y a: 


= i y-4 


s-24. 


3_4_ 


= ^. « _ 6. 



PROBLEMS PKODUCINQ SIMPLE EQUATIONS. 



The usual method of resolving algebraic questions is first to denote 
the quantities that are to be found by a:, y^ or some of the other final 
letters of the alphabet ; then, having properly examined the state of 
the question, perform with these letters, and the known quantities, 
by means of the common signs, tlie same operations and reasonings 
that it would bo necessary to make if the quantities were known, 
and it was required to verify tliem ; the conclusion derived from 
the solution of the equation thus formed will give the result sought. 

Or, it is generally best, when it can bo done, to denote only one 
of the unknown quantities by a:, y, or 2: ; and then to determine the 
expression for the others from the nature of the question in terms of 
it ; after which the same method of reasoning may be followed as 
above. And, in certain cases, the substituting for the sums. and 
diflferences of quantities, or other methods of proceeding, may be 
used ; which experience alone can suggest. 

1. What number is that to which if 12 be added, one>fourth of the 
sum is equal to 17 ? 

Let X represent the number ; then adding 12 to it we get x + 12, and 
one-fourth of this is J (a: + 12); hence we have the equation 

J(x+12) = 17, or a: + 12 = 68 ; hence x = 6f = thenumbei required. 
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2. What number is that whose third part exceeds its fourth part by 16? 

X X 

Let X denote the number ; then one-third of it is - and one-fourth is ~ ; 
hence 

f - f = 16. .-. 4j: - 3ar = 192, and x = 192. 
o 4 

3. Find two numbers whose sum is 40, and difference 16. 

Let X = the less number ; then a: -i- 16 = the greater number, 
and a: -I- a: -I- 16 = 40, or 2j: = 24 ; therefore x =^ 12, the less number, 
and a: + 16 = 12 -f- 16 = 28, the greater number. 

4. Divide L.IOOO among a, b, c, so that a shall have L.72 more than 
B, and c L.lOO more than a. 

Let x = the share of b ; then a: -f- 72 := the share of a, and a* -t- 172 
= the share of c ; then the sum of these shares is 3a: + 244 ; and there- 
fore 

3a: + 244 = 1000, and x = L.252 = b's share. 

Hence x + 72 = 252 -f- 72 = 324 = a's share 
and X + 172 = 252 + 172 = 424 = c's share 



L.IOOO = sum. 



5. Divide L.IOOO between two persons, so that their shares shall be as 
7 to 9. 

Let 7a: and 9a: represent their shares, and they will obviously be as 7 
to 9 ; hence 

7a: -f 9a: == 1000, or 16a: = 1000, .'. x = L.62, 10s. 

Hence 7x = L.62, 10s. x 7 = L.437, 10s. = share of one 

9x = L.62, 10s. X 9 = L.562, 10s. = share of the other 



L.IOOO = sum. 



6. The paving of a square court with stones, at 2s. a-yard, cost as 
much as the inclosing it with palisades at 5s. a-yard ; find the length of 
the side of the square. 

Let x = the length of the side of the square in yards ; then 
4a: •= number of yards of inclosure 

a:'= number of square yards of pavement, 
4t X 5 = 20a: = price of inclosing in shillings 
x* X 2 = 2a:'' = price of paving in shillings ; hence 
2x' = 20x, or 2a: = 20, and a: = 10 yards. 



96 ELEMENTS OF ALGEBKA. 

7. From a cask of wine, which liad leaked a third part, 21 gallons 
were drawn, and the cask being then guaged was found lialf full ; how 
many gallons did it originally contain ? 

Let X = the number of gallons in the cask originally ; then ^x gallons 
were lost by leakage, and 21 gallons were drawn. Now these together 
must be equal to half the number of gallons in the cask at first ; hence 

f + 21 =: ^, or 2a; + 126 = Bx .-. x = 126 gallons. 

8. What fraction is tliat whose value is ^ when its numerator is in- 
creased by 1, and whose value is ^ when its denominator is increased 
by 1. 

X 

Let - =: the fraction : then we have 

X + 1 

= i, or 3a: + 3 = y, or y = 3a: + 3, 



X 



= J, or 4j: r= y -f 1^ or 1/ =:4x — 1 ; 



.*. 4a: — 1 = 3j: + 3, and x = 4 ; 
y = 3ar + 3 = 12 + 3 = 16, 

and - = ^*j = the fraction required. 

9. A market womaa bought a certain number of oranges at 2 a-penny, 
and an equal number at 3 a -penny ; but having sold the whole at the 
rate of 5 for 2d., found she had lost 4d. : how many oranges were bought? 

X 

Let X = the number of oranges of each kind ; then - = the baying 

, X 

price of one of the first kind, and - = the price of one of the second kind. 

Now the whole number of oranges is 2a:, and hence 

4a: 
5 : 2a: : : 2 : -^ = selling price of the whole at 5 for 2d. ; 

.'. I + I = y + 4, or 15a: + lOar = 24a: + 120 ; 
hence a: = 120 = number of oranges of each kind. 
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10. If A can do a piece of work in 10 days, and b the same in 13 days ; 
in what time will A and B together finish it ? 

Let X = the time required ; then 

1 X 

A can do -r^ in a day, and 77> in * dajs* 

1 . X , 

B can do 7^ in a day, and — in or days ; 
13 lo 

bat A and b together can finish tlie piece of work in x days ; hence 

X X 130 

j^ + j3 = 1, or 13a: + lOr = 130, .'. x = ~ = Sjf days. 

11. If one agent, a, alone can produce an effect e in the time a, and 
another agent, b, alone in the time h ; in what time will both together 
prodace the same effect ? 

Let x ■=. the time sought ; then 

6 6>X 

A can do - part in 1 day, and — part in x days, 
B can do ^ part in 1 day, and y- part in x days ; 

£X 6J? X X 

,; -=- + -Y- = e, or — |- t = 1» •*• cix+bx =. ah : 
a 

hence x = t = the time required. 

a + 

12. How much rye at 4s. 6d. a bushel must be mixed with 50 bushels 
of wheat at 6s. a bushel, that the mixture may be worth 5s. per bushel ? 

Let X = number of bushels of rye ; then 

9x = price of x bushels of rye in sixpences, and 
600 ^ price of 50 bushels of wheat in sixpences. 
Bat (60+ a:) x 10 = 600 + lOx = price of mixture in sixpences ; hence 
9x + 600 = 500 + 10a:, and x = 100 bushels of rye. 

13. A labourer engaged to serve for 40 days, on condition that for 
erery day he worked he should receive 20d., but for every day he was 
absent he should forfeit 8d. Now at the end of the time he had to re- 
ceiTe L.l, lis. 8d. ; how many days did he work, and how many was he 
absent? 

Let X = the number of days he was absent ; then 
40 — ar = the number of days he worked, 

Sx = the sum forfeited by absence, 
(40 — x) X 20 = 800 - 20x = sum earned ; therefore 
800 - 20a: - Sx = L.l, lis. 8d. = 380d. ; 
.'. 28x = 800 - 380 = 420, and r = 15 days absent ; 
hence 40 — 16 = 26 = number of days he worked. 

1. 
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14. A garrison of 500 men was rictnalled for 48 days ; but after 15 
da3r8 it was reinforced, and then the provisions were exhausted in 11 
days ; find the number of men in the reinforcement. 

Let X =: the number of men in the reinforcement ; then as the con- 
sumption is proportional to the product of the men by the time, we have 
500 X 48 = 500 X 15 + (500 + ar) x 11 ; hence 
llx + 5500 = 600 X (48 - 15) = 500 x 33 = 10500 ; 
.'. llar=11000, and2=1000 = the number of men in the reinforcement. 

QUFSTIONS FOR PEACTICE. 

1. It is required to divide a line of 14 inches in length into two such 
parts, that one of them may be three-fourths of the other. 

Ans. 8 and 6. 

2. My purse and money together are worth 20s., and the money is 
worth 7 times as much as the purse ; how much is there in it ? 

Ans. 17s. 6d. 

3. A shepherd, being asked how many sheep he had in his flock, said. 
If I had as many more, half as many more, and 7 sheep and a half, I 
should have just 500 ; how many had he ? Ans. 197. 

4. A post is one -fourth of its length in the mud, one-third in the 
water, and 10 feet above the water ; what is its whole length ? 

Ans. 24 feet. 

5. After paying away a fourth of my money, and then a fifth of the 
remainder, I had 72 guineas left; what had I at first? 

Ans. 120 guineas. 

6. It is required to divide L.300 between a, b, and c, so that a may 
have twice as much as b, and c as much as a and b together. 

Ans. A L.100, b L.50, and c L.150. 

7. A person, at the time he was married, was 3 times as old as his 
wife ; but after they had lived together 15 years, he was only twice as 
old J what were their ages on their wedding-day ? 

Ans. Bride's age, 15, Bridegroom's, 45. 

8. It is required to find a number such, that if 5 be subtracted from 
it, two-thirds of the remainder shall be 40 ? Ans. 65. 
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9. At a certain election, 1296 persons voted, and the successful candi- 
date had a majority of 120 ; how many voted for each? 

Ans. 708 for one, and 588 for the other. 

10. A*8 age is double of b's, and b's is triple of c's, and the sum of all 
their ages is 140 ; what is the age of each ? 

Ans. a's 84, b's 42, and c's 14. 

11. Two persons, a and b, lay out equal sums of money in trade ; 
A gains L.126, and b loses L.87, and a's money is now double of b's ; 
what did each lay out ? Ans. L.300. 

12. A person bought a chaise, horse, and harness, for L.60 ; the horse 
came to twice the price of the harness, and the chaise to twice the price 
of the horse and harness ; what did he give for each ? 

Ans. L.13, 6s. 8d. for the horse, L.6, 13s. 4d. for the harness, and 
L.40 for the chaise. 

13. A person was desirous of giving 3d. a-piece to some beggars, but 
found he had not money enough in his pocket by 8d, he therefore gave 
them each 2d., and had then 3d. remaining ; required the number of 
beggars? Ans. 11. 

14. A servant agreed to live with his master for L.8 a-year and a 
livery, but was turned away at the end of seven months, and received 
only L.2, 13s. 4d. and his livery ; what was its value. 

Ans. L.4, 16s. 

15. A person left L.560 between his son and daughter, in such a man- 
ner, that for every half-crown the son should have, the daughter was to 
have a shilling ; what were their respective shares ? 

Ans. Son L.400, Daughter L.160. 

16. Two persons, A and b, have both the same income ; a saves a fifth 
of his yearly, but b, by spending L.50 per annum more than a, at the 
end of four years finds himself L.100 in debt ; what was their income ? 

Ans. L.125. 

17. A person at a tavern borrowed as much money as he had about 
him, and out of the whole spent Is. ; he then went to a second tavern, 
where he also borrowed as much as he had now about him, and out of the 
whole spent Is. ; and going on, in this manner, to a third and fourth ta- 
vern, he founds after spending his shilling at the latter, that he had no- 
thing lefb ; how much money had he at first ? Ans. ll^d. 
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18. It is required to divide the number 75 into two such parts, that 
three times the greater shall exceed seven times the less by 15. 

Ans. 54 and 21. 

19. In a mixture of British spirits and water, one half of the whole 
plus 25 gallons was spirits, and a third part minus 5 gallons was water ; 
how many gallons were there of each ? 

Ans. 85 of spirits, and 35 of water. 

20. Two travellers set out at the same time from London and York, 
whose distance from each other is 197 miles ; one of them goes 14 miles 
a day, and the other 16 ; in what time will they meet ? 

Ans. 6 days 13^ hours. 

21. There is a fish whose tail weighs 9 lb., his head weighs as much 
as his tail and half his body, and his body weighs as much as his head 
and his tail ; what is the whole weight of the fish ? Ans. 72 lb. 

22. It is required to divide the number 10 into three such parts, that 
if the first be multiplied by 2, the second by 3, and the third by 4, the 
three products shall be all equal. Ans. 4^, 3i^, and 2^. 

23. It is required to divide the number 36 into three such parts, that 
half the first, a third of the second, and a fourth of the third, shall be all 
equal to each other. Ans. The parts are 8, 12, and 16. 

24. A person in play lost a fourth of his money, and then won back 
3s., after which he lost a third of what he now had, and then won back 
2s. ; lastly, he lost a seventh of what he then had, and after this found 
he had but 12s. remaining ; what had he at first ? Ans. 20s. 

25. A hare is 50 leaps before a greyhound, and takes 4 leaps to the 
greyhound's 3, but two of the greyhound's leaps are as much as three of 
the hare's ; how many leaps must the greyhound take to catch the hare ? - 

Ans. 300. 

26. It is required to divide the number 90 into four such parts, that 
if the first part be increased by 2, the second diminished by 2, the third 
multiplied by 2, and the fourth divided by 2, the sum, dificrence, pro- 
duct, and quotient, shall be all equal. 

Ans. The parts are 18, 22, 10, and 40. 
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27. A person, after spending L.IO more than a third of his yearly in- 
eome, found he had L.15 more than half of it remaining ; what was his 
income? Ans. L.150. 

28. A man and his wife usually drank out a cask of beer in 12 days, 
but when the man was from home, it lasted the woman 30 days ; how 
many days would the man alone be in drinking it ? 

Ans. 20 days. 

29. A general, ranging a division of his army in the form of a solid 
square, finds he has 34 men to spare, but increasing the side by one man, 
he wants 59 to fill up the square ; of how many soldiers did the division 
consist? Ans. 2150. 

30. A garrison is victualled for 30 days ; after 10 days it was rein- 
forced by 3000 men, and then the provisions lasted only 5 days ; find the 
original number of men in the garrison. Ans. 1000 men. 

31. A waterman rowed down a river and up again in 6 hours, and 
found that he could row 9 miles an-hour with the stream, and only 3 
miles an-hour against it ; how £ar did he row ? Ans. 13 J miles. 

32. A garrison of a soldiers provisioned for m months, at the rate of /> 

ounces per man in a day, expects to be reinforced by b men at the end of 

n months ; what must be the uniform daily allowance that the provisions 

may just be consumed at the expiration of the m months ? 

. mpa 

Ans. 7^- T-T ounces. 

ma + (ni — njo 

33. How many lines are contained in a page of a book, and how many 
letters at an average in each line, if one line added to the page, and one 
letter to each line, increase the number of letters in the page by 96 ; but 
if two lines be added to the original page and four letters to each line, 
the number of letters will be increased by 286. 

Ans. 44 lines and 51 letters in a lino. 

34. At the review of an army, the troops were drawn up into a solid 
mass, 40 deep, and one-fourth as many men in front as there were spec- 
tators. But if the depth had been increased by 5 men, and the spectators 
drawn up in the mass with the army, the number of men in front would 
have been 100 fewer than before ; find the number of men in the army, 
and the number of spectators. 

Ans. Army consisted of 180,000 men, 
and there were 18,000 spectators. 
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35. Two persons, a and b, working together can finish a certain work 
in 12 days ; but after working together for 6 days, a was withdrawn and 
B left to complete the work, which he accomplished in 18 days ; find in 
what time each could finish the work alone. 

Ans. A in 18 days, and b in 36 days. 

36. A hill of 25 guineas was paid with crowns and half-guineas, and 
twice the number of half-guineas exceeded three times the number of 
crowns by 17, how many were there of each. 

Ans. 40 half-guineas, and 21 crowns. 

37. A rectangular bowling-green contains a certain number of square 
feet ; and if it were 5 feet broader and 4 feet longer, it would contain 116 
feet more ; but if it were 4 feet broader and 5 feet longer, it would con- 
tain 113 feet more; Gnd its length and breadth, and the number of 
square feet it contains. 

Ans. Length 12 feet, breadth 9, and content 108 sq. feet. 

38. A person has 55 coins, consisting of crowns and shillings, and 
their amount is 143 shillings : how many has he of each kind of coin. 

Ans. 22 crowns and 33 shillings. 

39. If A and b can do a piece of work in m days, A and c in n days, b 

and c in r days ; what is the proportion of the amount of work done by 

A, B, and c respectively in a day? 

. , mj'-\- nr — mn , mn + nr — mr 

Ans. AS ■=. B s = 

2mnr 2mnr 

mn -f- mr — nr 



and c's 



2mnr 



QUADRATIC EQUATIONS. 

A qtuzdratic equation is one which contains the square of the un- 
known quantity, and is either pure or adfected. 

A pure quadratic contains only the square of the unknown quan- 
tity, as ar* = 25, and as^—h. 

An adfected quadratic contains both the first and second powers of 
the unknown quantity, as a:' — 3a: = 2, and as^ •\- hx=c. 

Pure quadratics are solved, as in simple equations, by collecting 
the unknown quantities on one side, and the known quantities on the 
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Other ; then taking the square root of both sides, and prefixing the 
donble sign (±) to the second side. Thus if ax' = h^ then x^ = 

-, and ar = ± >y/- = ± - ^ab ; hence pure quadratics have two 

equal roots with contrary signs. 

Adfected quadratics may be reduced to either of the forms 

x^ + ax = b . . . (1) or, ax2 + 6a: = c . . . (2). 

Since the square of a binomial quantity consists of three terms, 
it is obvious that a term must be added to the left member of 
(1) to make a complete square. Let w* be the term to be added, 
then if a^ + ax + m^ be a complete square, its root will be found 
thus : — 

^ + ax + m^x + ^ 






Hence we see that when a^ -\- ax -\- m^ is a complete square, we 
must have the condition 

7»2 = la^ r= (iaf^ or 771 = ^a. 

We have then the following rule for the solution of a quadratic of 
the form x^ + ax = 6. 

Rule, — Transpose all the terms involving the unknown quantity 
to one side of the equation, and the known teims to the other, and 
let the term which contains the square of the unknown quantity be 
positive, and stand first in the equation. And if the square of the 
unknown has a coefficient, let all the terms be divided by it. 

Then to each side, add the square of half the coefficient of the first 
or simple power of the unknown quantity, and the first side will be 
a complete square. Extract the square root of each side, prefix the 
double sign (±) to the second, and the two values of the unknown 
quantity will be readily obtained. 

Thus, if a:^ + oa: = 6, be the given equation, 

a d 
then, x^ -^ ax -\- - ^=. - + h, 

4 4 
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and extracting the root, x + - = ± V(a + ^ ) » 

If x* — or — 6, be the equation, then x = - ± Vf 7 + ^ ) » 

thenx=|± v(^| -ft)- 



or if a:* — or = — 6 ; 



If the proposed equation be of the form cur* + 6x = c, then multi- 
plying all the terms by 4a gives 4a^x^ + Aabx = 4ac, where the first 
term 4a'*j:' is a square. Now if m^ be the term to be added to 4a*z* 
+ 4abx to make a complete square ; then the root of 4a^3^ + 4abx + 
m' will be obtained thus : — 

4a^3^ + 4<ibx + m\2ax + h 
4a^x^ 



4ax + b) 4abx + rr? 
4abx + 6* 



Hence we see that for 4a'x^ + 4ahx + m' to be a complete square, 
we must have m' = 6*, or w = 6. We have therefore the following 
rule for the solution of quadratics of the form ax^ + bx=zc, 

Ruh, — Multiply all the terms of the equation by four times the 
coefficient of the square of the unknown quantity, and to each side 
of the result add the square of the coefficient of the simple power of 
the unknown. Extract the square root of both sides ; prefix the 
double sign to the second, and the values of the roots will be obtained 
as before. 

Thus if 03^ + Jar = c be the equation, 

then 4c?3^ + 4dbx = 4ac, by multiplying by 4a, 

and 4a*j::* + 4abx + 6' = 6^ ^ 4^^^, by adding b^ to both sides, 
2aa: + 6 = ± ^(Jb^ + 4ac), 

and X ^^6±V(6!±4ac) 

2a 

This method avoids fractions in the operation, and may be fre- 
quently used with advantage. 
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NoU, — Equations of the form x^* + flu*= 6, or a:" + ax^ = 6, 
where the index of the unknown quantity in one of the terms is 
twice that in the other, are resolved like quadratics ; thus 



x2« 4- «a:» + 7 = 7 +6, .t« + ox^ + 7 = 7 + 6 ; 

4 4 4 4 

or, a* = - 1 ± v^l + 6\ or, ar» = -| ± v(^| + by 



EXAMPLES. 

1. Given ar* + 4jf ~ 140, to find the value of a:. 

Adding the square of half the coefficient of a:, viz. 2' to both sides, 
we get 

a:^ + 4ar + 4 = 144, 

its root is a: -f 2 = ± 12, 



.•.a:=: - 2 + 12= 10 
ora:= - 2 - 12= -14 



vAns. 



Both these values of x, when substituted for it in the proposed equa- 
tion, verify the equation, and are therefore the two roots of the equation. 

2. Given x^ — 12x + 30 = 3, to find the value of x. 

B7 transposition, a:* — 12x = — 27 ; 

.-. x2 - 12x + 6* = 36 - 27 = 9; 

«: - 6 = ± 3 

or r=:6±3 = 9orx = 3. 

E 2 
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3. Given 3a:" — 3x + 6 = 6j, to find the valae of x. 
Transposing and dividing hj 3 gives the equation 

x^ — a: = — |. 

Here the coefficient of x is 1, and the square of half this coefficient 
is ^ ; hence 

x*-x + i = i-| = TrV» 

.-. x-i= ± J, 
and x=^±i- = |or x = i. 

4. Given 3x^ + 2x = 85, to find the values of x. 

Multiplying all the terms by 12, and adding the square of 2 to both 
sides, gives 

36x2 + 24x + 4=1024; 

its root is 6x + 2 = ± 32 ; 

.-. 6x = - 2 ± 32 = 30 or -34; 
hence x = 5, or x = — y . 

6. Given Jx' - ix^ = - ^, to find the value of x. 

Multiplying by 2, gives x* — Jx* = — ^V i hence 

a:"-iJr* + TV = 0; 

/. x' — i = 0, or x* = i J 

hence x = v'i = ^f = l^i^, 

6. Given 2x* + 3x^ =. 2, to find the values of x. 

Dividing by 2, gives x* + fx* = 1, hence 

x' +fx* + VW = A+ i = H; 
.-. X* + I = ± f ; 
hence x' = = J or - 2, .•. x = | or x = - a 
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7. Given x* - 12x^ + 44x2 - 48jr = 9009, to find the values of x. 
This equation is the same as 

a?* - 12a:» + 3&r' + 8 (x' -6x)= 9009, 
or (a:* -6x7 + 8 (x* - 6x) = 9009 ; 

.-. (x^ - 6x)2 + 8 (x2 -6x) + 16 = 9026 ; 
.-. x" - 6x + 4 =: ± 95, 
or x" - 6x + 9 = 100 or - 90. 



Whence x - 3 = ± 10, or x ~ 3 = ± 3>v/ ~ 10 

.'. x=3 + 10 = 13, x = 3 + 3>v/- 10 

or 



x = 3-10=-7 x = 3 - 3V-10, 

which are the four roots of the biquadratic equation proposed. 

8. Given x — 1 = -—-, to find the values of x. 

Here x — 1 = — — = -^^, or x* — x = 6a/x. 
V'a: X ^ 

Adding 4x to both sides, x" + 3x = 4x + 6\/Xf 
completing the square, x" + 3x-l-| = 4x + 6\/x + f . 
Extracting the root, x + f = ± (2\/x + f ). 

From the equation x + f = 2 \/x + f , we get x = 2/v/x, or 

y'x=2;hencex = 4; and from the equation x + f = — 2\/^--8» 

we have 

X + 2>v/x = - S, 

.•.x + 2^x4-1 = - 2, 

or \/x + 1 = ± \/ — 2. 

Hence \^x = — 1 ± vy/ — 2, and x = — 1 ± 2\/ — 2. 
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9. Given 6x -Ix" + 8\/(7ji^ - 5j: + 1) = 8, to find x. 

Changing the signs of all the terms, and adding 1 to both sides, 
gives 

7x" - 5x +1 - 8 (7x2 - 5x + 1)* = - 8 + 1 = - 7 ; 

,-. (7x« - 5ar + 1)- 8 (7x2 _ 5^ + 1)^ + 16 = 9 ; 

/. (7x2 - 6a: + 1)^ - 4 = ± 3. 

Hence (7x'' - 5x + 1)^ = 7, or (7x2 _ 5^: + i)^ = 1, 
/. 7x2 - 5x + 1 _ 49^ or ^x^ - 5x + 1 = 1. 
Resolving these two quadratics, we get from the first 

X = 3 or — V, 
and from the second x = 0, or f . 

EXAMPLES FOR PllACTICE. 

Find the values of the unknown quantity in each of the following 
examples : — 

Anawere. 

1. x' - 8x = 9. X :=: 9 or - 1 

2. x' - X = 210. X = 15 or - 14 

3. 3x» + 2ir = 66. x = 4 or - -^ 
4* i^* — i^ = f • X = jj or — f 
5. ix — iy'x = ^2^. X = 49 or 



361 

9 



6. jfi+ 20x« - 69. X = i/3 or ^-23 

7. 2x* - x" ^ 3. X = l\/6 or a/- 1 

8. 6x^ - 3x* - f . X— 3|t or ^ 

9. 3x2" _ 2x» = 8. « = (2)" or ( - 1)" 
10. - x* + X = A. X - « or f 





Answers. 






X 2 ± ^S, 


X — 


64or(- 


-33/. 


X- 


= 8or(- 


-u)*. 




ar= 1 


or 16. 
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11. X* - 4X= - 1. 

12. a:* + X* = 1056. 

13. X* - Jjc*= - 112. 

4 

14. a/x + — — = 5. 

^ \/x 

lo. -a + — =11. jc = 4 or — l^V. 

x' X 

16. X + -v/(5x + 10) = 8. X = 18 or 3. 

i7.1va-^)=.'. .=(::i|js2)». 

19. V(10 + x) - ^(10 + x)= 2. X = 6 or - 9. 

20. |x>v/(3 + 2x2) = i + |x2. X = iV(-3 ± 3^2). 
21.,vg-l)=V(.»-5.> ,^a±V(al+8^ 

2*-J^-:^ = ^- x=nor-13. 

-„2* + 9,4i;-3 31 + 38 . ,, 

24. ari' + a' + 2v'(i» + x + 4)=:20. J = 3, -4 or ~ ^ =*= 'V^^^^ 



25. V(l+*-;r')-2a+x-:c»)=4. :r --= ^^^^ii or i±?^^ 



_ 1 ± V5 



26.4,-i)+Aj(l-J)=:x. .= .^ 

27. z*. - 2. - + ^r- = 6. x ^ (— ^)" «r (— f^)"- 
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28. {(x-2y-xy'-(x-2f=SS-(x-2). ar=6,-lor 



Answers. 
5±3\/-3 



29. :c+4 + r^V=:-^. x= ±6or ±4^2. 

31. j:+ 1 = — . x = 4, or -3 ± W-l. 



QUESTIONS FBODUCINO QUADRATIC EQUATIONS. 

1. To find two numbers such that their difference shall be 8, and their 
product 240. 

Let X = the less number, then x+S=- the greater, and x(x+ 8) = 240, 
or x' + Sx =z 240, by the question. 

Whence a: = - 4 + \/(16 + 240) = - 4 + \/2.56 

= — 4 + 16 = 12 r= the less number, 

and a: + 8 = 12 + 8 = 20 = the greater. 

2. It is required to divide the number 60 into two such parts, that their 
product shall be 864. 

Let X = one part, then 60 — a: = the other, hence 

x(60 - x)=. 864, or 60a: - x" = 864, 

or a:' - 60a: = - 864. 

Whence a? = 30 ± \/(900 - 864) = 30 ± ^36 

= 30 ± 6 = 36 or 24 ; 

hence 36 and 24 are the parts required. 

3. Find two numbers such that their sum shall be 10(a), and the sum 
of their squares 58 (6). 

liCt ar = the greater number, then a — x=. the less, and a:"+(tf — a:)* 
= 2a:* — 2aa: + a* =: ft, by the question ; 
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.*. x^ — ax =. — -r — , 

If a = 10, and 6 = 58, then we have 

a: = 6 + i\/(116 - 100) = 5 .+ 2 = 7, the greater number, 
and 10 — X = 10 — 7 = 3, the less number. 

4. Having sold a piece of cloth for L.24, I gained as much per cent, 
as it cost me ; what was the price of the cloth ? 

Let X = the price of the cloth in pounds ; then 

24 — x = the gain on x pounds ; therefore 

100 : a: : : X : 24 — ar, by the question, 

or x^ = 2400 - lOOx, or x^ + lOOx = 2400 ; 

whence x= - 60 + \/(2500 + 2400) = - 50 + 70 = 20 ; 
and the bujing price of the cloth was L.20. 

5. A person bought a number of sheep for L.80, and if he had bought 
four more for the same money, he would have paid L.1 less for each : 
how many did he buy ? 

Let X =: the number bought ; then 

— = price of each, and 

80 

price of each, if x + 4 cost L.80 ; 



a:+4 



• . 



80 80 , 1 1 1 , ,u ^ 

l^-^+i^'^^'x-^Tl^so'^y^^^^^*^'"' 

= ^» or a:* + 4ar = 320 ; 



•• r(x + 4)~80' 

whence ar = - 2 ± ^(4 + 320)= - 2 ± -v/324 
= - 2 ± 18 = 16 or - 20. 
Therefore the number of sheep bought was 16. 
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Note, — Tliis example will afford an excellent illustration of the inter- 
pretation of the negative value of x. It will be seen that —20 is a root 
of the equation a:' + 4a: = 320, since when substituted for x in it, the 
equation is verified ; but —20 is obviously inadmissible as an answer to 
the proposed question. 

If, however, we inquire to what question the negative value of a:, with 
its sign changed, is an answer, we might proceed hj reversing the steps 
of the preceding solution in the following manner : — 

Changing the sign of x in the equation x^ + 4a: = 320, we get the 
equation, x* — 4a: = 320, and the positive root of this equation is 20. 
But the equation a:' — 4a: = 320 is derived from 

1 _1 _ J_ 80 _80 _ 



a: — 4 X 80 a: — 4 x 

and this equation leads us to the following question. 

A person bought a number of sheep for L.80, and if he had bought 
huT /ewer for the same money, he would have paid L.l more for each ; 
how many did he buy ? 

Thus we see that the negative value of x in the question, taken posi- 
tively, is the proper answer to the question which has just been 
enunciated. 

6. It is required to find two numbers, such that their sum, product, 
and difference of their squares, shall be all equal to each other. 

Let X =. tlie greater number, and y ■= the less ; then by the questiou 
we have 

X + y=zxy (1) 

x+y = x'-t/^ . . . (2). 

Dividing both members of equation (2) by x + y, gives 

I = ar — y, ora:r=y + l . . . (3) 
■tSubstituting the value of x from (3) in (1) gives 

2y + 1 = y(3^ + 1) = y* + y, or 5^2 - y = 1 ; 

whence y = jt + V(i + = 2~' 

and X =z y + I = ^—» 
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7. Find two numbers, such that their sum shall be 13(a), and the sum 
of their fourth powers 4721(6). 

Let X = the one number, and y = the other ; then 

X ^-y —a (1) 

x'^^f^h (2) 

Raise the first equation to the fourth power, add the second to the re- 
sult, and divide by 2 ; then we have . 

ar* + 2x8^ + Zxhf ^^xy^-^f^^ "~2~"» 

(r^ + ry + y2).^el+^, 

Butx" + 2a:y + ^2 _ ci« ; 

hence xy — a^- ^x/2 (a* + 6), or 43^^ = 4a' - 2>v/2(a* + 6), 
.-. a:2 - 2a:y + y' = -Sa^ + 2^2 (a* + 6), 

or j: - y = {- 3a" + 2\/2 (a* + 6)}^ 
But since a: + y = a, we have by addition and subtraction, 



a 



a: = - + i,{^ 3a2 + 2V2(a* + 6)}% 

y = I - i{ - 3a2 + 2^2 (a* + 6)}* 

If a = 13 and h •= 4721 ; then we have a: =. 8 or 5, and y = 5 or 8. 

Otherwise thus : 

Let X = the difference of the numbers ; then 

— - — = the greater, and — - — = the less ; 
A 2 

(a + xY (a — xf , , ^a , n* ,/.i 

.-. ^ ^g - + —[^ = ^ or (a + xy + (a- x)* = 166. 

Hence 2a* + 12a^x^ + 2a:* = 166 , 

.-. X* + 6aV = 86- a*; 
.-. r2 = - 3a2 + >v/(9a* + 86 - a*)=: - 3a" + 2 V2(a* + 6); 

.-. a: = {- 3a2 + 2 \/2(a* + 6)}^ and hence 
both — - — and — - — become known. 
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EXAMPLES FOB FKACTICE. 



1 . It is required to divide the number 40 into two such parts, that the 

sum of their squares shall be 818. 

Ans. 23 and 17. 

2. To find a number such, that if it be subtracted from 10, and the 
remainder multiplied hy the number itself, the product shall be 21. 

Ans. 7 or 3. 

3. It is required to divide the number 24 into two such parts, that 
their product shall be equal to 35 times their difference. 

Ans. 10 and 14. 

4. It is required to divide the number 20 into two such parts, that 
twice the square of the greater part shall exceed three times the square 
of the less, by 96. Ans. 12 and 8. 

5. It is required to divide the number 60 into two such parts, that 
their product shall be to the sum of their squares in the ratio of 2 to 5. 

Ans. 20 and 40. 

6. It is required to divide the number 146 into two such parts, that 
the difference of their square roots shall be 6. 

Ans. 25 and 121. 

7. It is required to find two numbers, such that their sum shall be 
23, and their product 116^. Ans. 7^ and 15^. 

8. The sum of two numbers is 1 J, and the sum of their reciprocals 3 J ; 
required the numbers. Ans. ^ and ^. 

9. The difference of two numbers is 15, and half their product is equal 
to tlie cube of the less number ; required the numbers. 

Ans. 3 and 18. 

10. The difference of two numbers is 5, and the difference of their 
cubes 1685 ; required the numbers. Ans. 8 and 13. 

11. A person bought a quantity of cloth for L.33, 15s., which he sold 
at L.2, 8s. per piece, and gained by the bargain as much as one piece 
cost him ; find the number of pieces. Ans. 15. 

12. What two numbers are those, whose sum multiplied by the greater 
is equal to 77, and whose difference multiplied by the less is equal to 12 ? 

Ans. 4 and 7. 
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13. A grazier bought as many sheep as cost him L.60, and after re- 
serving 15 out of the number, sold the remainder for L.54, and gained 

2s. a-head by them ; how many sheep did he buy ? 

Ans. 75. 

14. Find two numbers such, that their product shall be equal to the 
difference of their squares, and the sum of their squares equal to the dif- 
ference of their cubes. Ans. J \/5 and i (5 + \/5.) 

15. A company at a tavern had L.8, 15s. to pay for their reckoning ; 
but, before the bill was settled, two of the company left, and those who 
remained had each 10s. more to pay than before ; how many were in the 
company? Ans. 7. 

16. A person ordered L.7, 4s. to be distributed among some poor 
people, but before the money was divided, two claimants more came in, 
unexpectedly, by which circumstance the former received each a shilling 
less than they would otherwise have done ; what was the number of 
claimants at first ? Ans. 16. 

17. The sum of two numbers is 11, and the sum of their fifth powers 
is 17831 ; required the numbers. Ans. 4 and 7. 

18. Find two numbers such, that the square of the first together with 
their product shall be 140, and the square of the second diminished by 
their product, 78. Ans. 7 and 13. 

19. Two detachments of foot being ordered to a station at the distance 
of 39 miles from their present quarters, began their march at the same 
time ; but one party, by travelling :J of a mile an hour more than the 
other, arrived there an hour sooner ; find their rates of marching. 

• Ans. 3i and 3 miles per hour. 

20. The continued product of four consecutive numbers is 3024 ; find 
the numbers. Ans. 6, 7, 8, 9. 

. 21. A and n start at the same time to travel 150 miles, a travels 3 miles 
an hour more than b, and finishes his journey 8 hours 20 minutes before 
him ; what are their rates of travelling ? 

Aug. 9 and 6 miles per hour. 

22. A vintner sold 7 dozen of sherry and 12 dozen of claret for L.50 ; 
and he sold 3 dozen more of sherry for L.IO, than he did of claret for L.6 ; 
find the price of each. 

Ans. sherry L.2, and claret L.3 per dozens. 
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23. If r^, r, be the roots of the quadratic equation x* ■{■ ax + b =. 0, 
prove that 

Tj 4- r, rr — a, and r^ r, — b. 

24. Two mail trains start at the same time, the one from London to 
Edinburgh, and the other from Edinburgh to London ; now, if the 
London train arrives in Edinburgh a hours, and the Edinburgh train in 
London b hours, after thej passed each other ; show that the respective 
times of completing the whole distance by the London and Edinburgh 
trains are 

a\J + b^) and 6*(a^ + 6*> 

25. The product of a number consisting of two digits hy the digit on 
the left hand is 192, and if the number be reversed, and multiplied by 
the digit now on the left, the product is 672 ; required the number. 

Ans. 48. 

26. Two partners, a and b, gained L.18, 15s. by trade ; a's money 
was in trade 12 months, and he received for his principal and gain L.26 ; 
and b's money, which was L.30, was in trade 17 months ; £nd a*s stock. 

Ans. L.20. 

27. The difference of two numbers is 8, and the sum of their fourth 
powers is 14722 ; required the numbers. Ans. 3 and 11. 

SIMULTANEOUS EQUATIONS OF THE SECOKD AND HIQHEB DEQREES, 

Containing two o?' more unknown quantities. 

1. Given x + y = o, and xy ■=. 6, to find the values of x and y. 
Squaring the first equation, we have 

a-2 + 2xy + 3^2 _ ^2, 

and by the second, 4ry = Ah 



.'. x^ — 2xy -{■ y^ = a' — 4i, 
or X — y = \/(o^ — 46), 
but X + y z=. a^ 

1 « ^ 9 MIX « + VC^'^ — 46) 
hence 2x = a -\- ^{ar — 46), or a: = ^^ ; 

2y-a- ^(a^ - 46), ory = ^ ^. 
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2. Given 0:^+^2= a^, and a; + y = &, to find the values of x and y. 

Squaring the second equation^ gives 

^2 + 2xy + y^— b^ (1) 

but 2r» + 2^/2 _ 2a2 (2) 

Subtracting equation (1) from (2), and taking the square root, gives 

but X + y =z bj 
.: 2x = b + V(2o« - n or x = ^ + V(f ' JD, 

2, = 6 - v(2a^ - n or y = *^^^4^*i). 

3. Given a:' + y' = a^, and ar + y = 6, to find the values of x and y. 

By dividing the first of these equations by the second, we have 

2 , 2 "^ 

x2 _ xy -{■ y^- y, 

and squaring the 
second, x^ + 2x^ ^ y^ — b^ ; 

Bxy =h'-Y= -y-'^'^^-^- 

Whence, by a process similar to that employed in the fiirst example, 
we have 



X 



=»{'*(^)'}»''=^{'-(^')'}- 



4. Given ai^ + y*z= 17, and ar + y = 3, to find the values of x and y. 

Baising the second equation to the fourth power, we get 

3^ + 4r3y + QxY + 4jcf + y* ^- 81 ; 

but, ai^ + y*=^ 17, 

Adding and dividing by 2, x* + 2a;^^ + Sx^y^ + 2xy^ + y* — 49. 
Taking the square root, x^ + ocy + y^ — 7. 

Squaring the second equation, x^ + 2xy + y^ ^=. 9, 

xy ■= 2, 

whence, by the first example, we have x = 2, and y = 1. 
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T). Given x* + a:'/ + ^* = 91, and x^ ■{■ ry ■{■ ^— 13, to find tha 
values of X and y. 

Dividing tho first equation by the second, gives 

x^ - xy + y""— 7, 
but x^ + xy + y^ — 13. 

Adding and subtracting, we have 

X* + y2 _ iQ and 2xy - 6. 
Adding and subtracting, and taking the square root, give 

X + y = 4 and x — y = 2. 
And again adding and subtracting, 

X = 3 and y = 1. 

6. Given x2 + ^xy + 4/ = 14, and 3x2 ^ 4^^^ ^ 5^2 _ 25, to find 
X and y. 

Let X = vy\ then by substitution these equations become 

y2( i,« + 3t; + 4)=14 (1) 

^2(3?;" + 4r + 6) = 25 (2) 

Dividing (1) by (2), and simplifying the result, we get 
v2 _ J y = ^^ J whence ?; =: 2 or — \^, 

Taking the value v = 2, we get from (1) 

y* = 1, or y = 1, and thence x — vy ^^ 2. 

7. Given x^ + y^ -\- xhj ■{- xy^ = 65, and x*/ + -^V = 468, to /luil 
X and y. 

These equations may be written thus : 

(x + y)(:r2 + y2)= 65. 
xV (x2 + /)=468. 

Let now x = ry ; then they become 

/(v+ l)(v"+ 1)= 65 (1) 

«y (v2 + l) = 468 (2) 
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Squaring equation (1) and dividing by (2) gives 

(v-\-l)^{v^,+ l) _ 4225 _ 325 
t;2 ~~ 468 ~~ 36* 

325 

or (v + 17-^2 + 2(v + v-i) ==— . 

Solving this quadratic, we have 

V + v-i + 1 = ± 3J, or r + - = 2t or - 4i. 

V 

Solving the quadratic v + - = 2^, gives, r =: f or f , and hence 
y® rr 8 or 27, /. y = 2 or 3, and x r= try = 3 or 2. 



EXAMPLES FOR PRACTICE. 

Answers. 

1. X — y = 5^ and xy — 150. x z=: 15, y = 10. 

2. a:« + ys = 113, and ary = 56. x = ± 8, y = ± 7. 

3. xi/ + y=lO, and arV + ^/^ _ gg, ^ _ 4^ ^ __ 2. 

4. a:* + J^ = 84, and a:* - / = 24. x = ± 7, y := ± 5. 

5. a:*^" + Sxy = 180, and x +3y = 11. x =1 5 or 6, y = 2 or J. 

2 3 

6. - + - = 8, and 7xy =6. x = 2 or f , y — ^ or 3. 
x y 

7. 2x" + 3xy = 26, and 3y* + 2xy = 39. x = ± 2, y = ± 3. 

8. x+y+ V(x+3/) = 12, and x'+y" = 41. a: = 5, y = 4. 

^x*v*xw27-\ .« .1, 

»V+? + y + f=T| x=4,-2,or 1±VA 

x-y^l) y=2.-4,or-l±VtV. 



10. x" + ly + y* = 90 i = 9 or 1 
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Answers. 



_ 3 5 ,, 3g 

ar = — or -i" 



11. xy — 5(x 

:ry = 49(ar* + y2)| y = ^ or ^ 



12, x^ + x^xy^z=i208} x—± 8 



} 



y' + y\/-r'!/ = 1053 ) y = ± 27. 



■•■C^)' *(¥)•=' 



X = 6 or 



x^-(.+3,) = 54) y = 12or-9. 



14. x + y + c= U ' 



s 



a: = 8 or 2 



JT* + y'^ + «■= 84 V y = 4 



x« =:y 



THE SQUARE ROOT OF A BINOMIAL SURD. 



« r= 2 or 8. 



The method of extracting the square root of a hinomial sard, one 
of whose terms is rational, and the other a quadratic surd, has already 
been given at page 72, and as we are now in possession of principles 
to enable us to investigate the method, we propose to give it here. 
The investigation depends on the following propositions : — 

(1) The product of two dissimilar quadratic surds will also be a 
quadratic surd. 

For, if possible, let ^x x Vy = A, a rational quantity ; then 
aiy = A^ ; 

therefore y — — — -^ . x, and yy = - \/x ; 

and consequently V^^iid \/y are similar quadratic surds, which 
is contrary to the h3rpothesis. 

(2) ^ surd cannot he equal to the sum or difference of a rational quantity 
and a surd^ or to the sum or diffei'ence of two dissimilar surds. 



For let \/x = a ± \/y ; then x— a^ ± 2a \/y + y, and hence 

_ x - y - a^ 
2a 

therefore a surd is equal to a rational quantity, which is absurd. 



* ^'y la 
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Again, let \/x — V" i VH \ tlicu x r= a ± 2 ^ay + y ; and 
hence 

, , — X — y — a 
± V«i^ = 1 ; 

therefore the product of two dissimilar surds is equal to a rational 
quantity, which is absurd, by (1). 

(3) In any equation a + \/h = x + \/y^ consisting of rational quan- 
tities and surdSf tlie rational quantities on each side are equals and like- 
wise the irrational quantities. 

For by transposition we have 

\/b = (x - a)+ \/y; 

hence, if x be not equal to o, or x — a not = 0, we shall have a 
surd equal to the sum of a rational quantity and a surd, which 
is impossible, by (2). Consequently ifa + y^ = *+ Vl/i 
tlien 

X = a and \/y = y 6. 

From these principles we can deduce the formula for extracting 
the square root of a binomial surd of the form a ± \/b. 



Let \/a 4- \/b = y'x + Vy i then a + \/b = x + y + ^V^ i 
hence by (3) 

r + y = a and 2 \/xy = \/b ; 
.-. x^ + 2xy + y^ = a\ 
Axy «=&, 
Subtracting, gives x* — 2xy +y*= a^ — b, 

or X — y = V(a^ — b) •, 
but X + y = a J 

.-. ix^a + v(«' - 6) or X = " + V('''-^\ 

21, = a- ^{a- - J)ory = <'-Vi<^'-h) , 
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hence vTTv* = V^+v'^=4^--Vn|— '^^=^^. 

Similarly V^^^* = V'-VV =^| " + V^^"'"^ )- ,^-Z.^^. 

Wo shall only give an example or two in illustration here, and 
refer the student to those at p. 73 and p. 78, Ex. 6. 



EXAMPLES. 



1. Find the square root of 2n\/ — 1. 



Let \/(2n\/ — \)=\/x 4- Vy; then, hy squaring, 



2n^ -i=x-\-y-\-Wxy\ 



a: + y = 0, and 2yxy = 2n\/ — 1 ; 
hence x^ + 2xy + y'* = 0, 

4x1/ = — 4n^ ; 

a:* — 2x1/ + y* =4n'', and ar — y = 2?*. 
From the two equations a; + y = 0, and.r — y = 2n, we get 



x=^nf and y=~n, .•. V(2n\/"~ 1)== V* + V "~ "• 



2. Find the square root of 4i - ^ ^^ and of -2\/ - 1. 

Ans. 2 - ^ V3 and 1 — \/ - 1. 

3. Find the square root of 2^— ^5 and the fourth root of 49 + 20 \/6, 

Ans. 1 - li\^5 and V'2 + \/d. 



4. Find the square root of 4mn + 2(m* — r?)\/ — 1 , and of 1 + -^1 ~ a*. 
Ans. w + n + (w-n) V -1, and A^^i-t-^^ + h^ (H"^)' 
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CUBIC EQUATIONS. 

A cubic equation is one in which the highest power of the unknown 
quantity is the third power, and, like a quadratic, is eitlier simple 
or compound. 

A simple cubic equation is of the form cux^ = 6, which solved gives 

x^ = -, and X =z l-y, 
a \aJ 

A. compound cubic equation is of either of the forms 

x^ + ax ^= bf a:* + ax^ = 6, or a:^ + ax^ + bx = c. 

The two latter forms may easily be reduced to the first by the fol- 
lowing 

Rule, — Take a new unknown quantity, and increase or diminish it 
by a third part of the coeflScient of the second term of the equation 
with its sign changed ; then if this sum or difference be substituted 
for the original unknown quantity and its powers in the proposed 
equation, there will result an equation of the first of the above forms 
wanting the second power of the unknown quantity. 

Note, — The second term of a complete equation of any degree 
may be removed 4n a similar manner, by substituting for the un- 
known quantity the sum or difference, as above, of a new unknown 
quantity, and the 2d, 3d, 4th, 5th, etc., part of the coefficient of its 
second term with its sign changed, according as the equation is of the 
2d, 3d, 4th, 5th, etc., degree. 

EXAMPLES. 

1. Transform the equation x^ + Sax' — & =. into another, that shall 
want the second power of the unknown quantity. 

3a 
Let X •=. y — =z y — a-, then by substitution 
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a:* = y8 - 3ay« + 3a»y - a» 
Sax' = Soj^' - 6a*y + 3a« 

-6= - b 



By addition, y^ - Za'y + 2a3 - 6 = ; 

hence the transformed equation is y® ~ 3a*y = 6 — 2o', in which the 
second power of y is wanting. 

This transformation may be effected in a more convenient manner than 
by substitution. For if the given equation be divided by a:+o, we shall 
have for quotient x' + 2ax — 2a" and for remainder 2a' — b ; hence 

x^ + Sax' - 6 = (ar* + 2aj: - 2a")(a; + a) + 2a» - 6 . . (1) 

Again, dividing x* + 2aa: — 2a* by ar + a, we get for quotient x + a and 
for remainder — 3a* ; hence x^ + 2ar — 2a* = (x + a)(x + a) — 3a* 
= (r + a)* — 3a*, and equation (1) becomes 

3^ + Sax^ - 6 = {(a: + af - 3a*}(x + a) + 2a» - b 

= (x + a/ - 3a2 (a: + a) + 2a» - 6 == 0. 

Now if a; + a be denoted by y ; then the last equation will become 

y^ -Sa^y = b-2a\ 
in which the second power of y is wanting, as in the preceding method. 

Uniting these operations, and using detached coefficients and the syn- 
thetic mode of division, the whole work will be arranged as follows : 

l + 3a + -6(-o 
- a - 2a* + 2a' 



1 + 2a - 2a* + (2a3 - b) 
- a- a"" 



1 + a - 3a* 
— a 



1 + 0. 
Hence y* — Sa^y + 2a' - ^ = 0, or y* — 3a'y = 6 — 2a*, as before. 
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2. Let the equation 3^ — 12x" + 3j: + 16 bO be transformed into 
another that shall want the second power of the unknown quantity. 

Let a: = y+-^ = y + 4; then y = a: — 4, and dividing successivel/ 
by a; — 4, we have the following process : 

1-12+ 3+ 16 (+4 
+ 4-32-116 



1 - 8 - 29 - 


100 


+ 4-16 




1-4-45 




+ 4 





1+0 

.*. y* — 45y = 100 is the equation required. 

3. Transform the following equations into others that shall want the 
second power of the unknown quantity. 

(1.) a:8 - 6x* = 10. Ans. y» - 12y = 26. 

(2.) y8 - 15/ + Sly - 243. xS + 6r = 88. 

(3.) aJ» + |j:8 + fr = A. y' + «y = i- 

(4.) 2a:" - 3jr* + 4x = 5. y» + fy = J. 

BOLUTION OF CUBIC EQUATIONS. 

Let the given cubic equation be x' + ox = 6, a form to which both 
the other forms can be reduced, and let x = y + 2 ; then by substitu- 
tion in the given equation, we shall have 

y» + ^yz (y + c) + 2' + a (y + «) = 6. 

Now, if 3y« = — a ; then we get y' + 2® = &, and by substituting 
in this the value of z from the former, viz. 2 = — — , we get readily 
y« — 6y* = ^a^ ; and solving this quadratic gives 
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llc.icc 2 = — --- is kuoTAii, and consequently y + z, or 



■\S0 i//i- /r»\> 



« (ft /ft" <^\) , 

The last expression is obtained from the former by multiply- 
ing both nnnierator and denominator of the fractional part by 

When the coefficient a of the first power of x in the given equation 
is negative, then - and its cube ^^ will be negative ; but if the 

h . 6* . 

absolute tenn 6 be negative, - will be negative, and — will be 

positive. 

a' 
When the equation is of the form x' — ax = ± 6, and — is greater 

ft* 
than --, or 4a^ greater than 276^, the solution of it cannot be ob- 
•* 

taincd by tlio above formula, as the equation in this instance falls 

under what is usually called the Irredacibh Case\ of cubic equations. 



* This method of solving cubic equations is usuallj nscribcd to Cakdan, a 
celebrated Italian analyst of the 16th ceaturj ; but the authors of it were 
Scipio FifEREcs and Nicholas Taetai.ea, who discovered it about the same 
time independently of each other, as i> proved by Mostccla, in his Histoirt 
des 3fathematiqn€Sy vol.i. p. 508, and more at large in Uctton's Mathematieal 
Dictionary, Art. Algebra. 

t It may here bo observed, as a remarkable circumstance in the history of 
tliis science, that the solution of the IrrtdueibU Case above mentiooed, has 
batHed the united eflforts of the most cekbratcd mathematicians in Europe; 
although it is well known that all the three roots of the equation are, in this 
case, real ; whereas, in those that are resolvable by the above formula, onl/ one 
of the roots is real ; so that, in fact, the rule is only applicable to such cubicB 
as have two impossible roots, or two equal root<'. 
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When — is negative, and equal to ~ ; then the equation is resolv- 

id t ^ 

able by this method ; ^^^ \^( T" ~ 97 / ~ ^' ^^^ 

In this case, it can easily be shewn that the equation has two 
equal roots. 

EXAMPLES. 

1. Given 23^ - 12a:'' + 36ar = 44, or x^ - 6x" + 18x = 22, to find 
the value of x. 

Remove the second power of the unknown quantity, by dividing 

successively byar — forx — 2,as directed in the previous rule, 

thus: 

1 - 6 + 18 - 22(2 

+ 2 - 8 + 20 



1 - 4 + 10 - 2 
+ 2-4 



1-2+6 
+ 2 



1 +0 



Hence y* + 6y — 2 = 0, or 3/^ + 6y = 2 is the transformed equa- 
tion, in which y = a: — 2, and therefore a: =r y + 2. 

Comparing the equation y^ + 6y = 2 with the equation y^ •\- ay=z 6, 
we have a = 6 and 6 = 2; hence by the formula 

= l^{l + V(l + 8)} + V'{l-V(i + 8)}=v'4+>{/-2=iJ'4-^2; 
hence a: = y + 2 = 2 + >{/4 - ^/2, 
or z =^ 2 + 1-587401 - 1-259921 = 2-32748. 
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2. Given x^ — 6a: = 12, to find the value of x. 

Here a = — 6 and 6=12; therefore by the formula 

.= f/{6 4- V(36 - 8)} + ,3,^e+V(36-8)} 



==^(6 + 6.2916026) +—-^-^^^^3^ 
= ^(11-2916026) + -f 



^(11-2916026) 

= ^'^^^^ + 2^2^45" = ^'^^^^ "*" '^^^^ 

= 3-13493. 

3. Given a:' — 2a; = — 4, to find the value of or. 

Here a = — 2 and 6 = — 4 ; therefore by the formula 

X = ij^ { - 2 + V(4 - A)} + \/ { - 2 - V(4 - ,V)) 
= '^ ( - 2 + ^V3) - i5^ (2 + ^V3) 
= >^( - 2 + 1-924501) - {/(2 + 1-924601) 
= V" ( - -075499) - v" (3-924501) 
= - -42266 - 1-57734 = - 1-99999 = - 2. 

In cases of this kind, the cube root of the binomial surd can be ex- 
tracted in a binomial form: thus ^(— 2 + ^^3) = — 1 + aVS, and 
1^(2 + W3) = l + iV3; 

therefore x = - 1 + ^\/3 - (1 + ^ y3) = - 2. 

Note. — When one of the roots of a cubic equation has been found, 
either by trial or in any other way, the other two roots may be deter- 
mined as follows : 

Let the known root be denoted by r, and divide the equation 
r^ + 6{x — 6=-0 by xq:r according as r is positive or negative ; then 
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the quotient will give a quadratic equation whose roots are the other 
roots of the given cubic equation. 

Thus if the equation be a:^ — 15x = 4, we can readily find, by a few 
trials, that 4 is a root ; hence a: = 4orj: — 4=0; then 

1 + 0-15-4(4 
4+16 + 4 



1 + 4 + 1 , » 

Hence or^ + 4x + 1 = is the resulting quadratic, and its roots are 
— 2 + V3 and — 2 — \/B ; therefore the three roots of the given 
equation are 

4, ~ 2 + v'3, and - 2 - \/S. 

EXAMPLES FOE PRACTICE. 

Answers. 

1. a:' + 3r* - 6a: = 8. a: = - 1, 2 or - 4. 

2. a^ + r" = 500. x = 7*6172792. 

3. ar» + 12a: = 20. a: = l-4a53514. 

4. a:3 - 6a: = 6. x= ^2 +^4, 

5. a^ + 9a: = 6. a: = ^^^9 - ^^3. 

6. a:8 - 22a: = 24. a: = >^(12 +^V'-10)+-^(12-^V-10> 
7. a:» - 17a:2 + 54a: = 350. x = 14-9540686. 



BIQUADRATIC EQUATIONS. 

A biquadratic equation is one in which the highest power of the 
unknown quantity is the fourth power. The general form is 

a:* + or^ + 6a:2 + ca: + c? = 0, 

« 

or when the second term is removed by transformation, the fomi is 

a:* + aar^ + Ja: + c = 0. 

V '•2 
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'J'his equation may be resolved by either of the following methods : 

First method, 

Let x* + <Lr« + 6a: + c = (x« +/))»- (Aar + ^)a 

= 2* + (2/> - 7i^)x^ - 2hkx + p8 _ it2. 

and that these expressions may be identical, we must have 

2p -h^ z=: a,OT h^ = 2/) - a . . . . (1) 

-2hk =.b, or 2hk= -b (2) 

;>* — P = c, or ^" = p* — c , . . . (3). 

Now since four times the product of equations (1) and (3) is equal 
to the square of (2), we get 

orp^ — ^ap — cp-= - 



8 

Remove the second term from this equation by dividing by 
J»-y orjj-Ja; thus, 

1 - ia - c - (^b" - lac) (ia 

+ ia - tVQ* - (r*ff«^ + i«c) 

1 - 4« -(iVa' + c) - (tJbo' + J6* - ioc) 



1 - ha -Cffl"^ + c) 



1 + 



Hence 2^ — (^.30^ -\- c) z •=. jl^a^ + ib^ — ^ac^ is the transformed 
equation, in which z =: p — ^aor p :=z z + ^a. Let the root of this 
cubic in z be denoted by r ; then jt> = r + ^a, and hence from (1) 
and (3) 

h = A/(2p - a) =z v'{2(r - ^a)}, 

k = VO« - c) = - V{(r + ia)8 - c} ; 

where ^ is negative^ because by (2) h and k must have contrary signs. 
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But by hjrpothesis (x* + p)" - (hx -^ k)' = 0, and therefore 

x" + ;> = ±(Jix + k), 

which furnishes the two quadratic equations 

x' — hx ss — (p — k)j and x' + hx^ — (p + k). 

Solving these quadratics, and substituting the preceding values of 
Pf h and k^ we get 

X = i>v/{2(r - ia)} + V{- jr - ia - ^[(r + ^af - c]} 

^ = i\/{2(r - ia)} - \/{- ir - ia - y^r + ia)* - c]} 

^ = - iV{2(r - ia)} + V{- ir - ia + >v/[(r + ^af - c]} 

x= - iV{2(r - ia)} _ V{- i,r - ^a + V [(r + ^af -c]} « 

Second method. 
Let X* + ox^ + 6x + c =: (x* + />x + g) (x^ — 2?x + s) 

= X* + (S + gr — jD2)a;2 ^ p(^g _ ^^x + 5^, 

and that these two expressions may be identical, we must have 
» + ^f — p2 = a, or /)s + jj^f = op + 2?* . . . (1) 
p{8 — q) -zr^ h^ or ps — pq ss h . . . (2) 

sqriz c ... (3) 

From the equations (1) and (2) we derive 

2ps zzap + p^ + by and 2pq = op 4- /)* — 6 ; 
.-. 4:phq = (ap + p^ + b) (ap + /)' - 6 )= 4cp2, by (3). 
Multiplying out, and transposing, will give 

p^ + 2ap* + (o2 _ 4c>2 = 62. 



* The method of solving biquadratic equations was first discovered by Louis 
Fekbabi, a disciple of t))e celebrated Cakdam, before mentioned; but the rule 
here given is derived from that of Descart£S, published in his Algebra, 1637, 
and similar to the method of Thomas Simpson, given in his Algebra, third edi- 
tion, page 148, 150, &c. There are other solutions by Waring, Euler, &c on 
analogous principles. 
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Ifp^ r= 2-, then s^ + 2(u^ +(a^ — Ac)z — h^, a cubic equation, which 
will give the value of z, and thence that of p. We have then 

s= lytt ^ p^ + -J and q = l[^a + p' -- j, 

which ])ecome known since p has been detcnnined. But by hypo- 
thesis (x^ -{- px + q)(x^ — px + s) = ] therefore we have either 

X* + px + qz=zO, or x^ — px -}- sz=zO. 

The solution of these two quadratics will furnish the four values of 
X ; hence substituting for q and s their values, we get 

•=-f-v{;(-r— I)} 
•=■ f-v{'(-r--,%^ 

where p^ is the root of the cubic equation s^ + 2ciz^ + («^ — 4c) « = 



EXAJirLES. 

1. Given x* + 12x.= 17 to find the four roots of the equation. 

Here a = 0, ft = 12, c = — 17, and by the first method, the cubic 
equation in z is 

^ - (i^ga" + c> = t^fO^ + 2^'' " ioc, 
or «' + 17;2 = 18. 

Hence, by inspection, 2 = 1, and therefore r=l,/7 = r + |^=l; 
A= \/(2;? - a) = \/2 and Z;= - V(/>2 - c)= - ^18= - 3\/2 ; 
"wherefore tho two quadratics are 

x' - V2*^= - 1 - 3\/2, and a-^ + ^2'x = - 1 + 3\/2, 
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wliich being solved give 

X— ^ V2 + V(-i - 3 a/2) 
x= ^^2 - V(-i -3v/2) 
x=z- W^ + Vi-l + 3\/2)= 1-22748379 
X-- i\/2 - V(- J + 3V2)== - 2-64169735. 
The first two of these values are imaginarj. 

Bi/ the second method. 

Here a = 0, 6 = 12, c = — 17, and the cubic equation in z is 

z^ + 20^2 + (a2 - 4c> = 62, 
or z^ + 682 = 144. 
The value of z is, by inspection, easily seen to be 2, and therefore 

p = V2,5=i(2+;^) = l + 3V2,and(7 = i(2-i^^ = 

1 — S\/2 : consequently the two quadratics are 

x2 + \/2'x = - 1 + 3\/2, and x^ - x/2'x = - 1 - 3V2, 
which are the same as in the former solution. 

Find the four roots, or values of x in each of the following equations : — 

Answers. 

2. X* - 55x2 _ 30^ + 504 = 0. 3, 7, - 4, - 6. 

3. a:* + 2x^ - 7x2 _ 8x + 12 =^ 0. 1, 2, - 2, - 3. 

4. x* -8x^ + 14x2 + 4x = 8. 3 + \/5, S-\/5, 1 + V3, 1-V3. 

5. x*-17i:''-20x-6=0. 2 + V7, 2-^7, -2 + -v/2, -2-^2- 

6. x--27.3 + 162.H356.= 1200. { .^gS; ,,.,^-,%,^ 

7 :c' - 12i» + 12x - 3 f 0-4432767, 0-6060183. 

1- lix — o. -J 2-8580833, - 3-9073783. 
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RESOLUTION OF EQUATIONS 
By Approximation, 

Find, by trial, a number nearly equal to the root sought, which 
call r ; and let z be made to denote the difference between this as- 
sumed root and the true root x. 

Then, instead of x in the given equation, substitute its equal r±2, 
and there will arise a new equation involving only z and known 
quantities. 

Reject all the terms of this equation in which z is of two or more 
dimensions ; and the approximate value of z may then be determined 
by means of a simple equation. 

And if the value, thus found, be added to, or subtracted from, that 
of r, according as r was assumed too little or too great, it will give a 
near value of the root required. 

But as this approximation will seldom be sufficiently exact, the 
operation must be repeated by substituting the number thus found, 
for r in the abridged equation exhibiting the value of z ; when a se- 
cond correction of z will be obtained, which being added to, or sub- 
tracted from r, will give a nearer value of the root than the former. 

And by again substituting this last number for r, in the above- 
mentioned equation, and repeating the same process as often as may 
be thought necessary, a value of x may be found to any degree of 
accuracy required. 

Note. The decimal part of the root as found both by this and the 
next rule, will, in general, about double itself in extent of figures at 
each operation ; and therefore it would be useless, as well as trouble- 
some, to use a much greater number of figures than these in the se- 
veral substitutions for the values of r.* 



♦ It may here be observed, that if any of the roots of an equation be whole 
numbers, they may be determined by substituting 1, 2, 3, 4, &c., successively. 
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EXAMPLES. 

1. Given x* + a:* + a: = 90, to find the value of x by approximation. 
Here the root, as found by a few trials, is nearly equal to 4. 
Let therefore 4 =: r, and r + « = x, then 
X* + x" + a: =. (r + 2)' + (r + 2)' + r + ar 

= r' + 



Zr'z + r' + 2rz + r + 2") 

y.=90. 
+ 3r2» + 2^ + 2« ) 



And by rejecting the terms involving z' and s^j as small in comparison 
with z, we shall have 

f^ -ic r^ -it r -\- 3r«2 + 2r2 + 2 = 90 ; 

90-r'-r2-r 90-64-16-4 6 

whence z = -— -^ — — r= — - — - — z= — - = 'lO, 

3r* + 2r+l 48 + 8 + 1 67 

and consequently x = 4*1, nearly. 

Again, if 4*1 be substituted in the place of r, in the last equation, we 
shall have 

_ 90-r»-r8-r _ 90-68-921 - 1 6-81 -4'1 _ 
^^ 3r»+2r+l ~ 60-43 + 8-2 + 1 - '""^o • 

And consequently x = 41 + '00283 = 4*10283, for a second approxi- 
mate value of X. 

And if the first four figures, 4' 102, of this number be again substituted 



both in pita and in minuSt for the unknown quantity, till a result is obtained 
equal to that in the question ; when those that are found to succeed will be the 
roots required. 

Or, since the last term of any equation is always equal to the continued 
product of all its roots, the number of these trials may be generally diminished, 
by finding all the divisors of that term, and then substituting them both in 
plu9 and in minus, as before, for the unknown quantity ; when those that give 
the proper result will be the rational roots sought ; but if none of them are 
found to succeed, it may be concluded that the equation cannot be resolved by 
this method ; the roots, in that case, being either irrational or imaginary. 
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for r, in the same equation, 4*1028325 a still nearer value of the root will 
be obtained ; and so on, as far as may be thought necessary. 

2. Given oi^ + 20:;: = 100, to find the value of x by approximation. 

Ans. a; =4-142 1356. 

3. Given x^-\- 9a;" + 4a:=: 80, to find the value of x by approximation. 

Ans. or =2-4721359. 

4. Given or* - SSo-' + 2102r* + 538a: + 289 = 0, to find the value of 
X by approximation. Ans. x = 30*53565376. 

5. Given t> + 6a:* -lOx"- 112x2 -207a: - 110 = 0, to find the value 
of a: by approximation. Ans. 4*46410161. 



APPROXIMATION BY DOUBLE POSITION. 

The roots of equations, of all degrees, can also be determined, to 
any degree of exactness, by means of the following easy rule of 
Double Position ; which, though it has not been generally employed 
for this purpose, will be found, in some respects, superior to the for- 
mer, as it can be applied, at once, to any unreduced equation, con- 
sisting of surds, or compound quantities, as readily as if it had been 
brought to its usual form.* 

RuU. Find, by trial, two numbers nearly equal to the root 
required, and substitute them in the given equation instead of 
the unknown quantity, noting the results that are obtained from 
each. 

Then, as the difference of these results is to the difference of the 
two assumed numbers, so is the difference between the true result, 
given by the question, and either of the former, to the correction of 
the number belonging to the result used ; which correction being 
added to that number when it is too little, or subtracted from it when 
it is too much, will give the root required, nearly. 

And if the number thus determined, and the nearest of the two 
former, or any other that appears to be more accurate, be now taken 
as the assumed roots, and the operation be repeated as before, a new 
value of the unknown quantity will be obtained still more correct 



* Another method of approximating to the roots of equations will be found 
in the Theory of Equations. 
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than the first ; and so on, proceeding in this manner as far as may 
be judged necessary.* 

EXAMFLES. 

1. Given x^ + x' + x = 100, to find an approximate value of x. 

Here it is soon found, by a few trials, that the value of x lies between 
4 and 5. 

Hence, by taking these as the two assumed numbers, the operation 
will stand as follows : — 



First Sup. 

4 . 
16 . 
64 . 



Therefore 71 



84 
155 

84 



• iJU~ • 

Results 
. 5 . 
. 4 . 

1 : 



Second Sup, 

5 
. 25 
. 125 



155 

100 
84 

' 16 



•225. 



And consequently x = 4 + 225 = 4*225, nearly. 



* The above rule of Double Position, vvhich is much more simple and com- 
modious than the one commonly employed for this purpose, is the same as 
that which was first given in the octavo edition of Bonnyccutle's Arithmetic* 

To this we may further add, that when one of the roots of an equation has 
been found, either by this method or the former, the other roots may be de- 
termined as follows : — 

Bring all the terms to the left-hand side of the equation, and divide the whole 
expression, so formed, by the difference between the unknown quantity (x) and 
the root first found ; and the resulting equation will then be depressed a degree 
lower than the given one. 

Find a root of this new equation, by approximation, as in the first instance, 
and the number so obtained will be a second root of the original equation. 

Then, by means of this root, and the unknown quantity, depress thia second 
equation a degree lower, and thence find a third root: and so on, till the equa- 
tion is reduced to a quadratic ; when the two roots of this, together with the 
former, will be the roots of the equation required. 

Thus, in the equjition a?3 — 15«2 -|- 6S« = 50, the first root is found, by 
approximation, to be 1*02804. Hence 

*— 1-02804) «3_^ 15^2 ^ 63«'-50(a:2- 13-97X96« + 48-63627= 0. 

And 



138 



ELEMENTS OF ALGEBRA. 



Again, if 4 '2 and 1*3 be now taken as the two assumed nnmbers, the 
operation will stand thus : — 



First Sup, 




Second Sup, 


4-2 


. X 


. . 4-3 


17-64 . 


. x^ . 


. . 18-49 


74-088 . , 


. a:' . 


. 79-507 



95-928 Results 102*297 

102-297 . . 4-3 . . 102-297 
95-928 . . 4-2 . . 100 



Therefore 6-369 : -1 : : 2-297 : '036. 
And consequently x = 4-3 — -036 = 4264, nearly. 
A^^in, let 4-264 and 4*265 be the two assumed numbers ; then 



Fi7'st Sup. 
4-264 
18-181696 
77-526752 

99-972448 

100-036535 
99-972448 



Second Sup. 
. X . . 4-265 
. x^ . . 18-190225 
. x"" . . 77-581310 

Results 100-036535 
Therefore 

4-265 100 

4-264 99-972448 



•064087 : -001 : ; *027552 ; -0004299. 

And consequently 
X = 4*264 + -0004299 = 4*2644299, very nearli/. 

2. Given (^x' — 15)® H- x\/x = 90, to find an approximate value 
of jr. 

Here, by a few trials, it will be soon found that the value of x lies 
between 10 and 11 ; which let, therefore, be the two assumed numbers, 
agreeably to the directions given in the rule. 



And the two roots of the quadratic equation, «' - 13-97196a = — 48*63627, 
found in the usual way, are C'57G53 and 7'39543. 

So that the three roots of the given cubic equation, x^ —15z^ -j- 68«=r50, 
are 1*0-804, 6*57653, and 7*39543; their sum being -r 15, the coefficient of 
tlie second term of the equation, as it ought to be when they are right. 
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Then 



First Sup. 
25 
31-623 . 


. iU' - 15/ , 
Results 


Second Sup 
. . 84-64 
. . 36-483 


66-623 


121-123 


121-123 . 
66-623 . 


11 
10 


. . 121-123 
. . 90 



Hence 64-5 . 1 : : 31-123 : -482. 

And consequently a: = 11 — '482 =: 10*518. 

Again, let 10*5 and 10*6 be the two assumed numbers, then 

First Sup. 

49-7025 

34-0239 



83-7264 



90.341883 
83-7264 

6.615483 



(ix^ - 15)2 

X\/X 

Results 



Second Stip. 

55-830784 

34-511099 



Hence 

10-6 
10-5 



90-341883 



90-341883 
90* 



•341883 : -0051679. 



And consequently 
X = 10-6 - '0051679 = 10-5948321, ven/ nearly. 



EXAMPLES FOR PRACTICE, 

1. Given x® + \0x^-\-6x = 2600, to find a near approximate value of x. 

Ans. a: = 11 00679. 

2. Given 2x* - 16j:3 + A.Ox^'-ZOx + 1 = 0, to find a near value of x. 

Ans. X = 1-284724. 

3. Given .c* + 2a:* +3x8 + 4^^" 4. 5^ = 64321, to find the value of a-. 

Ans. 8-414456. 

4. Given -^^(7x3 + ^x^) + \/(20x'- lOr) = 28, to find the value of x. 

Ans. 4-510661. 

5. Given ^{lUx^- {x^ + 20)2} + ^(196x2 - (x^ + 24)2} _- 114^ 
to find the value of x. Ans. 7-123883, 



140 ELEMENTS OF ALGEBRA. 



RATIOS, PROPORTION, AND VARIATION. 

I. Ratios. 

Definition 1. Ratio is the relation which one quantity has to ano- 
ther of the same kind. The comparison is made by considering 
what multiple, part or parts, one of the quantities is of the other. 

Thus, if a and h be two quantities of the same kind, the fraction 

^ will express the ratio of a to 6. The two quantities which a ratio 

compares are called the terms of the ratio, and the former terra a is 
called the antecedent^ and the latter term h the consequent of the ratio. 

2. A ratio of equality is one in which the antecedent is equal to the 
consequent ; a ratio of greater inequality or majority is one in which 
the antecedent is greater than the consequent ; and a ratio of Um 
inequality or minority is one in which tlie antecedent is less than the 
consequent. 

By means of the preceding mode of representation of a ratio, we 
are enabled to make comparisons between two or more ratios. Thus 

the ratio of 3 to 4 = f, and the ratio of 5 to 6 = f ; 

but ^ is greater than f ; and therefore the ratio of 5 to 6 is greater 
than the ratio of 3 to 4, or the ratio of 3 to 4 is less than the ratio of 
5 to 6. 

In a similar manner the ratio of a to 6 is greater or less than the 

a c 

ratio of c to c? according as j- is greater or less than -j, or as 

ad be , . , , , 

r^ > or <: T^ or as ad is greater or less than be. 

Hence the relative values of numerical ratios, when expressed 
fractionally, may be readily known by reducing them to a common 
denominator ; the numerators will then express their relative values. 

A comparison of these will indicate whether any two are in a ratio 
of majority, equality, or minority. 
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Prop. I. A ratio of greater inequality is diminished^ and one of less 
ineq^iality is increased by adding the same or equal quantities to each 
of its terms, 

€L a ^" X 

Let T be the given ratio, and ^ the new ratio, in which x is 

b b + x 

added to each of its terms ; then, reducing these fractions to a common 

denominator, we have 

a+x , a ah+bx , ab-\-ax 

-j and V ^^ TTT ^ *IlCl 7-7= r. 

b+x b bib + x) b{b + x) 

But ab + ax ">- ab + bx if a :>- bf and a6 + aa; <: a6+ 6a:, if a •< 6 ; 
hence 

if o >• 6, 1 <: 7-, or the ratio is diminished: 

b+x b 

but a a <Z b. "9 > 7, or the ratio is increased. 

b+x b 

If the ratio be one of equality, and if the same or equal quantities 
be added to each of its terms, the new ratio will still be one of 
equality. 

a+x 

For if o = 6, then o+x = 6+a;, and the ratio 7 is still one of 

b+x 

a 
equality, and equal therefore to the original ratio t* 

Prop. II. A ratio of greater inequality is increased^ and one of less 
inequality is diminished by subtracting the same or equal quantities 
from each of its terms. 

Let r be the given ratio, and •= the new ratio, where x is less 

6 b—x 

than either a or 6 ; then as before 

a—x - a ab — bx . ab — ax 

b—x b ~~ b(b—x) b{b — x)' 

Now, if a is greater than 6, ab — bx is greater than ah — ax, for 
more is subtracted from ab in the latter case than in the former ; but 
if a is less than 6, then ab — bx is less than ab — ax, since more is sub- 
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tracted from ah in the former case than in the latter ; hence the truth 
of the proposition is obvious. 

Def. — If the antecedents of two or more ratios be multiplied toge- 
ther, and their consequents be multiplied together, the new ratio is 
Kaid to be compounded of the other ratios, and it is called the compound 
ratio of these several ratios. 

Thus if the ratios be 

a : 6; c : d\ e \f\ g : k\ 

then their compound ratio is aceg : hd/h^ or ■^^ . 

When equal ratios a : b, a : b^ a : b^ etc. are compounded, the result- 
ing ratios are called the double or duplicate ratio^ the triple or tripli- 
cate ratio, etc. of the given ratio, according as the number of equal 
ratios which are compounded is two, three, etc. 

Thus, if the ratio a : 6 be compounded with the ratio a : 6 ; then 
a^ : b'^is the duplicate ratio of a : 6, and a^ : 6* is the triplicate ratio 
of a : bj because it is compounded of three ratios, each equal to the 
ratio a : b. 

In like manner a* : b^ is called the half or subduplicate ratio of a : ft ; 

11. 3 3 

o' : 6*, the subtripUcate ratio, and a^ :b'^ the sesquiplicate ratio of 
aib'j the latter ratio being compounded of a- : b^ and a : 6, the 
simple and subduplicate ratios of a:b. 

Prop. III. If there be any number of ratios such that the consequent of one 
ratio is always the antecedent of the succeeding ratio, the compound 
ratio is equal to the ratio of the first antecedent to the last consequent. 

Let the proposed ratios be 

a b c d e f g 

Tf —J ji —t ■7:? -f T> etc, 

be a e f g h 

then their compound ratio is 

abcdefg . . . . __ a 
bcdefgh . . . . ~~ A' 
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II. Proportion. 

Definition 1. Proportion is the equality of ratios. 

d c 
If a :h and c : rf be two ratios, and j =-j ; then the four quanti- 
ties or magnitudes, a, 6, c, c/, are said to be proportional, and usually 
written 

a:b ::c: d. 

2. The extreme terms are a and d, and the mean terms b and c. 

3. When the second and third terms of a proportion are identical, 
as 

a :&::&: c, 

then b is said to be a mean proportional between the extremes a and 
c, and c is a third proportional to a and b. 

4. Also, if in a series of proportional quantities* the consequent of 
one ratio be always the antecedent of the succeeding ratio, these 
quantities arc said to be in continued proportion. 

Thus, i( a:b ::b :c, b : c::c :d, cid::d:e\ 
then a, 6, c, rf, e are in continued proportion. 

Prop. I. If four quantities be proportionals^ the product of the extremes 
will be equal to the product of the means. 

Let a:b::c:d\ then shall ad = be. 

a c 
For since ^ = ;> if these equals be multiplied by bd^ we shall have 

a c 

Y X bd = -j y, bd, or ad z:^ be. 

o a 

Prop. II. If the product of two quantities be equal to the product of 
two others^ then will tliesefour quantities be proportionais. 

Let ad=: be, then dividing these equals by bd, we get 

ad be a c . j 

j—i = T-t or J = -, or rt ; : : r : rf. 
od od b d 
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Prop. VIII. If four quantities be proportionals ^ then the same powers 
or roots of these quantities will also he proportionals. 

Let a : 6 : : c : c? ; then will a* :&•*:: c* : c?*. 
For, since ^ = ^ ; therefore (^^ j = {^^) , or ^^ = ^, 
"where m may be either integral or fractional. 

Puop. IX. If there he any number of quantities more than two, and as 
many others, which taken tico and two, either in order, or in a cross 
order, are proportionals, the first shall have to the last of the first 
quantities the same ratio that the first has to the last of the others. 

Let a, h, c, d, . . . . be any number of quantities, and p, q, r, s, . . , 
as many others ; then if these quantities are proportionals when taken 
two and two in order, 

a p b Q c r 
b q c r a s 

. a b c p a r a p 
therefore 7- x - X -, = - X - x -, or -, = -. 
be a q r s a s 

But if these quantities are proportionals when taken two and two in a 

cross order, then 

a r h q c p 

-■=. - — — - - — - etc ' 
b s' c ~ r' d~q' ■ 

,, -a 6 ergo a p 

therefore t x - X -. = - X - X -, or -, = -. 

c a s r q as 

Prop. X. If any number of quantities are proportionals, as one of the 
antecedents is to its consequent, so are all the antecedents taken to- 
gether, to all the consequents. 

Let a:b :: c : d :: e : f:: q : h: then y = -. z= - := - : 

-^ -^ h d f h 

therefore ad :=bc, af^ be, ah = hg, and also ab = ha; hence 

ai + ac? + a/* + oA = 6a + 6c + 6e + bg, 

or, a(b + f/ + / + A) = h(a + c + e + g)-, therefore (Prop. II.), 

a : b :: a + c -h e -{• g :b + d -^-f + h. 
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Prop. XI. To find a mean proportional between two given quantities. 

Let a and h be the given quantities, and x the mean proportional be- 
tween them ; then a:x ii x :h\ hence (Prop. I.) x^ ■= ah^ 

.'. X ^= \/(ab) ■=z mean proportional sought. 

Prop. XTI. If four quantities he proportionals, the greatest and least 
together are greater than the other two together. 

1£ a : b :: c : df and if a be the greatest, then d will be the least, and 
a + d will be greater than b + c. 

For since a : b :: c : d; therefore alternately a : c ::\i d, or 

-==-,; but a >• c ; hence 6 >• c?. 
c d 

Again, a i a — b :: c : c — d, or a : c :: a — h : c— d] but 

a'>'C, .', a — 6 > c — cf, or a + «?>• 6 + c. 

III« Variation. 

Variation, in this branch of Algebra, implies change of quantity or 
magnitude, and a quantity is said to vary as one or more others when 
they are so related, that every change in the latter produces a cor- 
responding change in the former. 

Def, 1. One quantity is said to vary directly as another, when the 
changed value of the former has to the changed value of the latter, 
the same ratio as the unchanged quantities. 

Def. 2. One quantity is said to vary inversely as another, when the 
changed value of the former, multiplied by the changed value of the 
latter, is equal to the product of the unchanged quantities. 

Def 3. One quantity is said to vary as two others jointly, when 
it varies directly as their product ; and one quantity is said to vary 
as any number of others, when it varies directly as their continued 
product. 

Def 4. One quantity is said to vary directly as a second quantity, 
and inversely as a third, when it varies directly as the quotient of 
the second quantity divided by the third. 
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The symbol made use of to signify yariation is oc (varies as) ; and 
the different kinds of variation are tiius distinguished : — 



(1) ▲ varies directly as b, .... 

(2) ▲ varies inversely as b, . • • . ^ 

(3) A varies as b and c jointly, . . . « 

(4) A varies as b directly and as c inversely, , '£ 



A oc B 

1 

A OC - 
B 

A OC B X C 

B 
A OC -. 
C 



The expressions a oc b, a oc -, etc. always imply the proportion- 

ality of four quantities ; thus if a^ be the changed value of A corre- 
sponding to B^ the changed value of b ; then a : b : : a^ : b^, and so 
of the others. 

The following familiar examples will convey to the student a clear 
idea of the meaning of the term variation : — 

(1) A schoolmaster proposes to distribute a number of oranges equally 
amongst a certain number of his pupils ; now if 

n = the number of oranges, 
p ■=. the number of pupils, 
s = the share of each pupil ; 

then n = sp, since the whole number of oranges will be equal to the 
share of each multiplied by the number of pupils to whom they are to 
be distributed. Let n, deaote any other number of oranges, and 5, the 
share of each pupil ; then as before n^ ■= s^ /?, the number of pupils remain- 
ing the same ; hence, from these two equations, 

- = — ^ = -z=: & constant ratio ; 
n ni p 

.*. 5 oc 72, by Def. 1 ; 

that is, the share of each pupil varies directly as the number of oranges 
to be distributed. 

Again, let the number of oranges remain constant, but let the number 
of pupils amongst whom they are to be distributed vary ; then iipi = 
the number of pupils, and s^ = the share of each ; then, as before, 

n= sp,n-= s^pn ,'. spz=8ip^=. constant product ; 

hence, {Def, 2), s oc -, that is, the share of each pupil varies inversefy 
as the number of pupils. 
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o. 1 ;i 111 

Smce n=z sp =«-=--. and n = s, d, r= «. -5- - .». s -f- - = ».-i — ? 

P Px P ^ Px 

and therefore {Def. 1.) s oc -, as before. 

(2) Let A, B, p denote the area, base, and perpendicular of a triangle ; 
and A[, Bf , p, the area, base, and perpendicular of another triangle ; then 
hy the principles of mensuration of surfaces, we have 

A = J B p and Aj m J Bj Pj ; 

• •As A( II -^ B P I 2' ^1 ^1 • * B P • B. P, y 

hence Aj : b^ p^ : : A : b p, by Prop^ VI., (1) p^ 144 ; 

•*. A oc B p ; 

that is {Def. 3) , the area of a triangle varies as the base and perpendicu- 
lar yo/wfZ^. 

Again, since b = — and b^ = — -, we have 



Pi 



Bj :b : 


> • 

^X 


2a 

• « 

p 


^1 

• • • 


A 


Prop. 




••. B 


A 



A, A 



that is (Def. 4), the base of a triangle varies as the area directly, and the 
perpendicular inversely. 

The Theory of Variation is contained in the following proposi- 
tions : — 

Pbop. !• 7/*A oc B, then will a = wib, where mis a constant quantity. 
Let A, and b. be corresponding values of A and b ; then since A oc b, 

A : B : : Aj : Bj or - = — ^ n: constant quantity, (fief. 1). 

B B, 

If — 31 »i : then - = m, and A = tkb. 
Conversely, if a = win, then a oc b. 
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Prop. II. If k oc b mvl b oc c ; then a oc c. 
For (Prop. I.) a = wiB, b = nc ; therefore a =; mnc ; hence 

AX c. 

ALio, if A cc B and b oc - ; then a oc -. This is preyed in a similar 

c c 

manner. 

Prop. III. //*a oc - and b oc - ; then a oc c. 
•^ b o 

For since A r= — and b = - : therefore a = wi-j — = — c: 
B c c » 

hence a oc c. 

Prop. IV. 7/* a oc c and b oc c ; then will a ± b oc c. 

For A = mc and b = nc ; therefore a ± b =: (m ± n) c ; that is 

A ± B oc c. 

Phop. V. If K oc c and b oc c ; ^en will ab oc c* and \/ab oc c. 
For A = ma and b = nc ; then ab — mnc' and 'v/ab = ^/mn . c ; 
.*. \/ab oc c''^, and \/ab oc c. 

Prop. VI. If ii.<x^c then will b oc - and o oc -. 

^ C B 

For A = wiBO ; hence b r= — . - and c = — . - : therefore 

m c m B 

A , A 

B OC - and c cc ~. 
c B 

Prop. VII. If a cc b and c oc d; then will ac oc 'bd and 

A B 

- oc -. 

O I) 

A tn B 
For A = mB and c = wd : therefore ac = mwBD and - = — . - ; 

c n d' 

, A B 
.'. AC oc BD and - oc -. 

D 
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Prop. VIII. If three quantities he so related that when either the second 
or third is constant, the first varies as the other; ilien when neither 
are constant, the first will vary as tJieir product. 

If A Qc B while c is constant, and a oc c while b is constant ; then 
when neither b nor c is constant, A oc bc. 

For if A oc b, then a = wzb ; wherefore the expression to which a is 
equal must involve b as a simple factor. Again, if a oc c, then A =: wc, 
and the expression which is equal to A must also involve c as a simple 
factor ; hence A involves bc, and factors independent of these ; 4;herefore 

A = joBC, or A oc BC. 

Cor. If A oc B when c and d are invariable, and A oc c, when b and d 
are invariable, and a oc d when b and c are invariable ; then 

A oc BCD. 

This proposition contains the whole doctrine of Proportion, and 
affords simple solutions to all questions in that important branch of 
arithmetic. 

For suppose a certain effect is to be produced, or work (w) to be 
done by a number of persons (n) in the time (t) ; then it is evident 
that the work done will vary as the number of persons (n) when 
the time (t) is the same, and it will likewise vary as the time (t) 
when the number (n) of workmen remains the same ; hence by the 
proposition 

W OCKT 

and if w, n, t be corresponding values of w, n, t, then 

W :w : : TiT int. 

Ex. If 120 men in 3 days of 12 hours each, can dig a trench 30 yards 
long, 2 broad and 4 deep ; how many men must bo employed to dig a 
trench 50 yards long, 1^ broad and 2 deep, in 9 days of 15 hours each ? 

Here w = 30 x 2 x 4, w; = 50 x Ij x 2, t =: 3 x 12, < = 9 x 15 ; 
and N = 120 ; but 

w : w : : kt : nt ; 
.-. 30 X 2 X 4 : 50 X IJ X 2 : : 120 X 3 X 12 : w X 9 X 15 

, 50 X H X 2 X 120 X 3 X 12 

hence n — -^ — = 20 men. 

30x2x4x9x15 
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BXA&irLES IN &A.TI06, PBOPOBTION, AND VARIATIOIT. 

1. Determine which is the greater ratio, a+2b:a +h or a+36 : a +26. 

The fractions expressing these ratios, reduced to a common deno- 
minator, are 

a" + 4a6 + 463 a« + 4a6 + 36« 

__^__ Ann ._— — — ^^— — ^^— — • 

(a+ b) (a+ 26) (a+ b)(a + 26)* 

the former of which is greater than the latter ; hence 

the ratio a + 26 : a + 6 is greater than the ratio a + 36 : a + 26. 

2. If a : 6 : : 6 : c, then a* — 6* : a : : 6^ — c' : c 

„ a b a* 6* ^ a" , 6* , a'-b^ b^-(^ 

6^ 
but 6' =ac(Prop. III. p. 144) ; therefore — =: c, and 

a'-b' 6« 62-c« a^-b' 6«-c« 
— To — X — = — Y~ X c or = . 

6* 

3. Given that y" oc ar"— a^, and when x^ = a' + 6*, then y == — ; find 

the equation between x and y. 

Here i/^= m{x^-a^)^ and writing in this — for y and a* + 6« for 
x^ we have 

6* „ 6« 

^ = TO (a^ + 6^* - a*) = to6^ .*. m = -j, 

and/=^(:r»-a"). 

4. Of the ratios a + 6 : a - 6, and a" + 6* : a^ - 6^, which is the 

greater, supposing a greater than 6. Ans. .-. 

a — 

5. Fmd the ratio compounded of the ratios 3 : 4, 8 : 15 and 5 : 4. 

Ans. 1 : 2. 
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6. If a: : y in the duplicate ratio of a : 6, and a : 6 in the suhduplicate 
ratio o£ a + X : a — y ] shew that 

2x : a : : X — y : y. 

7. 1£ a + b: c + d :: c — d : a — b] then prove that a + c :b + d 
i : b — d : a — c. 

8. li a :b :: c : d, shew that (a + d) - (b + c) = ^^ " ^^^" ^^. 

a 

9. If y = the sum of two quantities, one of which varies as x, and the 
other varies as x^y and when a; = 1, ^ = 14, when a: = 2, ^ == 46, find 
the equation between y and x. Ans. y^=5x + dx^, 

10. Given that z cc x + y, that y oc x^, and that when x = 1, y =: 2 
and « = 3 ; find the equation between z and x, 

Ans. 2 = x + 22:^. 

11. If y =p + g' + r, where p is invariable, q oz x and r oc a:", 
and when a: r= 1, 2, 3, the simultaneous values of y are 2, 3, 6 Respec- 
tively ; find the value of y when a: = 5. Ans. y = 18. 

12. A and b are two vessels, each containing a mixture of water and 
wine, A in the ratio of 2 : 3, b in the ratio 3:7; what quantity must be 
taken from each to form a third mixture which shall contain 5 gallons of 
water and 11 of wine. Ans. 2 gallons from A, and 14 from b. 

13. The hour and minute hands of a watch are together at 12 o'clock, 
what is the exact time when they are in conjunction between 3 and 4 
o'clock. Ans. 3tT hours. 

14. The weight of a spherical shell is ^ of the weight of a solid sphere 
of the same substance and radius ; find the ratio of the radii of the inte- 
rior and exterior surfaces of the shell, having given that the weight of a 
sphere varies as the cube of its diameter. Ans. 1:2. 

15. A diamond of a carats is worth m times a ruby of b^ carats, and 
both together are worth c pounds ; find the value of a diamond and a 
ruby, each weighing w^ carats, having given that the value of diamonds 
varies as the square of their weight, and the square of the value of rubies 
varies as the cube of their weight. 

TltCV) 

Ans. Value of the diamond is -7 ^ , » pounds, 

(?» + l)a^ 

and value of the ruby is -7 -rr^ pounds. 

■^ (w + 1)6® ^ 

g2 
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ARITHMETICAL PROGRESSION. 

An arithmetical series^ or an arithmetical progression, is a series of 
quantities of which the difference between every two consecatiye 
tei*ms is the same. Thus 

2, 6, 8, 11, etc. ; and 25A, 2lA, 17A, 13A, etc., 

are in arithmetical progression, the former being an increasing series 
whose common difference is 3, and the latter a decreasing series 
whose common difference is — 4A. 

If a = the first term of the series, d = the common difference be- 
tween the terms, n = the number of terms, / = the last term, and 
8 = the sum of the series ; then the second term of the series = a-f-d^ 
the third — a + 2d, the fourth = a + Bd, and the nth or last term 
= a + (n — l)d; hence 

/ = a + («-l>? (1) 

Again, if 

s = a + (a+d) + (a+2d)+ + {l-2d) + (l-d) +/; 

thens = / + (l-d) + (l-2d) + + (a+2d) +(a+rf)+ a; 

,:2s = (a+l)+(a+l)+(a+l)+ + (a+l)+(a+l)+(a+l) 

= (a+l).n, since there are n equal terms ; 

.■.» = (a + i^. (2) 

Writing the value of / from equation (1) in (2) gives 

|2a + (»-l>/||. . . . (3> 



s 



The formulae (1) and (3) are sufficient for the solution of all ques- 
tions which can be proposed in this branch of Algebra, and comprise 
the entire Theory of Arithmetical Progression. From these, how- 
ever, more simple expressions for particular cases may be derived. 

Cor. 1. The sum of n terms of the natural numbers 1, 2, 3, 4, 5, &c. 

«= J»(n+ 1). 



^ 
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Cor. 2. The stun of n terms of the eyen munbers 2, 4, 6, 8, 10, &c. 

8 = n(n + 1). 

Cor. 3. The sum of ?> terms of the odd numbers, 1, 3, 5, 7, 9, &c. 

S= 71*. 

Hence also, if, of the four quantities a, d, n, and «, any three be 
known ; by a transformation of the preceding equations, the fouttii 
may be found from a solution of the new equation so obtained. 

An arithmetical mean is the term, or arithmetical means are the terms 
which intervene between any two terms of an arithmetical series. 
Thus in the series 3, 4, 5, the term 4 is an arithmetical mean be- 
tween 3 and 5, and in the series 3, 4, 5, 6, the terms 4 and 5 ate 
arithmetical means between the extreme terms 3 and 6. 

To insert any number of arithmetical means between two given numbers 
a and L 

Let n denote the number of means ; then n + 2 will be the number 
of terms inclusive of a and / ; hence writing n + 2 for n in formula 
(1) we get 

l=a ■\-(n+ l)d, and .'. d = ... (4) 

This common difference, being added to a will give the first mean, 
and being added to the first mean will give the second mean, and 
soon. 

EXAMPLES FOB EXEBCISB. 

1. Find the sum of 20 terms of the series 3, 5, 7, 9, etc. 
Here a = 3, c? = 2, and n = 20 ; therefore 

,= |2a + (n-l)rf}.^ = (6+ 19x2)^ 

= (6 + 38) X 10 = 44 X 10 = 440 = sum required. 

2. The Jijih term of an arithmetic series is 84, and the tenth term is 
44 ; find Ihe 20th term, and the sum of 25 terms of the series. 

Thejifth term = a + (6-l>?=a + 4d=z 84, 

the tenthierm = a + (10-l)d= a + 9d= 44. 

Subtracting the former firom the latter of these equations, gives 

5d= — 40, or c? = — 8 = common difference. 
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Hence a = 84 - 4<f = 84 + 32 = 116 = the first term. 
Again, the 20th term = a + (20 - l>f = 116 - 19 X 8. 

= 116 - 152 = - 36. 
And for the sum of 25 terms, we get 

s= J'2a + (n - l>i|| = r2 x 116 - 24 x 8^y 

- (^232 - 192\y = 20 X 26 = 600. 

3. Insert 5 arithmetical means between 3 and 27. 

Here a = 3, /= 27, and n — l- therefore hj formula (1) 

27 3 

27 = 3 + (7 - l)d, ord = — ^ — :;= 4 ; 

hence the 5 means are 7, 11, 15, 19, 23. 

4. The first term of an arithmetical series is 100, the conmion diffe- 
rence — 3, and the number of terms 34 ; find the sum of the series. 

Ans. 1717. 

5. Find the sum of n terms of the natural numbers 1, 2, 3, etc. 

6. Find the sum of n terms of the odd numbers 1, 3, 5, etc. 

Ans. n*. 

7. Find the arithmetical mean between the two quantities a and b. 

Ans, — ^ — . 

8. Shew that in any arithmetical series, the sum of the two extremes 
is equal to the sum of any two terms equally distant from them, or to 
twice the middle term, when the number of terms is odd. 

9. How many strokes does the dock at Venice, which goes on to 24 
o'clock, strike in a day ? Ans. 300. 

10. Find the 365th term of the series 2, 4, 6, 8, etc. 

Ans. 730. 
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11. The first term of a series is 10, and the common difference — J ; 
find the sum of 21 terms. Ans. 140. 

12. Insert 5 arithmetical means between 2 and 20. 

Ans. 5, 8, 11, 14, 17. 

13. There are n arithmetical means inserted between 1 and 31, and 
the seventh is to the (n — l)th as 5 to 9 ; find the number of means. 

Ans. 14. 

. 3n — 1 

14. The nth term of an arithmetical series is — ;; — ; find the sum of 

6 

n terms. . n' . n 

Ans. J + -. 

15. The first term of an arithmetical series is n^ — n + 1, and the 
common difference 2 ; shew that the sum of n terms r= n®, and also that 

1^ = 1, 2' = 3 + 5, 3' = 7 + 9 + 11 ; etc, 

16. The^^<A and ninth terms of an arithmetical progression are 19 
and 35 ; what is the seventh term, and the sum of 12 terms ? 

Ans. 27, and 300. 

17. One hundred stones being placed on the ground, in a straight line, 
at the distance of a yard from each other ; how far will a person travel, 
who shall bring them one by one to a basket, placed at a distance of a 
yard from the first stone? Ans. 5 miles and 1300 yards. 

18. A debt can be discharged in a year by paying one pound the first 
week, three the second, five the third, &c. ; reqjiiired the amount of the 
debt. Ans. L.2704. 

19. A general ranging a division of his army in the form of a solid 
equilateral triangle, finds he has 50 men in excess, but increasing the 
side by one man, has a deficiency of 51 men to fill up the triangle ; how 
many men had he ? Ans. 5100 men. 

20. From two towns, 168 miles distant from each other, two persons, 
A and B, set out to meet each other : a goes 3 miles the first day, 5 the 
second, 7 the third, and so on ; b goes 4 miles the first day, 6 the second, 
8 the third, and so on ; in how many days after starting will they meet ? 

Ans. In 8 days. 

21. Find four numbers in arithmetical progression such, that the pro- 
duct of the extremes shall be 45, and the product of the means 77. 

Ans. 3, 7, 11, 16. 
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22. Find four numbers in arithmetical progression snch, that their 
oonmion difference shall be 4, and their continued product 176985. 

Ans. 15, 19, 23, 27. 

23. If ffj, «„ «„....«, denote the respectiye sums of p arithmetical 
progressions, each continued to n terms, of which 1, 2, 3, ... .p are 
the respective first terms, and 1, 3, 5, . . . . 2/> — 1 are the common dif- 
ferences ; prove that 

«, +«, + «. + ••••«# = ("/'+ l)y' 



GENERAL FORMULA 

For determining the sum ofn terms of a series of which the terms are the 
products of the corresponding terms of two arithmetical series^ having 
the sam common difference. 

Let ^^, tg, fg, . . . . ^M be the several terms of an arithmetical series 
whose first term is a, and common difference d^ and 

^i» ^a» ^a» • • • • ''n those of another arithmetical series whose first 
term is 6, and common difference d ; and let it be required to find the 
sum of n terms of the following series, or the value of s, when 

S = f/, + t/^ + ^.fa + + tnt'n- 

Let Sj = <j + fj, + ^3 + tn= {2a + (n-l)d}^ (1) 

», = ^^+ ^, + ^3+ f^= {2b + (n-l)d}^ (2), 

where f^ = a, f^ = a + rf, fg = a + 2c?, . . . . <; = a + (n— l)rf, 

r\= 6, t',= b +d,t\=b +2d, fn= h + (n-l)d; 

.\i!^-t^-b-a (3), 

Now the (n+ l)th terms of the series (1) and (2) are 

t^^^ z=: t^+ d=. a + ndy and <',+, ■=^t^-\-d— b-k-nd^ 
.-. <^+i X ^n+i = (t^ + e?)V« + d) 

= tV« + 2dt^^^ + dt\ + d^Hn + 24.) + cP. 
But from (3) t^^^^-Q)- a); .-. dt\-dt^{f„ - (6 - a)} = 

dtn^n-d(b-a)tn', 
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hence the last equation is transformed to 

or if we pntj?= 2c?— (6— a), we shall have 

t\^-x X f',+1 = ^V« + ^dtjn +/»^<- + ^^n + rf' . . . . (4). 

Now, if in the equation (4) n be expounded successiyely by the 
series of natural numbers 1, 2, 3, . . . . n, we shall have, when 

n r= 1, t\r^ - t\t\ + 3(Z^/j +pdt^ + dH^ + rf8 

n = 2, ^^gf'. = <%<'a + Zdt^t^ + pdt^ + cP^, + rf« 

« = 3, i«/, = t\lf, + Zdt^t^ + ;w?^, + dV, + rf8 

n = n, ^^+1 X i'.+i = <Vn + ZdtJn + M. + d^^ + d\ 

Taking the sum of these vertical columns, and cancelling the like 
terms on each side, we have at once 

'_ <'n+i X ^,4-1 - <'/^ -j?<fe, -<i^Sa - nd^ 

Substituting in (5) the values of ^^j, ^•♦xi 'x» ^'x» JPi *x *^^^ *a» 
which are all given above, we get finally 

2cPn8 + Bd(a+b-dy+{d^-3d(a+b)+6ab}n ... 

»= 17273" • • ^^^' 

which is an expression* for the sum of n terms of the series 

ab-h(a+dXb+d)+{a+2dXb+2d) + .. . +{a+(w-l>?}{6+(n-l)c?}. 

If 6 = a, then the series is 

a'+(a+<Q*+(a+2rf)2+ .... +{a+(n-l)rf}«, 

and by (6) the sum of n terms of this series is 

_ 2<f^n» + 3c?(2o - d ) n' + ( d'-6ad+ 6a»)n , . 

* - rrr.! — ^^^* 

* This theorem, remarkable for its elegance and utility, is due to Mr Ru- 
therford, and is bflieved to be new. 
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EXAMPLES. 

1. Find the sum of n terms of the series 

3 . 7 + 6 . 10 + 9 . 13 + 12 . 16 + 15 . 19 + 

Here a = 3, 6=7, (f=3; therefore by (6) 

_ 18w^ + 63w' + 4571 __ 6nS + 21w' + 15n _ 3n(n+l)(2n + 5) 
*"" 1.2.3 ~ 2 ~ 2 

2. Find the sum of n terms of the series 

14-3 + 6 + 15 + 



This series is=:i(1.2 + 2.3+3.4 + 4.5+ ); therefore 

if a = 1, 6 = 2, and c? = 1, we have by (6) 

_ 2w8 + 6n^ + 4yi _ w^ + 3w'' + 2n _ «(«+l)(n+2) 

^' - 1.2.3 ' '''* "^ - 1.2.3 ~ 1.2.3 • 

3. Find the sum of the series 

1» + 2' + 32 + 42 + 52 + + n*. 

Here a = 6 = c? = 1 ; therefore (6) or (7) 

_ 2n^ + 3?i2 + n _ w(n + l)(2yi+l) 
*~ 1.2.3 ~ 1.2.3 

4. Find the sum of n terms of the series 

2.5 + 4.7 + 6.9 + 8. 11 + 

n(n+lX4n+ll) 



Ans. 



5. Find the sum of n terms of the series 
2» + 5' + 8» + 112 + 



n(6n*+3n~l) 
Ans. - '- 
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GEOMETRICAL PROGRESSION. 

A geometrical progression is a series of quantities in which the ratio 
of every two consecutive terms is the same. Thus 



1, 2, 4, 8, 16, and 27, 18, 12, 8, 5^, 



are geometrical progressions, the former being an increasing series 
whose common ratio is 2, and the latter a decreasing one, whose com- 
mon ratio is ^. A geometrical progression is an increasing one 
when the common ratio is greater than unity, a decreasing one when 
it is less than unity, and the common ratio is found by dividing any 
term of the series by the term immediately preceding. 

Let a = the first term of a geometrical series, 

r = the common ratio, 

n = the number of terms, 

/ = the last term, and 

$ = the sum of n terms of the series, then we shall have 

J =: tt + ar + ar^ + ar* + ar* + + ar'»^ + ar*^^, 

where the index of r in any term is one less than the number of the 
term ; hence we have 

/z=a7*-i (1) 

Again, s=ia+ ar + ar^ + ar^ + .... + ar*-^ + ar^-^j 

/. rs = ar + ar^ + ot^ + . . . . + ar*^i + ar*. 

r* — 1 
Subtracting, rs — s = ar* — a, or « = a — — — ... (2) 

The equations (1) and (2) are sufficient for the solution of all ques- 
tions which can be proposed in this branch of Algebra, and contain 
the entire Theory of Geometrical Progression. 

When the ratio, r, is a proper fraction, the series is a descending 
or converging series, and admits of a Ibnit to which it continually 
approximates, as the number of its terms is increased. But when r 



162 ELEMENTS OF ALGEBRA. 

is a proper fraction, r* approximates to as its limit ; hence, in this 
case, the formula (2) becomes 

s = j-^ (3) 

1 — r ^ ' 

A geometrical mean is the term, or geometrical means are the terms 
which lie between any two given terms or numbers. 

To insert any number of geometrical means between two given 
quantities. 

Let a and I be the two given quantities, and m the number of 
means to be inserted between them ; then since there are m means 
and two extremes, we shall have n = m + 2, and by (1), 



Z=:ar«*i; .*. r=i(-jm*i ... (4) 



This formula will determine the ratio, and the first quantity, a, 
multiplied by the ratio will give the first mean, and the first mean 
multiplied by the ratio will give the second mean, and so on, for all 
the means. 



EXAMPLES. 

1. Find the tenth term and the sum of ten terms of the series 

1 - 2 + 22 - 2^ + 2* ....... . 

— 2 
Here a = 1, r = -:j— = — 2, and n = 10 ; therefore 

by (1), I = ar^^ = (- 2/ r= - 512 = the tenth term ; 

r» — 1 1024 — 1 
and by (2), s=:a. = _ _ = — 341 = sum of 10 terms. 

2. Insert three geometrical means between 4 and 64. 
Here a = 4, n = 5, and Z — 64 ; hence by (1) 

64 = 4r*, or r* r= 16, .*. r* = 4, and r = 2, the ratio. . 
Hence the three means are 8, 16, and 32. 
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3. Find the sum of the converging series 

100 + 40 + 16 + in infiniium. 

40 2 
Here a = 100, r r= — — = -, and therefore by (3) 

a 100 ^500^jggj_ 



1 - r 1 -? 3 



4. Find the value of the recurring decimal '2165. 

XT oi^x 21 65 ^ 65 ^ 65 ^ ••/?•, 

Here -2165 ^j^ "^10*"^l0^'^10^'^ imnfimtum 

21 , 65/, ^111^ ' ' A 

^ 10^ + 10^0 + lO^ + lO^ + lO^ + '''''''^J 

Hence, taking a = 1, r = -r^ — — , we have by (3) 

■ 1 1 ' . . ^ 1 100 

.1. r o.^^ 21 , 65 100 21 , 13 536 
therefore • 2165 == -ttt^ + tkt^^t?: X -^r^ = ttttc + 



100 10000 99 100 1980 2475 
5. Sum the following series : — 
(a) 1 + 2 + 4 + ... 
(h)^ + i+i+ ... 
(c) J + * + iV + . . 
(d)l +i-\- i + . . 
(e) 3 + 4J+ 62+ . . 
(/) 4 + 3 + I + . . , 
(g) ^ — ^ + % — * • . • in infinitum. 

6. A person being asked to dispose of a horse, said he would sell him 
on condition of having a farthing for the first nail in his shoes, a half- 
penny for the second, a penny for the third, two pence for the fourth, 
and so on, doubling the price of every nail, to 32, the number of nails in 
his four shoes ; what would the horse be sold for at that rate ? 

Ans. L.4,473,924, 5s. 3|d. 



to 10 terms. 


Ans. 1023 


to 8 terms. 


Ans. lit J 


. to 5 terms. 


Ans. if J, 


, to 10 terms. 


Ans. li^aWff, 


to 5 tenns. 


Ans. 39t^ 


in infinitum. 


Ans. 16 


in infinitum. 


Ans. Tw 
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7. The second term of a geometrical series is 4, and the fifth term is 
256 ; find the series. Ans. 1, 4, 16, 64, 256, etc, 

8. The sum of 10 terms of a geometrical progression is IISS^VV; ^^^ 
the ratio is f ; what is the first term ? Ans. 10. 

9. The ratio being — |, the number of terms 5, and the sum of those 
terms i±^± • find the seventh term of the series. Ans. 111^ 

10. Find the value of the recurring decimals 2*i42857 and 6*5023. 

Ans. y, and ^Jfl^. 

11. The difference of two numbers is 150, and the arithmetical mean 
exceeds the geometrical mean by one-sizth part of their diffierence ; find 
the numbers. Ans. 50 and 200. 

12. Find three numbers in geometrical progression, such that their 
sum shall be 14, and the sum of their squares 84. Ans. 2, 4, and 8. 

13. Find four numbers in geometrical progression, such that their 
sum shaU be 15, and the sum of their squares 85. 

Ans. 1, 2, 4, and 8. 

14. The product of three numbers in geometrical progression is 64, 
and the sum of their cubes is 584 ; find them. 

Ans. 2, 4, and 8. 

15. If «i, «2, 5, be the sums of three geometrical progressions, each 
continued in infinitum^ whose first terms are a, 5, c respectively, and whose 

common ratios are -, — - and -=- ; then will 

r r r 

s^Sg _ ah 

16. If «j, Sgt ^3 ^ ^^^ ^^™B of R, 2n, and 3n terms of a geometrical 
progression ; then will 

s\ + s\ = s^ (s, + s,). 
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GENERAL FORMULA 

For determining the sum ofn terms of a scries of which the terms are the 
products of the corresponding terms of an arithmetical and a geome- 
trical series. 

Let a + (a + <Z) + (a + 2d) + {a + (n - l)d} be the arith- 
metical series, and ^ 

« = ! ^ r + r^ -{- r^ -{- .... »*»"*i, the geometrical series, omitting 
the common factor in each of the terms of the latter, as being readily 
supplied in the result ; then we have to find the value of s, when 

s = a + (a + d)r + (a + 2d)r^ + {a + (n-i)d}j^^^. 

Now r s = ar -{- (a+ d)r^ + {a + (n-2)c?}r»-i + 

{a + (n-l)c?}r*; 

.'. 8(l-r)=:a + dr(l + r+r^^ +r»-2) -{a+(7J-l>Qj-»; 

= a + dr(s—r*-^)—{a + {n—l)d]r* 
= a + drs — ar^—dnr* ; 

_ r»— 1 dr(nr*—^—s) _ {a -|- ndy* — (a + drs) . 
r— 1 r— 1 r— 1 ^ ' 



• • 



When r is a proper fraction, and the series continued in infinitum^ 
then r*~i, r», and »r" are severally = ; hence in this case 

1 . a dr ,„. 

8 — = , and 8 = + rr rg (2). 

1 — r 1 — r (1— r/ ^ ' 



EXAMPLES. 

1. Find the sum of n terms of the series 

2.1 + 5.3 + 8.9 + 11.27 + 

3*— 1 
Here a = 2, ci = 3, and r = 3 ; therefore s =. — --- , and by (1) 

_ 3»- 1 9(2n3«-^-3»+ 1 _ (6n-5) 3* + 5 
^-^' 3^1 ^ 2^ - i • 

2. Find the sum of 9 terms of the series 

1.1 - 3.3 + 5.9 - 7.27 + 

Ans. 86113. 

3. Find the sum of 6 terms of the series 

l + l + 4 + ,V + A + 

and also its value in infinitum. 

Ans. Ill and 3. 
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HARMONICAL PROGRESSION. 

An harmonical progression is a series of which the first of any three 
consecutive terms is to the third, as the diflference between the first 
and second is to the difference between the second and third. Thus, 



la, ^i, i, and 2, 2f, 3, 4, 6, 12, 



are harmonical series, for taking any three consecutive terms of 
either of these series, the preceding condition expressed in the defi- 
nition is fulfilled. 

The reciprocals of quantities in harmonical progression are in arith- 
metical progression. 

Let a, 6, c, c? be four quantities in harmonical progression ; then 
by the definition 

n '.c : : a — h ih — c, and h : d :: h — cic — d^ 

or ah — ac ^=ac — hc^ and be — bd:=zbd — cd; 

ah—ac ac — be ^bc — hd bd — cd 

abc abc ' bed bed ' 

1 1 1 1 ,1 1 1 1 

or Y = - — -, and - — - r= -, 

c a d c c 

1_1_1_1_1_1 
' ' a b~ h c~~ c d^ 

hence -, y, -, and -3 are in arithmetical progression. 
abc a 



Since an arithmetical series may have a term =0, therefore an 

1 




harmonical series may have a term = - = 00. 



Thus, if three terms of an harmonical series are 2, 3, 6, and if it 
be required to continue the series both ways to three terms ; then 
inverting the terms of the harmonical series, we have i, ^, ^ in 
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arithmetical progression, the common difference being ^ ; hence con- 
tinuing the arithmetical series both ways, we get 

Ij l^> f » i> ^5 ij 0» ~~ i» ~ i» 

and the harmonical series is therefore, - 

1, I, f, 2, 3, 6, CO , — 6, — 3, ... . 

In consequence of this connexion between the terms of an arith- 
metical and an harmonical progression, all questions that can be 
proposed in the latter may be solved by the principles of the former, 
and we shaU only hint at a few of them, as their solution can pre- 
sent no difficulty. 



EXAMPLES. 

1 . Insert 6 harmonical means between 3 and ^^. 

Ans. f , f , A, T, tV, and ^, 

2. Find a fourth harmonical proportional to 6, 8 and 12. 

Ans. 24. 

3. The arithmetical mean between two numbers exceeds the geome- 
trical by 13, and the geometrical exceeds the harmonical by 12, what 
are the numbers ? Ans. 104 and 234. 

4. If m be the first of three harmonical means inserted between a and 
h ; shew that a : 6 : : 3ffi : 45 — m. 

5. There are four quantities, of which the first three are in arithmetical 
progression, and the last three in harmonical progression, prove that 
the four quantities are proportionals. 

6. If a, b, c be respectively thejpth, gth, and rth terms of an harmoni- 
cal series, shew that 

PjzJ + LJZP + U:lL = 0. ■■ 

c a 



168 ELEMENTS OF ALGEBRA. 



PILING OF SHOT AND SHELLS. 

Shot and shells are usually piled in three different forms, and the 
pile is termed triangular, square, or rectangular^ according as its base 
is triangular, square, or rectangular. 

Let n denote the number of shot in either of the outer rows of the 
base, or bottom course of the triangular pile ; then n — 1 will be the 
number in the second row of the base, or in the outer row of the 
second course ; n — 2, the number in the third row of the base, or in 
the outer row of the third course, and so on, till the last row of the 
base, or the top course, which consists of a single shot ; hence the 
number of courses in the pile will be equal to the number of shot in 
the outer row of the base. 

Now the number of shot in the bottom course will be the sum of 
the series 

1 + 2 + 3 + 4 + .. . + « = -2"^ ^^' 

Diminishing n successively by unity in this formula, we should 
obtain the number of shot in each course, reckoning upwards from 
the bottom row ; hence reversing this process, and expounding n 
successively by 1, 2, 3, 4, . . . . n, we get the number of shot in the 
several courses, commencing at the top course. Therefore the num- 
ber of shot in the triangular pile will be the sum of the series 

1 + 3 + 6 + 10 + 16+.... + !i(!!±ll. 

In a similar manner it is evident that the number of courses in the 
square pile is equal to the number of shot in the outer row of the 
base ; hence the number of shot in the square pile will be the sum of 
the series 

1 + 4 + 9 + 16 + 25 + . . . . + n«. 

The number of courses in a rectangular pile, which terminates in 
a single row of shot at top, is equal to the number of shot in the 
breadth of the rectangular base ; and if the longer side of the base 
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contain m + n shot, the bottom course will contain n{m + n) shot. 
Diminishing n successively by unity, we should have the number of 
shot in the several courses reckoning upwards, and when n =1, then 
m+n will become m + 1, which is the number of shot in the top row 
of the pile. Hence reversing this process, and expounding n succes- 
sively by 1, 2, 3, 4, .... n, we get the number of shot in the 
rectangular pile equal to the sum of the series 

l(m+l)+2(m+2)+3(w-f3) + +n{m+n). 

The summation of this class of series has been already obtained in 
the general formula (6) given at p. 159, and instead of repeating the 
investigation here, we shall deduce the requisite formulae from the 
general one referred to in the Arithmetical Progression. The general 
formula is 

s = ab+(a+dXb + d)+(a+2clXb + 2d)+ . , .{a+(n-l)d){b+(n-l)d} 

2dn^ + Zd(a + h - d)n^ + {d^ - 3rf(a -f &) + Uh}n 
•~ 1.2.3 

1, To find the number of shot in a Triangular Pile, 

Let a 1= 1, 6 rr 2, and c? = 1 ; then by the preceding formula, 

.««««. / , . 271* + 6/1^ + 4n 
1.2 + 2.3 + 3.4+ . . . . +w(n+l) = p-y-^ , 

and dividing each term by 2 gives 

1 j.q4.«4.104. . V+l) _ n» + 3n2 + 2« __ 7<n+lXw + 2) 

1 + 3 + 6 + 10+ . . . . + -g— _ -y;-2-3- - 1.2.3— 

2. To find Hie number of shot in a Square Pile, 
Let 0=1, 6=1, c?=l; then we have 

3. To find the number of shot in a Bectangular P'de, 

Let a n: 1, 6 r= TO + 1, and c? = 1 ; then we have 

2n'+3(TO + l>'+(3TO+ll/j 



l(m+l) + 2(TO+2)+3(m + 3)+...w(TO+w): 



1.2.3 



— 2?t° + 3w' + w + 3mn(n + 1) _ n(n + l)(2n + 1 + 3to) 
~ 1.2.3 ~ 1.2.3 

\1 
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These three formaUB for the number of shot in the three different 

piles have a common factor, viz., -^ — - — ^, which expresses the num- 

ber of shot in a triangular face of the pile, and since 

n(n + l)(n+2) __ n(n+l) n+1 + 1 

2T3 ~ 2 • 3 ' 

w(n+l)(2n + l) _ n{n+l) n+l + w 

2T3 "" 2 • 3 ' 

n(«+l)(2n+l + 3m) _ w(n+l) (w+m)+(m+l)+(n+w) 
2.3 — 2 * 3 ' 

we may deduce the following rule which applies to all the piles : 

Multiply the number of shot in a triangular face of the pile^ by one third 
the sum of the number of shot in the three parallel edges, and the pro- 
duct will be the number of shot in the pile. 

In the triangular pile, the shot at top, one edge of the base, and 
the shot at the vertex of the triangular base, opposite to the edge, 
are considered the three parallel edges. In the square pile, the single 
shot at the top is one of the parallel edges. 

The number of shot in an incomplete pile is evidently the difference 
between the number of shot in the complete pile, and the number in 
the pile wanting. 



EXAMPLES. 

1. Find the number of shot in a triangolar pile of 20 courses. 

w(n+l)(n + 2) 20x21x22 ^^ „ „„ ,^,^ 
Here 00 = ir-^ = 10 X 7 x 22 = 1640. 

2. Required the number of shot in an incomplete rectangular pile of 
7 courses, having 10 and 20 shot respectively in the shorter and longer 
sides of the upper course. 

The number of shot in the longer and shorter sides of the pile wanting 
are 19 and 9, and the number in the longer and shorter sides of the bot- 
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torn course are 26 and 16 ; hence, for the whole pile, w + « = 26 and 
n = 16 ; therefore w =. 10, and 

Again, for the pile wanting, we have m + w = 19 and » = 9 ; hence 
m = 10 aa before, and 

n(n+l)i2np + Sn^ ^ 9x10x49 ^ 3^^^^ ^ ^3^. 
Z , o 2.0 

therefore the number of shot in the incomplete pile is = 2856 — 735 
= 2121. 

3. Find the number of shot in a square pile of 14 courses. 

Ans. 1015. 

4. Find the number of shot in an incomplete triangular pile of 17 
courses, haying 15 shot in the top course. Ans. 1751 

5. The number of shot in the base and top courses of a square pile are 
1521 and 169 ; how many are in the incomplete pile? Ans. 19890. 

6. How many shot are required to complete a rectangular pile, when 
the difference between the number of shot in the two sides of its base is 
7, and the number of shot in the longer side of its upper course is 15 ? 

Ans. 336. 

7. The longer side of the base of a rectangular pile is double the 
shorter, and sixteen times the number of shot in a triangular pile, together 
with eleven times the number in a square pile are equal to five times the 
number in the rectangular pile, each having the same number of courses ; 
find the number of courses in each pile. Ans. 19. 

8. If p denote the number of courses in an incomplete rectangular 
pile, and 3h and k the number of shot in the longer and shorter sides of 
the upper course, shew that the number of shot is 

p{2(p+3hy~S(p + 4h) + 1}. 
1.2.3 

9. An incomplete rectangular pile has 13 courses left : the number of 
shot in the longer side of the base course is to the number in its shorter 
side as 7 to 5, and in the top course as 3 to 1 find the number of shot 
in the original complete pUe. Ans. 1960. 
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INDETERMINATE COEFFICIENTS. 

The principle of the method of indeterminate coefficients consists 
in assuming a series of terms with unknown coefficients for the re- 
quired quantity, and will be easily understood from the following 

THEOREM. 

If the equation 

a+bx+cx^+dx^ + =a: + b'x+c'x^+d:x^ -h .... 

subsist, whatever be the value of x ; then the coefficients of the 
powers of a: in the one member, will be equal to the coefficients of 
the same powers of x in the other member ; that is, 

a =: a'y b =: b\ c = c\ d •=. d, etc. 

For, by transposition, we have 

a-a+{b-b')x^-{c-c')x'Jr{d-d')x''-\- = . . . . (1); 

and if the coefficients of the several powers are not simultaneously 
equal to 0, but have finite values, then the equation (1) can only be 
satisfied by those values of a: which are roots of the equation, and not 
by all values of x ; hence equation (1) cannot subsist universally, 
unless a—a!^ 0, b—b'= 0, c—c'= 0, etc., and hence we must have 

o = a', b = //, c •=.€', d= d\ etc. 

EXAMPLES. 

1. Expand — — - — ^ in ascending powers of a:, by the method 

JL "T" X "T" ^X 

of indeterminate coefficients. 

Assume ^ ^ J'^ ^^^ = Aq + x^x + a^x^ + AgX" + A^ar* + , 

then multiplying the second member by 1 + ar + 22^ we get 
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a 


_ Aq + A^ 


J: + Aj 


X2 + A3 


a:8 + A, 




+ Ao 


+ A, 


+ A, 


+ A3 






+ 2Ao 


+ 2a. 


+2 A, 



•t" T* • • • • 



Hence by the preceding theorem, we get 

Ao = a, Aj + Ao= 0, A3 + Aj + 2ao=:0, A3 + Ag + 2Ai = 0, etc. ; 
.*. Aj= — Aq= — a, Ag=— Aj— 2Ao=— a, A3=— Ag — 2Aj=3a, ete. 

Carrying on this process a little further, and substituting for Aq, a^, 
Aj, A3, cte., their values thus found, we get 



a 



1 + a: + 2a:3 



=ia — ax —flu:* + Soar' — ox*— bas^ + Tflrx* + 



2. Resolve . « . _ , into partial fractions. 



Here one factor of the denominator is a:, and putting the other factor 
1 — 4a: + Zx^ =■ 0, and resolving the quadratic, we get a; =: 1 or a7= ^ ; 
hence 1 — x and 1 — 3a: are the factors of 1 — 4r + Bx^, and 
X — Ax^ + 3a:® = x{l — x){\ — Zx). Now assume 



1 — a: — 4a:* A b 

X — 4x* + 3j:^ X i — x 



1 - 3x' 



then reducing the partial fractions in the second member to a common 
denominator, viz., x ■— 4a:* + 3a:^, and equating the numerators of both 
members, we get 

1 - a: - 4j:* = A - (4a - B - c)a: + (3a - 3b - c)a:*. 

Comparing the coefficients of the same powers of a: in both members, 
we have 

A = l, 4a — B — c = l, 3a — 3b — c= — 4; 

and from these, since a = 1, we derive 3b + c =: 7, and b + c = 3 ; 
hence b = 2 and c = 1 ; consequently 



B 



\ — X — 4a;* A 

X - 4a;» + 3a:3 — x ^ 1- x ' 1 - Zx 



+ 



2 1 

+ 



X 1 — X I — 3x 



_ _, , 1 + 2a: 

3. Expand :: a in a series. 



1 - a: - a:* 
Ans. 1 + 3a: + 4a;* + 7a:* + 11a:* + ISa:" + . , . . 
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4. I^t it be required to develop — • in a seriea. 

5 + 4x 

A 3 2 2» 2« . 2' 

Ans. — — - .r + — iX — =^3r A =jr 

5 5* 5*^ 5 5* 

6. Let it be required to expand \/{a^—x') in a series. 

1 x^ ]_ J^ _ 1.3 ^ 

^'^* " 2 • a 2.4 • aS 2.4.6 * a» 



6x* — 4ar — 6 ar* 

«• ^'°'^« (:t - l)(x - 2)(x - 3) "°^ (^'-1X^-2) '"'° P"^' 

fractions. 

18 10 2 



Ans. 



ar-3 r-2 x-1' 

, 1 , 4 1^ 

6(a: +1) 3(x - 2) 2(x - 1)* 

7. If j: = y — y', find the value of y in terms of x. 

Ans. y = 1 - X- x' -2x^ - 5x^ - 14a:* - 



or y = a: + j:^ + 2j:' + 5ar* + 14x^ + 



BINOMIAL THEOREM. 

The expanded value of (a +6)*, when n is a positive integer num- 
ber, has been given at p. 49, and it is now proposed to shew that the 
form of the expansion of (a+x)* remains the same, whether n be 
positive or negative, integral or fractional. 

Since (a + xT = |a(l + ^^|" =a"(l + 2)", if r = ^, it will 

be sufficient to confine the demonstration to the simpler form (1 +z)", 
and thence deduce the expansion of the more general form (a+x)m. 

First, let n be a positive integer ; then, by actual multiplication,, 
wc knowthat (1 + 2)^= 1 +2z + 2^ (1 + 2)8 = 1 + 82 + . . . . , 
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and so on, where the coefficient of z in the second member is the 
index of the power. Now assume generally that 

(1 + «)•-! = 1 + (n - l)z + , 

and multiply both members by 1 + 2 ; then, we haye 

(1 4- 5;)» = 1 + nz + ; 

Hence if this law holds true for any one index, it is also true for 
the next greater index ; but it is true for « = 2, n = 3 ; hence it is 
true for w = 4, n = 5, and so on, and therefore it is universally true. 

Second, let ti be a positive fraction, orn = - ; and assume that 
(l + zy=l+Az + , 



and raising both members to the qth. power, we get 

(1 +z)p = (l +A«+ >, 

or 1 + /)2 + . . . = 1 + q^ + ...., since p and q 
are positive integers ; hence, equating the coefficients of the first 

power of 2 in both members, we get p = 5'A, or a = - ; and there- 
fore in this case also 

(1 +2)f = l + ^z+ 

q 

Lastly, let n be negative, and integral or fractional ; then if n = — r, 

1 1 



(1 + 2)»=(i + 2n= 



(1 + zy X +rz + 

=: 1 — rz + . . . . , 



by actual division ; and therefore in all cases the form of the expan- 
sion is 

(1 + z)*zzl +nz + Bz' + 02*+ Da* H- (1), 

and it only remains to determine the values of b, c, d, etc, in terms 
of n. 



17G 
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But 



Let 2r = y 4- V ; then substituting in (1) y + u for «, we get 

{I -h y + vy^ = 1 -{- n(y + v) + b(i/ + v)' + c (y + vf + 

= 1 + ny + B3(* + cyS + D3(* + . . . . 
+ (» + 2By + 3cy2+ 4Dy»+ . . ,)v 
+ (b + 3cy + . . . .)t;* 
or(l+y+»>» =(l+y)«+(n+2By+3cy2+4Dy»+ ...)v+ ... (2). 

(l+y + v)» ={(l+y) + r}-=(l+y)«|i + j-^l* 

= (l+y>+w(l + y)^i.w + b(1 +y)«^.t;2 + .... (3). 

But thesft two developments of (1 + y + r)" must be identical; 
hence equating the coefficients of v in (2) and (3), we get 

n + 2By + 3cy* + 4Dy^ +....=: TO(l+y)"-i, 

and multiplying both sides by 1 + y, gives 

y2 + 4d 



n + 2b 
+ n 



y + 3c 
+ 2b 



+ 3c 



f + = w (1 + y)» 

= n 4- n'y + Bwy^ + cwy^+ ... 



Equating the coefficients of the same powers of y, we obtain 



2b + n = rr, 



B = 



n^— n 71(71 — 1) 



3c + 2B = Bn, ... c = 5^) = «(«r^.(»::2)^ 

4D + 3c=:cn. .•■o = <grj)^<"-l)("-^2)("-3), 



Hence (1 +.).= 1 + «^ + !?(^).» + -!<^=^l!i^.' + .. . 



ar 



and writing - for z, and multiplying by a», we get finally 



a 



(a..). = a<l.^)" = «.{l+„^.!^(^.5. } 
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or 



1 • ^ 1. 2« o 
+ w(n-l)(n-2) (ri- (p-1)} ^^^^^ 



where the last term is the {p + l)th term of the expansion. 
Writing — x for ar, we get 

' 1.2 1.2.3. 

j, <>^-l)(n-2) (n - (p-1)} ^_,^^. 

1 .2 .3 p 

the (j> + l)th term being + or — , according as p is an even or an 
odd number. 

Since 

1. ^ I. A. o 

therefore by addition and subtraction, and dividing by 2, we get 

^-^ — ^^ — = sum of all the odd terms of the expansion, 

^ ^ ^ ^ sum of all the even terms of the expansion. 



EXAMPLES. 

1. Let it be required to expand (a' + xr^y in a series. 

Comparing this with the form (a + x)", we have a = a^f x = x^ 
and n = ^ ; therefore 

(a^ + r»/ = (a^f + ^(a^)^x^ + ilt (a»)-* a:* + tti:i(a2)-^:r* + etc. 

— So.? » J. ^'^ ^ ^'L ^' , 3M'3 X* 

— a +2«a: +2M.2V 2M.2.3*a''"*'2M.2.3.4*a» " 
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n' 



2. Expand in a series. 

(a2 - x)^ 



Here -— a\a^ — x) ^, and expanding* the &ctor (a* — x) , 

(a^ - x)* 

we liave r/ — a', x = — x and n = — J ; therefore 

(a« -. x)-^=: (a^)"*- J (a»)-'.(-x) + "^[^""' (a^) "* (-x)» 

«" 2/ 2 ^-i , 1 ar ^ 1.3 x« . 1.3.5 x» . 



,8 ^i ^ ^ 2a ' 2M.2V ' 2M.2.3*a» 

(a — X) 

3. Expand ( j in a series. 

(Cl "\' 05* 
) = 7 rg = a®(a— x)~3, and hy the formula for the 

expansion of (a — x)** we have, when n r= — 3, 



-3. -4 

+ 

-3.-4. -5 



(a-x)-3= a-3 - (- 3>- x+ , ' -g-^x^ 

1 • ^ 



1. 2. 3 



a-«x' + 



\a — xj 1 . ^ 1 . J . o 

Q^4._?_:i^' 3.4.5 x'* 3.4.5.6 X* 
-"^ ^"^ a'^"l.2'a»"'' 1.2.3'a3"*" 1 .2 . 3 . 4'a* "^ *••• 



* The student should be familiar with the general form of the expansion of 
a binomial quantity, and the expansion of particular examples is nothing more 
than substitution in tiie general formula, and then simplifying the result of that 
substitution. 



4. Find the fifth tenn of the expausion of 
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1 



{a^-x'f 




1 _A 

Here = (a'— x') , and hy comparison with the form 

(a + ar)" we have a:=. a^^ x •= — x^ and n = — | ; therefore when 
f) = 4, the (p + l)th or 5th term of the expansion is 

-|.-j^._V._y y .s._ 3.7.11.15 --i ,, 

1.2.3.4 ^""^ ^ "^^^ -4M. 2.3.4-'* "^ 

_ 1155 a:" 
— 2048*ay* 

EXAMPLES FOR PBACTICE. 

Expand the following quantities hj the hinomial theorem. 

Answers. 
. / . x5 il. 1^ la^* 1.3 a;8 ) 

o / n4 i/i 1 ^ 1 ^* 1.3 aJ» ) 

J. (a-x;. a |i--._-_^._-_-^. _-.... J. 

3. (a + 6). a jl + -.--^-^.^+3-g-^.^-.... j- 

A f M* i/i 1 ^ 3 62 3.7 68 > 

4. (a-o;. a tl-4---478-^~4.8.12-^"----i 

r/ J ir2xla^l.4a:'* ) 

«^i ^^ i2 2. 32 2.3.8, 

^* ^^ - ^>' • ^-5^ - "sTiT ~ 5.10.15'' • • • • 

1 1 6 , 6. 11 , 

7. -. 1— ■=-a; + -:: -r-rX -r T-r ^^3? + . • • • 

n + a:)^ o . 10 5 . 10 . 15 
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o /« + x\i . , X 1 x* 1 x" 3 a;* . 

8. I r. Ans. 1+-+ 0.-2 + o- -F+ 5 --4+ • • • • 

9. Find the fifth term of the expansion of (a — x ) . 

10. Find the fifth term of the expansion of (ox — by)"^^. 

Ans. 715 • -^-ii- 

1 1 . Shew tliat four times the product of the sums of the odd and even 
terms of the expansion of (a + x)* is = (a + x^* — (a — x)^. 

12. Find the sum of the squares of the coefficients of (1 + x)*. 

Ans. l-3-5----(2»-l) g„ 



MULTINOMIAL THEOREM. 

The muktnomtal theorem is a formula which exhibits the expansion, 
in a series ascending according to the powers of x, of 

(a + 6x + cx2 + dr^ + ex* + )•• 

Lct(a + 6x+cx'' + d^+ y = t^ + t^x+t^x^+t^x'^+ ,. . , ...(1) 

a + bx+cx^+dx^+ ..... — u, and a + hi/+ci/' + di/^-^ . . . = t>; 

then ^""^* * = t.(^-y)+ts(^-f )+ h(^'-f)+ ' ' » 
u-v b(x-i/)+c(T^-f)+d(x^-f)+ . . . 

_ <« + ^3(x+y)+ ^ /a:'+xy+y^)+ . . . 
b + c(x+t/)+d(x''+xi/+f)+ . . .* 

But m" — V* divided hj u — v gives a quotient, u*~~^ + u*~'^v + 
w»-3y2 ^ ^ ^ .^ «v*— 2 ^ j;»—i^ consisting of n terms, which when 
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w = y becomes wm"— i ; hence, if in the last equation we make x-=.yy 
then also m = v, and it reduces to 

72M*"~"i or — ^= ~ - - • 

u 6 + 2ca:+3c£r2+4ea:8+ . . . ' 

n{t^ + t^x + t^x^ -^-ttp^-V . . . ) _ t^-\-1t^x-\-%t^x^-\-^tfX'' -^r . . . 
" a+6a: +cx''+d^ + ... " Z> + 2ca; + 3rfx2 +4eP~+TTT* 

Clearing of fractions, multiplying out, and arranging the terms, 
we get 



^8 + 



at^ + 2a^3 


X + 3a^4 


x2 + 4a«^ 


+ 6<a 


+ 26<3 


+ 36^4 




+ c<. 


+ 2c?3 


mht^ + «6^a 


a; + n6^3 


x' + 7l6^^ 


+ 2ncf^ 


+ 2nc^j, 


+ 2nc^3 




+ 3ncff^ 


+ 3mi^, 
+ 4nefj 



x' + 



Equating the coefficients of the same powers of x in both mem- 
bers, gives 

2at^ = 2nct^ + b(n - 1^ 

Bndt^ + c(2n - l)t, + b(n - 2)t^ 

4net^ + d(Sn - 1>, + c(2n - 2X + b(n - 3X 

6n/^i + <4» - l>fl + <3n - 2>3 + c(2n-3X + ^n-4X, 

ete. ete. 



SaL — 



4Mt^ = 



5at^=. 



where the law is manifest, and since the first term, fj, of the expan- 
sion is obviously = o», the preceding set of equations, by substitut- 
ing in succession the values of t^, t^, ^s? • • • "^iU gl've 
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2.t^ — 2nca*-i + n(n - \)b^cfl^ 
2.3^4 = 2.3»c?a»-i + 3n(n - l)2ica"-2 + n(n - 1) (n - 2)6«a»-« 

2.3.4«, =z 2.SAnea^^ + SAn(n - 1) (26<f + c^)a^^ 
+ 4n(n - 1) (,1 - 2)3b^car^ + n(n - 1) (n - 2) (n - 3)6*0*-*, 

Substituting in (1) the values of «j, ^,, ^3, etc., derived from these 
equations, we have finally 

(a + 6x + car* + ctc^ + ex"* + .... /= o» 

V 1.2 1.2.0 J 

1. 2 1 • 2 . o 

+ -^ „. 



n(«-lX«-2Xn-3)^ , 
^ 1.2.3.4 



!■«* 



+ etc. etc. 



The law of the coefficients of the several powers of x in the pre- 
ceding expansion is very obvious, with the exception of the partial 
coefficients of the several powers of a, which involve the combina- 
tions of 6, c, cf, etc. The subjoined scheme will shew how these 
factors which occur in the coefficients of the different powers of a 
may be obtained at pleasure. 

It is worthy of remark, that the sum of the indices of the powers of 
a, i, c, dy etc., in each of the partial coefficients of the several powers 
of a:, is always equal to n ; and thus we know in what vertical 
column of the table to look for any required coefficient, as in example 
3, p. 184. 
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Table of factors in the coefficients of the several powers of a. 



h 

c 

d 

e 
f 


a»-i 


a*-2 


an-3 


a"—* 


a*~~5 


h,h 










c . h 
h . c 


b.b^ 








d.h 
c. c 

b.d 


c.b^ 
6.26c 


b,b^ 






e . b 
d. c 
c . d 
b . e 


d,b' 
c.26c 
b(2bd + c2) 


c.b^ 
6 . 362c 


6.6* 




e. c 
d.d 
c . e 


e.6' 
d.2bc 
c(2bd + c2) 
6(26e + 2cd) 


r/.6» 
c . 362c 
b(Bb^d + 36c2) 


C.6* 
6 . 46»c 


6.6» 



The preceding table may readily be continued to any extent, by 
observing that the second factor of the last line in any division of tJte 
table is the sum of all the products in the next higher division of the pre- 
ceding vertical column. For example, the second factors in the last 
line of the horizontal column (/), are obtained from the sums of the 
products in the horizontal column (e) in this manner : 

eh + dc+cd+be = 2be+2cd; d.h' + c.2bc+b(2bd-^c^) =Sb^d+3bc^', 

c.b^ + 6.36''^c = 46'c, 6.6* = 6*. Thus the table may. be continued 
at pleasure, and the expansion of the multinomial carried to any 
extent, recollecting that only the second factors in the last line of any 
horizontal column are to be used in the coefficients of the respective 
powers of a, to which they belong, so that the second factors in the 
last line of (/), in connection with the corresponding power of a, are 
to be used in finding the whole coefficient of a:*, and so on. 
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EXAMPLES. 



1. Find the terms of the expansion of (1 + a; + a:* + x' + , . . . )*, 
Here a = i=:c=cZ=... = l, and n = 4 ; hence by the formula 

(1 +x+3^+x'+3t*+ ....)* = ! + 4x4- 10x2+ 20x8 +35x*+66a:«+ . . . 

2. Find the coefficient of x* in the expansion of (1 + 2x + 3x^ + 

Here a = l, 6 = 2, c = 3, d=A:^ etc.^ and n = 6, then the second 
factors of the last line of the horizontal column (/) in the table are 

2be + 2cc?= 44, 3b'd + 36c2 = 102, 41)^0=^96 ; and 6» = 32 ; 
hence bj the formula, the coefficient of x^ is 

6.6 + 15.44 + 20.102 + 15.96 + 6.32 = 4368. 

3. Find the term of (a + 6 + c)i° involving cfib^'c^* 

Since n = 10, the coefficient of b^c^ will be found in the second fisictor of 
the last line in the vertical column of the table under a*~*. Continuing 
this column two steps farther by the process already mentioned, we 
find the second factor to be 5b* d + lOb^c^ ; hence by the formula, 
the complete term is 

n(n-l) (n-2) (n-3) («-4) _,, « « 10.9.8.7.6 ,^ ,,. , 

-^ 1.2.3.4.5 ^ ^^^'^^' = -1X3^6 ^ ^^^^'^ = 

2520a»63c2. 

4. Expand (x - x^ + x'^ - x^ + , . . )\ 

Ans. a;2 - 2x* + 3x* - 4a;' + 5x" - 

5. Expand (^l+x + x^ + 3^ + x* + )*. 

^^•1 + ^^+ ^^' + -2^4-6-^ + 



6. Find the coefficient of 3^ in the expansion of 

(a+ bx + C3^ + dx^^. 
Ans. 20a^cd + ZOa'b^d + BOa^bc' + 20a¥c + bK 

7. Required the term involving a%^c^ in the expansion of (a + 6 + c)'. 

Ans. 210a«6*c». 



* In examples of this kind, the general formula is applicable by taking x 
equal to unity. 
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EXPONENTIAL THEOREM. 

To expand a* in a series ascending according to the powers of r. 
Let a = 1 + A, then a = a — 1, and by the Binomial Theorem, 

a'=:(l+A)'= 1 + XA +-Y-li— a" + ^ , ir -^ -'^A^ + 



= 1 + (A - iA* + JA^ - iA* + )X + A^X' + AgiC* + 

where a^, Ag, denote the values of the coefficients of a:^, x^, 

in terms of a. 

Now if Aj = A - ^A* + ^a' - iA* + 

= (a-1) - i (a-l)« + i [a-ir - i (a-1)* + , 

then a* = 1 + x^x + a^x' + a^x^ + a^x* + 

Similarly, a* = .1 + A^y + A^ + A^ + A^y* + , 

and a-'+y = 1 + J^i(x+y)+A^(x+yf + a J^x+yf+A^{x+y)* ■{-,... 

= 1 + AjX + AjX* + A^x^ + A^a;* +... ] 

, + A^y + 2Aa2y + dA^x^y + 4A^x^y + ... 

+ Ay -hSA^xy^ + 6A^xy+.,. [ (1) 

+ Ay + 4:A^xf +... 
+ A^ +... . 

But 

=: a* X a" 

=r(l+A^a:+A2a:'+A3a:8+A4a;* + ..)(l + Ajy+Aay»+A3y8+Ay + ..) 

= 1 + AjX + A^X^ + AgXS + A^X* + 1 

+ A^y + A\xy + A^A^x'y + A^A^x^y + 

+ A,y2 + A,A,xy2 + ^^2jy + \, (2) 

+ Agy' + A^AgXy' + 

+ Ay + 
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Now these two expansions of a'+»' must be identical ; hence equat- 
ing the coeflScients of like combinations of x and y in (1) and (2), we 
have 

a', A^, A*^ 

•'• ^« ^ \72' ^» "^ 1T2 73' ^* "^ 1.2.3.4' ^* ' 

henco „' =. 1 + A.x + -^'-2 + ^--3 + ^^ + ; 



and dropping the suffix of a as no longer required, we have 

^ , A^x* A^a^ A*ar* A«x« 

a* = 1 + AX + -— TT- + T— ^-T? + . ^ » , + 



1.2 1.2.3 1.2.3.4 1.2.3.4.6 
where A = a - 1 - .i(a-l)2+i(o-l)S-i(a--l)* + i (o-l/ 

If c be that value of a which renders a = 1 ; then 

-« ■• . . a:* . a:^ x* 

e*= 1 + a: + r— jr + 



1.2 1.2.3 ' 1.2.3.4 ' 

and if a;== 1, we get 

. = 1 + 1 + _i^ + _L_ + _i_ + 2.718281828459. 



THEORY OF LOGARITHMS. 



A logarithm of a number is the index of the power to which a given 
quantity must be raised that the power may be equal to the number. 

Thus, if the power a* be equal to the number n, or a* = n ; then 
the index x, of the power a*, is called the logarithm of the number 
N to the base a, and this is usually written x = log^N. 

A system of logarithms is a series of values of x corresponding to 
different values of n, the base a remaining the samB, Thus since 
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2» = 4, 23 = 8, 2^ = 32, 2'0 = 1024 ; 

.-. 2 = log34, 3 = loggS, 5 = logj,32, 10 = logal024; 

and by giving n different values, there would be corresponding va- 
lues to the index x. These values of x, being tabulated, would con- 
stitute a system of logarithms to the base 2. Again, since 

26 - 64, 43 = 64, 82 = 64, 64^ = 64 ; 

.-. log,64 = 6, log^64 - 3, log864 = 2, log,464 = 1 ; 

consequently there may be different systems of logarithms by 
merely giving different values to the base, for the logarithm of 64 

to the bases 2, 4, 8, 64 are respectively 6, 3, 2, 1. 

» 

Since a* = a, therefore log«a = 1, and since e^ = e ; therefore 
log.e = 1 ; hence in every system of logarithms, the logarithm of 
its base is 1. 

Since a^ = 1 and e^ := 1, therefore in every system of logarithms, 
the logarithm of 1 is 0. 

Since a — ^ = —=r — ; therefore the logarithm of is — 00 . 

\i(f -z^ — y , and a is a real quantity, there is no value of x, posi- 
tive or negative, which would fulfil the equation ; hence the loga- 
rithm of a negative number is imaginary. 

Properties of Logarithms. 

(1) The logarithm of the product of any numher of factors is equal to 
the sum of the logarithms of those factors. 

Let p, Q, E, s be any quantities, and x, y, ;?, v their logarithms to 
any base a ; then 

a* = p, a*' = Q, a* = K, a* = s ; 

,\ X = log«p, y z= log^Q, z ~ logaB, V = logj3 ; 
.'. PQRS =: af.a" .a' .a" = a*+J'+*+* ; hence 

l0g.PQll8 = X+y-^-Z + V = l0g,P + l0gQ-fl0g^-i-l0gJ9. 
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(2) The logarithm of a fractional quantity is equal to the logarithm of 

the numerator minus the logarithm of the denominator, 

JjQt o* = p and a" = q, then x = log«p and y = log.Q ; hence 

pa', 
Q o^ 

.-. \oga- — X - y — log.p— log.Q. 

(3) The logarithm of any power of a quantity is equal to the logarithm 

of the quantity multiplied by the index of the power. 

Let Of* =. p ; then x = logjp, and a** = p* ; therefore 

log«P" = ?U? = TO log«P. 

(4) The logarithm of any root of a quantity is equal to the logarithm of 

the quantity divided by the index of the root. 

Let a* = p, then x = log^p and «« = p» ; therefore 

L X 1 
log^p* -- = -., log^. 
n n 

— m 
Hence also logp«=— logp. 

n 



(5) The logarithms of any quantity in two different systems are invencly 
as the logarithms of their bases in any system. 

Let N denote any number or quantity, and a^ b any two bases ; 
hence if a* = n and i* = n ; then a* = 6", and the logarithms of both 
members to any base, give by (3) 

a: log a = y log 6, or a: : y : : log 6 : log a ; 

but X = logaN, and y =. log^N ; consequently 

logaN : logjN : : log i : log a. 

These general properties of logarithms are of the highest import- 
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ance, and the latter (5) will enable us to convert one system of loga- 
rithms into another system with great facility. Thus, since 

log «N ; log ^N : : log Jb : log «a, 

and log aa = 1 ; therefore log jN = -^j r- . logoK. 

Hence, if a system of logarithms be calculated to the base a, a 
system of logarithms to the base 6, may readily be found by means 
of the preceding equation wliich expresses the relation between the 

two systems. The factor -j y by which the system whose base is 

a is transformed to the system whose base is bj is called the modulus 
of the system whose base is b. 

Computation of Logarithms, 
Referring to the exponential theorem, p. 188, we have seen that 

0^=1+^+..-+-—+..., 

where A = a-l-}(a-l)» + j(a-l)'-J (o-l/ + 

Now,letx= i, thcna U 1 + 1 + 1+ ji^ +^ +....; 

but the second member has been shewn (p. 188) to be equal to e, 
hence 

a*- = e, and therefore a = e^ ; hence 

logea = A=:a - 1 - j(a-l)2 + ^ (a-1)® - i(a-l)* + 

Let now a — 1 ^=z; then a = 1 + z^ and we have 

log.(l + z)::^ z " Iz^ + ^2^ - isi* + iz" - (1) 

Writing —zforz gives 

log. (l-«) = - ;?- iz^ - i^S _ j^4 _ j^5_ _ (2) 

Subtracting (2) from (1), and recollecting that 

log il+z)- log (1-^) = log [±-|, 

•'• log. ^^= 2(2 + ^^ + |;j» + |.» +....... ) (3) 
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If -tf = ^JL-^ ; then z — — — , and the last equation becomes 

hence by the properties of logarithms (5) we have 

,og.!i±£ = 2».{^ + j(_£_)Vi(^)V...}..<5), 

where m« = . 8 modolns of the system whose base is a. 

From the equations (4) and (5) we hare, since log = 

log (n + x) - log n, 

log/n+.) = log.n + 2 {^-^ + j(^)* + iQ±-J + .}„^6) 
log/n+x)=log.n+2M.{^ + j(_L_)Vt (_£_)' + .}. ..(7) 

1 ^ 2 B B 6 

Let — — = T» and consequently ;? = ——, then substituting this 
value of z in formula (3), there results 

log. ? = 2m.{|^ + i(j^)V i(|^)'+ *«=• ... } ... (8) 

2 

Let 2 = -3 — ^, substituting this in formula (3), then 

1+ ' 



1+^ _ p'-3p _ p'-3p + 2 _ (p-iy(p+i) 
1-z- 2 -;,'-3p-2~(p+l)'(p-2)' 

i'"-3p 

2 log.O-1) + log/p + 2)-2 log.Cp + 1) - log,0)-2) = 
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■which by transposition becomes 

LogoCp + 2) = log„(p-2) + 2 log«(i) + 1) -2 log«0-l) + 
2-.{^ + <^^y+i(^3?y+ etc.} (10> 

This is the fonnnla of Borda, which, when p exceeds 3, is very 
convergent. 

If, in formula (7) n = a:*-25a:» = a:* (ar + 6) (x-5), 

and n + a: = x*-25x^ + 144 = (x+3)(a:-3)(x+4)(a:-4) ; 

Log«(a: + 5) = {log«(x + 3) + log/:r-3) + log«(a: + 4)+Iog«(a:-4)} 
- SlogaCx— 5) + 2 log»r j- 

f 72 / 72 \' 

-^"■i x«-25xH 72 + V-25x'+ 72 ) +«'"-(")• 



This is the formula of Haros, which is very convergent when the 
value of X becomes somewhat great. 

These two last formulae (10) and (11) are very useful in examining 
the accuracy of logarithmic tables already computed, or in checking 
the accuracy of those new ones in the course of computation. To 
these might have been added that of Lavembde ; but our limits will 
not permit. 

Let N be the number of which t is the index, and d the mantissa 
or decimal part of the logarithm; then log^^w =. { + c?; and 
logolO*N := (i + m) + d; whence it is evident that the decimal part 
of a logarithm remains the same when the significant figures are 
constant. 

The series in (6) or (7) is that usually employed in computing 
logarithms ; but before we can compute a system of logarithms to 
any other base than e, whose value has already been found to be 

I 
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2'718281828459...(p. 188), it is obvious that we must preyionsly deter- 
mine the yaluc of the modulus m« or , by means of the series in 

log^ ^ 

(6). We shall therefore proceed to compute the logarithms of one 
or two numbers to the base e. The system of logarithms to the base 
e is called the Na}mrian system, from the name of the inyentor of 
logarithms, Lord Napier of Mcrchiston, in Scotland, who first pub- 
lished this system in 1G14. 

1 . Calculate the logarithm of 2 to the Napierian base. 

In the formula (6), let n = 1, and x ■=. \\ then, since log 1 = 0, 





xwg^A — ^xgr -r 


■^K^J -r 3 \^. 


f -r T\ay -r 


i* 


3): 


I -0000000000 








i) 


•3333333333 - 


- '3' » •*• 


i - 


•3333333333 


9) 


•0370370370 = 


= (4)' ; .-. 


ia7= 


•0123466790 


9) 


•0041152263 = 


= (i)' ; ••• 


Ki^- 


•0008230453 


9) 


•0004572474 = 


= (i)' ; .-. 


Ki/ - 


•0000653211 


9) 


•0000508053 = 


= (i7; ••• 


iw- 


•0000056450 


9) 


•0000056450 - 


-(*)"; .-. 


^w = 


•0000005132 


9) 


•000000G272 = 


= (i)"! .-. 


v.ar - 


•0000000483 


9) 


•0000000697 - 


= (*)"; ••• 


i^a)" = 


•0000000046 


9) 


•0000000077 = 


= (i)"; ••• 


.-. log^ = 


•0000000005 




•3465735903 
2 




•6931471806 
2 



But log 4 = log 22 = 2 log 2 ; .-. log.4 = 1^3862943612 
2, To calculate the Napierian logarithm of 5. 
Let ar = 1 and n = 4 ; then by (6) 
lo&5 = log.4 + 2 ft + i(i)» -I- ift)» + 4(iy + . . . } 
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9)1-0000000000 

9) •1111111111 = i 

9) -0123456790 

9) -0013717421 = ft)' 

9) .0001524158 

9) -0000169351 = ft)* 

9) -0000018817 

9 ) -0000002091 - ft)' 

9) -0000000232 

•0000000026 = (ly 



I = -1111111111 



Jft)» = -0004572474 



ift)« = -0000033870 



Ki)^ = -0000000299 



ift)» = -0000000003 

-1115717757 
2 



-2231435514 
log,4 = 1-3862943608 



.-. log.5 = 1-6094379122. 

Now by the properties of logarithms (1) we have log 10 = 
log (2x5) = log 2 + log 5 ; therefore 

Ioge2 = -6931471806 
log.5 = 1-6094379122 



and log.lO = 2-3025850928. 

We can now compute logarithms to the bases 2, 4, 5, and 10, since 
the values of the moduli for all these bases can readily be determined 
from the preceding computations. Thus for the base 10, we have 



1 



M,o — 



log,10 2-3025850928 



= -43429448190 



The system of logarithms whose base is 10, was calculated by 
Henry Briggs, Professor of Geometry in'<>he University of Oxford, 
and is that which is now in common use. This system is hence 
called the Briggean or common system, on account of the coltvcvd&'w^^ 



186 



ELEMENTS OP ALGEBRA. 



I 



C3 



I 






^0 






Id 



1 



c3 



o 
o 

H 

n 

-< 



•« 



* 

•o 



CO 






^3 
m 



CO 



V 



O 

CO 





u 




+ 


CI 


"TS 


^J 


W 


•<i 


•~s 


CO 


o 


+ 


+ 


•^ 


,?* 


C4 


e>> 


-o 


r>a 


CO 


CO 



i>C> 



I 




w 



'^ 






C4 

+ 
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EXPONENTIAL THEOREM. 

To expand a* in a series ascending according to the powers of r. 

Let a = 1 + A, then a =: a — 1, and by the Binomial Theorem, 

J. /-. . \x ■• . . a:(x— 1) „ , x(x—l)(x—2) a . 
n' = (1 + a)* = 1 + xa -\ — Vir^-A- H ^^-^: — ^- — -^ + 



1.2 " ■ 1.2.3 
= 1 + (a - H' + W - iA* + )x + A^x' + AgXS + 

where Ag, Ag, denote the values of the coefficients of x^, x^, 

in terms of a. 

Now if Aj = A - iA* + ^a' - iA* + 

= (a-1) - i {a-iy + i {a-ir - i(a-l)* + , 

then a* = 1 + a^x + a^x' + a^x^ + A^ar* + 

Similarly, a* = .1 + A^y + a^^ + a^ + A^y* + , 

and a'^+y = 1 + A^(x+i/)+Aj^x+yf + Aj^x+y)^+A^{x+i/)* + ,.., 

= 1 + A^X + AjX* + AgX^ + A^X* +... ^ 

. + A,y + 2Aj,xy + SAgX^y + 4cA^x^i/ + ... 

+ Ay + 3Aga:3^2 + 6A^xy+... }- (1) 

+ Ag^ + 4a^x/ +... 

+ A^y* +... 
But 

= (l+Aja:+AaX'' + AgX8 4.^^3.4 + ..)(l+j^^y + A^2^^^^^^y4^^^j 

= 1 + AjX + AgX^ + Ag-rS + A^X* + 

+ Aj^ + A%xy + AjAgX^'y + AjAgX'y + 

+ A,y2 + A^AgXy^ + A,2ry + j. (2) 

+ j^y + ^1^3^' + 

+ A^ + 
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liuie. If the number have n digits before the decimal point, the 
characteristic is » — 1 ; but if tlio number bo a decimal, and have n 
ciphers before the first significant digit, the characteristic is 
- (w + 1) 



'P 



Fable of Logarithms op Prime Numbers between 1 and 100. 



Nos. 


Logarithms. 


Nos. 
29 


Logarithms. 


Nos. 

61 


Logarithms. 


2 


0-3010300 


1-4623980 


1-7853298 


3 


0-4771213 


31 


1-4913617 


67 


1-8260748 


7 


0-8450980 


37 


1-5682017 


71 


1-8512583 


11 


10413927 


41 


1-6127839 


73 


1-8633229 


13 


1-1139434 


43 


1-6334685 


79 


1-8976271 


17 


1-2304489 


47 


1-6720979 


83 


1-9190781 


19 


1-2787530 


53 


1-7242759 


89 


1-9493900 


23 


1-3617278 


59 


1-7708520 


97 


1-9867717 



From the preceding brief exposition of the theoi-y of logarithms 
the student will be enabled to compute the logarithms here given, 
and thence deduce the logarithms of all numbers from 1 to 100, as 
well as to pursue the subject to any extent. 



EXAJII'LES for practice. 



1. Given the common logarithms of 2 and 3, to find the logarithms of 
5, 12, 18, 22-5 and -0072. 



Since 5 = V, .-. log 5 = log 10 - log 2 = 1 - log 2 
12 =3x2',. •. log 12 = log 3 + 2 log 2 
18=:2x32, .-. log 18=log 2 + 2 log 3 



•6989700 
= 1-0791812 
= 1-2652725 



22-5 = -; = 



90 10 X 32 



4 2'' 



, .-. log 22-5 = 1 + 2 log 3-2 log 2=1-3521825 



72 2^ V ^* - 

•0072 = ~^^ = ~i-j .-. log -0072=3 log 2 + 2 log 3 -4=3-857 3325- 



2. Given the logarithms of 3 and 7, to find the logarithms of -21 and 
14700. 

Ans. 1-3222193, and 4-1673173. 
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3. Given the logarithms of 2 and 3, to find the logarithms of ^ and 

BTT* _ 

Ans. 2 log 3 - 4 log 2 = 1-7501225 
and 5 log 2 - log 3 - 3 = 2-0280287. 

4. Find the logarithm of 180 to the hase 6^ or solve the equation 

6* = 180. 

. 1 + loer 2 + 2 loK 3 

Ans. x= I »T , ^ = 2-8982444. 
log 2 + log 3 

5. Find the logarithm of | in the sjstem whose hase is ^. 

Ans. 1-2050476. 

C. Calculate the common logarithms of 17 and 19. 

Ans. 1-2304489 and 1-2787536. 



THEORY OF EQUATIONS. 

The form of an equation of the nth degree in x, is 

X* + px^^ + qj^-^ + rj:»»-3 + + t=0 («), 

but to facilitate the following investigations, we shall denote the first 
member of equation (a), which is a function of x, hyfxj and thus the 
general form may be written /r = 0. 

Prop. I. If a he a root of the equation (a), or yx = 0, then fx is 
divisible by x—a without remainder. 

To simplify the demonstration, let the equation be one of the fourth 

degree, as 

X* + JDX® + qx^ + rx + s r= . . . .(1), 

and let it be divided by x— a, by the synthetic mode of division, 
(P-24), 

+ a 



1 


+ p 


+ q 


+ r 


+ 


8 




a + 


«P1 


+ a^x 


+ 


ar^ 


1 


+ Px 


+ 9^ 


I + '•i 


+ 


«i» 
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where p^ = a -^ p, q^ = c^^ + q, r^=i aq^ + r, and the remainder 
»j = ar^ + 8 ; hence 

g^ = u(aq^ 4- r) + « = a*7i + ar + » 

= a\ap^ -^ q) + ar + 8 = a^p^ + a'y + or + » 

= a*(a ■{' p) ■{■ a*q + ar + 8 = a* + pa* + qa^ ^ ra + s. 

Now, a being a root of equation (1), that equation will be yerified 
by the substitution of a for a: ; therefore a*+ pa^ + ya' + ra + » = 0, 
and consequently the remainder Sj is also = 0, which proves the pro- 
position in this case, and the same mode of proof may be extended to 
the general form in eq. (a). 

Pkop. II. Thejir8t member of equation (a) is the product of n fac- 
tors of the first degree. 

Let a, be a root of eq. («), or of /c = : then, by the last proposi- 
tion, we have 

fx = (x- a^)fx = 0. 

If Og be a second root of eq. (a), then fx or (x—a^)f'x is divi- 
sible without remainder, by x — a, ; but x — a^is not divisible by 
a: — a, ; hence f'x, which is an expression involving the (n — l)th 
power of X, must be divisible by x— o, ; therefore 

fx = (x-a,) (x-a^)f"x = 0; 

where /"x is a polynomial in which x"— * is the highest power of x. 
Proceeding in this manner, it will be seen that, if Og, a^, , , , c^ are 
roots of eq. (a), 

fx — {x — a^) (x — Og) (x — flg) . . . . (x — a„) = . . . . (2). 

Hence, since there are n factors of the first degree, the equation 
(a) has as many roots as there are factors, and therefore an equation 
of the nth degree has n roots. If a^ = a,, the equation will have 
two equal roots, and so on. 

Cor. If one or more roots, a^, a j, ... of an equation are known, 
the equation containing the remaining roots will be found by divid- 
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ing the proposed equation hy x — a^^ and the resoltmg eqaation by 
X — ttj, and so on. 

Prop. III. To form the equation whose roots are a^, flj, a^ a„. 

Since the first member of the equation is equal to the continued 
product ofx — «!, X — ttg, X — Og, cfc., by last proposition ; there- 
fore the required equation is 

(x — aj (x — aj (x — Og) (x — a,) =0. 

Multiplying the factors x — a^ and x — a^, we shall obtain the 
quadratic equation whose roots are a^ and a^ : multiplying this re- 
sult by the next factor x — Og, we get the cubic equation whose 
roots are a^, a^, Og ; and so on, as in the following scheme : — 

X — a, =. first factor. 



X — Oj = second factor. 



a. 



a. 



x+Cj 0^=0 



I (1) 



X — flg =^ third &ctor. 



x' Oj 


x^-HaiOg 


X - 


-fliaaOs = 


= 0' 




Oq 


-f-a, a« 








► 


2 
— «3 


' 1 3 






ri 




X — a^ : 


= fourth fact 


or. 


— «I«««3 




X* Cj 


x8 + a,a2 


x2 


x+a^agaga^ = 


— «2 


+ «1«3 




«ia2«4 




«3 


+ a2«3 




«1«3«4 




— «4 


+ aa04 




— Osa.a^ 






+ ^3^4 











(2) 



(8) 



v-1 
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By continuing this process of multiplication through all the factors, 
the required equation will be obtained. From this scheme, some 
important relations between the roots of an equation, and the coeffi- 
cients of its terms, may be deduced. 

(1.) The coefficient of the second term is the sum of the roots with 
their signs changed. 

(2.) The coefficient of the third term is the sum of the products of 
the roots, taken two and two, with their signs changed. 

(3.) The coefficient of the fourth term is the sum of the products 
of the roots, taken three and three, with their signs changed ; 
and so on, for the other coefficients. 

(4.) The last or absolute term is the product of all the roots with 
their signs changed. 

C(yr, 1. If the second term of an equation is wanting, the sum of 
the positive roots is equal to the sum of the negative roots. 

Cor, 2. If the signs of the coefficients of the terms of an equation 
be all positive, all the roots will be negative, and if the signs be 
alternately positive and negative, all the roots, if they are real, 
will be positive. 

Cor. 3. Every root of an equation is a divisor of the last term. 

We may here remark, that surd roots and imaginary roots can 
enter equations only by pairs ; for if the coefficients of an equation 
do not involve surd or imaginary expressions, the equation cannot 
have a single surd, or single imaginary root, because, by this proposi- 
tion, such surd or imaginary expressions would occur in the coefficients 
of some of the terms of the equation ; but surd or imaginary roots may 
occur in pairs of the form a + V^> a—\/b; a+h\^ — 1, a — b\^ — 1 ; 
for since 

{x-^(a + x/b)} {x - (a - Vb)}=3^ — 2ax+a^-b = (x^a)'^-i 
{x~(a+bV—lMx—(a-^V-iy^=='x'—2ax+a^+b''==ix—ay^+ll^; 

therefore no surd or imaginary expressions would be found among 
the coefficients of the terms of the equation. Want of room prevents 
the insertion of a formal proof of this important property. 
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EXAMPLES. 

1. Form the equation whose roots are 2, —3, 6, and — 6. 

Here we must multiply the factors x — 2, a7+3,a: — 5 and x + 6 to- 
gether; and employing the method of detached coefficients (p. 16), 
we have this process : 

1 -.2(+ 3 
+ 3 — 6 

1 + 1 — 6(— 5 
— 6—5 + 30 

l_4-_ll+30(+ 6 
+ 6 — 24—66 + 180 

1 + 2 — 35—36 + 180 
.•. x* + 2x® — 35a:* — 36j: + 180 = is the equation required. 

2. Form the equation whose roots are 1, — 1, 2, — 3, and 4. 

Ans. X* — 3x* — Ux^ + 27x2 ^ iq^ — 24 = 0. 

3. Form the equation whose roots are 5, 2 + >^3 and 2 — -^3. 

Ans. x' — • 9x2 + 21x — 5 = q. 

4. Form the equation whose roots are 2, — 2, 3 + VS and 3 — y'S. 

Ans. X* — 6x' + 24x — 16 = 0. 

6. Form the equation whose roots are — 3, — 4, 2 + 3V — 1 *°d 

2—3^—1- 

Ans. X* + 3x' — 3x2 + 43^^ ^ 155 =, q. 

6. Two roots of the equation 4x* — 14a® — 5x* + 31x + 6 = are 
2 and 3 ; find the equation containing the two other roots. 

Ans. 4x2 + 6x + 1 = 0. 

Peop. IV. IftTie roots of an equation he allreal^ there will be as many 
changes or variations of the signs of the successive terms as there are 
positive roots, and as many permanencies of the signs as tfiere are 
negative roots. 

A variation of sign is a change from + to — or from — to + in 
two consecutive terms, and n permanence is a continuance of sign as 
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4- , 4- , or — , — , in two consecutive terms. Tims in the series of 
signs +-+ + — —, there arc <Arce variations and two permA- 



nencies. 



I.» t J* — pr* H- qx^ + rr — s — be an equation, then multiply- 
ing^ it by a factor x — a^ which corresponds to a positive root, a ; 
and also by a factor x + 6, which corresponds to a negative root, 
- b ; we liave the ftdlowing processes, wbere the signs of the terms 
are only employed, viz. : — 

+ - + + - +- + + - 

+ - + + 



- + + - +- + + - 

- + + +- + + - 



+ -+±-+ +±± + ±- 

where the double sign occurs when the quantities to be added haye 
contrary signs, and it is not known which is the greater quantity. 
Now m the original equation, there are three variations and one per- 
manence, and in the result of the first process, there is still only one 
permanence, hat four variations ; while in the second process, there 
arc at least two permanencies, taking the double sign so as to give 
the smallest number of permanencies, viz., + — -H + -H — , or 
+ — + + — —; hence the introduction of a positive root increases 
the number of variations by one, and the introduction of a negative 
root increases the number of permanencies by one. 'i'his is true for 
every root that is introduced, and hence the truth of the proposition 
is established. The student would see this proof more clearly by . 
taking a numerical example or two, as no double sign can then occur. 

Conversely, in any equation whose roots are all real, there are as 
many positive roots as there are variations of sign, and as many ne- 
gative roots as there are permanencies of sign. Thus the series of 
signs in the equation x* — Sx® — I6x'^ •\- 49a: — 12 = is 
+ — — + —, indicating tJiree positive roots, and one negative, 
since there are three variations and one permanence. 

De Gua's Criterion op Imaginary Roots. 

If a teiTR he wanting in an equation^ and if the terms on each side of 
the place of the absent tei'm have like signs^ the equation Jias at least 
two imaginary roots. 

For the sign of the term wanting may bo taken either + or — , 
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and the signs + + + indicate two negative roots, while + — + 
indicate two positive roots. These two roots cannot therefore, by 
the preceding proposition, be real, and hence they must be imagin- 
ary. The same conclusion follows from the other series of signs 
— ± — . Tims the cubic equation a;' + or — 6 = 0, has two ima- 
ginary roots, for all positive values of a. 

Prop. V. To determine whether an equation has equal roots. 
Let the proposed equation be 

X* +px'"'^ + g'a:"-^ -I- -j- sx -{■ t — (1), 

and let a be one root ; then {Prop. I.) the equation (1) is divisible 
without remainder by x — a, and the quotient is 



r-^*-i 



-f a 



+ i> 



+ pa 
+ 9 



x"-^ -f 






= 0. 



.(2), 



an equation containing all the remaining roots of (I). But if the 
equation (1) has two or more roots, each equal to a, then the substi- 
tution of a for a: in equation (2) must necessarily verify that equa- 
tion. Making this substitution, and recollecting that, as equation 
(1) has w + 1 terms, equation (2) has n terms, we have the several 
lines in (2) as below : — 



fln-l + Qjn-1 ^ ^r~l ^ 



.to n terms 



na* 



p{cff*-^ + >-^ + a"-2 + to (n - 1) terms} = (n - l>a'»-2 

g'{a*-« + a«-3 + a«-3 + to (» - 2) terms} r= (» — 2>7a»-' 

* • 

s s 
.-. na*-i + (n — l^a"-^ + (n^2)qa*^^ + + s = (3). 

But this is the same result as is furnished by writing a for x in 
the equation 



fiz'^i + (n'-'l)pxr^ + (n — 2)qx*^, + + s = (4)- 
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Henco aha. root of equation (4), because by (3) it is Tcrified by 
sabstituting in it a for x. We see then that, if equation (l)ha8 two 
roots, each equal to a, equation (4) has one root equal to a, or in 
other words, (x — a)^ is a factor of (1) and a; — a is a factor of (4); 
hence x — a is a common measure of (1) and (4). The equation (4) 
is a very important one, and is derived from (1) by the following 
simple 

Buie. Multiply each term of cq. (1) by the index of x in the same 
term, and diminish that index by unity.* 

If then an equation has equal roots, they may be found by form- 
ing, from the given equation, tlie derived equation by the preceding 
rule ; then if x — a is the greatest common measure of these two 
equations, tlie given equation has two roots, each equal to a ; and if 
(x — a)*" is the greatest common measure, the proposed equation has 
m + 1 roots, each equal to a, and so on. 

EXAMPLES. 

1 . The equation x* — 7x' + 23x' — 40x + 28 •= 0, has equal roots ; 
6nd them. 

The derived eqnation 4x' — 21x^ + 46x — 40:^=0, contains one or 
more of the equal roots, and the greatest common measure of this and the 
given eqnation is x — 2 ; hence the proposed eqnation has two roots, 
each equal to 2. The eqnation may then be depressed to a quadratic, 
by cor, to Prop. II., and the other roots found. 

2. Find whether the equation x* — 2x'* — 15x + 36 = 0, has equal 
roots ; and if so, determine them. Ans. 3, 3, — 4. 

3. Solve the equation x* — 2x8 — 3x* + 4x + 4 = 0. 

Ans. 2, 2, — 1, — 1. 

4. Find the roots of the equation x' — 3x* — Bx^ + 10x2 + i2x — 
24 = 0. 

Ans. 2, 2, 2, ZL?.^_zJ. 



Prop. VI. To transform an equation into others whose roots shall 
have certain relations to those of the given equation, 

Tlie most useful transformations of an equation are the following, 



* The last term t in (1) is equal to to®, which multiplied by Tonlshes, and 
thi rcfore it docs not appear in (4). 
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in all of which x is the unknown quantity in the given equation, 
and y that in the transformed equation. 

(1) Let x^^y ■\' r^ then the substitution of y + r for a; in the 
given equation will transform it into another, in which the roots 
are kss or greater by r than those of the given equation, accord- 
ing as r is positive or negative, for y^^x — r. 

If the equation be of the nth degree, and^ be the coeflScient of the 
second term ; then if r = -, the second term in the transformed equa- 
tion will be wanting. 

(2) Let a: = — y, then the roots of the equation in y will be the 
same as those of the equation in a:, but will have contrary signs, 
for y = — X, 

(3) Letxrr: -, then the roots of the equation in y will be the reci- 
procals of the roots of the equation in a:, for y = -. 

(4) Let a: ^ -^, then the roots of the equation in y will be m times 
the roots of the equation in ar, for y = mx, 

(5) Let X = Vy* then the roots of the equation in y, freed from 
radicals, will be the squares of the roots of the equation in x ; 
for y=.x'^. 

The mode of effecting these substitutions is obvious enough, but 
tlie first transformation, being a most important one, will require 
special illustration. 

Let ar* + pa;^ + qx^ + sa: -I- t r= be the given equation, and let it 
be required to transform it into another whose roots shall be less 
than those of the given equation by r. Now substituting y -h r for 
X gives 

(y + r)* + Xi^ + rf + g(y + rf + s(y + r) -H ^ = 0, or 



y* + 4r 


y« + 6r2 


y« + 4r8 


y-l- r* 


+ /> 


+ 3/>r 


+ 3/>r" 


+ i>r8 




+ <l 


+ 2^ 


+ gr* 






+ s 


-1- ST 

+ / 



\ =0 



(1) 
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which is the transformed equation required ; but if the division of 
ar* + p3^ + qx^ + sx -{■ thy x — r \iQ actually performed, we should 
have for quotient x^ + (r-\-p)x^ + (i^-\-pr+q)x + r' + jor* + qr + b^ 
and for remainder, an expression identical with the last term of 
cq. (1). Ag.'iin, if this new quotient be divided by x— r, wc should 
have for quotient x^ + (27* + /))a: + (Or" + 2pr + 7), and for remain- 
der an expression /(/c?i//ca/ with the coefficient of 7/ in eq. (1). If 
the last quotient be divided by x— r, the remainder will be identical 
with the coefficient of y" in (1), and the quotient will be x + (3r+j»), 
which being divided by x — r, will evidently give the coefficient of 
y®in(l). This leads us to a beautiful and systematic process for 
effecting the transformation in equation (1), as will be seen in the 
following 

EXAMl'LES. 

1. Find the equations whose roots shall be less by 2, and greater by 3, 
than those of the equation x* — 4x^ + 7x^ + lOx — 20 = 0. 

Here we must divide the given equation by x — 2 and x + 3 ; and the 
quotients by the same divisors, as directed in the preceding remarks. 
Employing the synthetic mode of division (see pp. 24 and 25), the pro- 
cesses will be as follow : — 



l-4 + 7 + 10-20( + 2 


1- 4+ 7+ 10- 20(-3 


-1-2-4+ 6 + 32 


- 3 + 21- 84 + 222 


1-2 + 3 + 16 + 12 


1- 7 + 28- 74+202 


+2+0+ 


- 3 + 30-174 


1 + + 3 + 22 


1-10+58-248 


+ 2 + 4 


- 3 + 39 


1 + 2 + 7 


1-13 + 97 


+ 2 


- 3 


1+4 + 7 + 22 + 12 


1-16 + 97-248 + 202. 



Hence the equations are respectively y* + 4^ + ly^ + 22^ + 12 = 0, 
and 3^ - 16/ + 97/ _ 248^ + 202 =0. 

2. Transform the equation x* — 8x^ + 12x'^ — 5x + 4 =1 into ano- 
ther which shall want the second term. 

By Pt'op. III., the sum of the roots of this equation is equal to 8, the 
coefficient of the second term ; therefore we must diminish the sum of 
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the roots by 8, or each root by 2, since there are four roots ; hence we 
see that the taking away of the second term of an equation^ is only a par- 
ticular case of the first transformation in this proposition. The process 
is as follows : 



1 - 8 + 12 - 


5 + 


4(2 


+ 2 - 


12 + 


- 


10 


1-6 + 


- 


5 - 


6 


+ 2 - 


8 - 


16 




1 - 4 - 


8 - 


21 




+ 2 - 


4 






1 - 2 - 


12 




+ 2 









1 + 0-12-21- 6 

Hence the transformed eqaation is ^ — 12^-* — 21y — 6 = 0. 

3. Find the least integer number that is greater than the greatest 
positive root of the equation afi— 3a:* — lla:^ + 27x2 + 1 Oar — 25 = 0. 

Here we must diminish the roots successively by unity, till all the 
variations are lost, and the least number of units that does this is greater 
than the greatest positive root of the equation ; for by Prop, IV., all the 
roots of the transformed equation will be negative. To save room, how- 
ever, we shall first diminish the roots by 4. 

1 - 3 - 11 + 27 + 10 - 25 ( 4 
+ 4+ 4-28- 4 + 24 



1 + 


1 - 


7 - 1 + 6 - 


1 


+ 


4 + 


20 + 52 + 204 




1 + 


5 + 


13 + 51 + 210 




+ 


4 + 


36 + 196 




1 + 


9 + 


49 + 247 




+ 


4 + 


52 





1 + 13 + 101 
+ 4 



1 + 17 + 101 + 247 + 201-1 
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Hence it is ohvioiis that by reducing the roots of this last equation, vii., 
y6 + 17^ ^ loiy* + 247/ + 201y - 1 = 0, by unity, all the vari*- 
tions would be lost, and therefore 5 is greater than the greatest x)Ositiye 
root of the equation. The greatest root is very little greater than 4, for 
the last term of the transformed equation, being — 1, shews that a num- 
ber a little greater tlian 4 would verify the proposed equation. 

4. Diminish the roots of the equation 3^ — ^ + Sa:* — 8 = by 1. 

Ans. y* + 5j/* + ^y^ + 4y* + 5j^ - 5 = 0. 

5. Find two equations, such that the roots of the one shall be less by 

1 '6, ai. I the roots of the other greater by 2*5, than those of the equation 

x8 _ 4j:" + 6x - 8 = 0. 

(f^ -5/+ •75y-4-C25 = 0. 
AnsX 

(y'' - 1 1 -5/ + 44-75y - 63-625=0. 

6. Find the equation whose roots are the reciprocals of those of the 
equation x* - 3x' + 42:' + 6x - 12 = 0. 

Ans. 12/ - 6/ - 4/ + 3j^ - 1 = 0. 

7. Transform the equation 2z* + ^^ + 4ar* — 6x — 6 = into 
another whose roots are the same but with changed signs, and also into 
one whose roots are three times those of the given equation. 

r2/-3/+4/ + 5y-6 = 0. 
Ans.-< 

(2/+9/ + 36/-135y-486 = 0. 

8. Find two consecutive numbers, the one less and the other greater 
than the greatest positive root of the equation x* — 8jr* + 14r* + 4j: — 8 = 0. 

Ans. 5 and 6. 

Prop. VII. If a^^ a^, a^ denote the real roots of an equation 

^ = 0, where a^ is the greatest^ a^ the next in order of magnitude^ 

and so on ; then if a series of numbers p^^ Pm Pa^ ("» which p^ 

is greater tJian c/„ p^ a number less than a^ hut greater than a^, and 
so on) he substituted for x in the polynomial fx^ the results will he 
alternately positive and negative. 

Since (Prop. II.)t fx = (x-a^) (x-a^) (x-a^)(x-a^) ; 

where the quadratic factors involving imaginary roots are omitted, 
since they are always positive for all values of x (Prop, III., p. 201), 
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therefore by substituting for x the proposed series of values 
PiiPai Ps > ^^ have, by hypothesis, 

(Pl-^l)(Pl-^i)(Pl-^s)(Pl-(^4) = +• + • + •+ = + 

(Pa-(^x) (Ps-^2) (Pu-^a) (Pa-»^) = -• + . + . + = - 

(P3-(*x) (P3-<^a) (Pa-^i) (Pa-^t) = -.-. + . + =^ + 

(P*-^x)(P^-(^a)(P^-^3)(P^-<^4) = -.-.-. + = -, 

: 
: : 

Cor. Jf two numbers be substituted for x in any equation fx =^ 0, 
and give results with contrary signs, then between these numbers 
there must be one root, or an odd number of roots ; but if the results 
have the same sign, then between these numbers there must be no 
root, or an even number of roots. 

Sudan's Criterion op Imaginary Roots. 

If in the process for reducing the roots of an equation by a num- 
ber r, there be p variations of sign lost^ and if in reducing the roots 

of the reciprocal equation by -, there be g^ variations left; then will 

there be in the interval to r at least p — q imaginary roots. 

For suppose that the proposed equation has three variations of 
sign, indicating, if the roots are real, three positive roots, and let 1, 
2, 6 be the roots. Reducing the roots by 6, the three positive roots 
will become negative, since 6 is greater than each of them, and the 
signs of the terms of the transformed equation will be all positive, 
and three variations are lost. Again, the roots of the reciprocal equa- 
tion are 1, 5, ^, which are all positive, and hence the equation whose 
roots are 1, 5, |, will furnish Mree variations of sign ; but in reducing 
the roots of the reciprocal equation by 5^, the reciprocal of 6 the 
former reducing number, the roots are still positive, since i is less 
than each of the roots ; hence three variations must be left, and the 
criterion indicates no imaginary roots, as it ought. But if jp, the 
number of variations lost in the transformation of the equation by r, 
be not equal to, but greater than q, the number of variations left in 

the transformed reciprocal equation by -, there will be a contradiction 



212 ELEMENTS OF ALGEBRA. 

respecting tlie character (positive or negative) of a namber of tha 
roots equal top—q^ and these roots must therefore be imaginary. 

Note. This is a most valuable criterion, and fully equal to the 
task) when employed in a skilful manner, of detecting the namber of 
imaginary roots in any equation. 



Stubm's Criterion or Real Rootb. 

Let X = ox* + bx*-^ + cx**-^ + + sa: + < = 0, be an equa- 
tion which has not equal roots, and let x^ = nax*"^ + (n — l)bjf^'^ 

+ (n — 2)cj!7»-3 + + 8 be the function of x derived from the 

former as in Prop. V., by multiplying each term of the equation 

X = 0, by the index of x in the same term, and diminishing that 

index by unity. To the expressions x and x^ apply the process of 

finding the greatest common measure of 

two quantities (p. 27), changing, however, 

the signs of all the remainders. Call the 

first remainder thus modified Xg, the second 

remainder thus changed Xg, and so on, till 

a remainder is found which is independent 

of x, and let the sign of this remainder be 

also changed. In these several expressions 

X, Xj, Xj, substitute for x a number p, 

and count the number of variations of sign 

in the results. In the same expressions 

substitute for x a number y, greater than /), 

and count the number of variations of sign 

in these results. Then if the substitution of/) give h variations, and 

the substitution of q give k variations, the exact number of real roots 

between the numbers p and q will be equal to A— ^. 

To prove this theorem we may proceed as follows : — 

(1) By the preceding marginal process we have 

X=XjQj — Xg, Xj = XgQg — X3, x„_a = x,^iQ,„i — x» . 

Now if any two consecutive functions of the series x, x^, x,, x,,...x«, 
can vanish simultaneously by the substitution of the same value of 
X, we should have all the succeeding functions equal to 0, which is 



X, 




— 




or 

X, 


- X + XjQ, 

) 3f, (q. 

XgQ, 




■ 


- X, + X,Q, 

&c. 


3f. 
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absurd, since the last remainder x^ is independent of x. Thus, if 
Xj and Xg were each equal to 0, then Xg = 0, and so on. 

(2) Since x, = XgQg-x^, if Xg = 0, then Xj, = - x^ ; therefore 

if one of the intermediate functions Xj, Xg, Xg vanish for some 

particular value of or, the two adjacent functions will have opposite 
signs for the same value of or, and therefore the loss of a variation of 
sign cannot occur amongst these intermediate functions on this 
account. 

(3) From (1) and (2) we see that the number of variations can 
only be aflfected by those values of x which immediately precede and 
follow a root of the equation x = 0, the sign of the remainder being 
invariable. Hence when x passes a root of the equation, one varia- 
tion of sign will be lost (Prop. VII.), and in a similar manner ano- 
ther variation will be lost when x passes the next higher root, for 
although these variations are successively transmitted amongst the 

signs by the changes of x^, Xg, Xg, yet we have seen (1, 2) that 

such transmission cannot affect the number of variations, unless x 
passes over a root of the equation x = 0. Hence the truth of the 
theorem is established. 

Note, The limits of all the roots are — co and + oo , the limits of 
the negative roots are and — oo , and the limits of the positive ones 
are and + oo . 



Hobner's Method op Resolving Numerical Equations. 

When the initial figures of the incommensurable roots of an equa- 
tion have been ascertained by one of the preceding processes, their 
values may be obtained to any degree of accuracy by the method of 
approximation devised by the late ingenious Mr W. G-. Horner, of 
Bath. This process of approximation consists in the diminishing a 
root by its first figure {Prop. VI.) ; and repeating the process on 
each transformed equation, till the root be obtained to any degree of 
accuracy required. The application of these criteria, and the illus- 
tration of Horner's method of approximation, will be understood from 
the examples subjoined. 
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Ex, Analyse completely the equation a:* — Sx* + 3x' + Tx — 13 = 0, 
and find the approximate values of the real roots to eight plaoes of 
decimals. 

By Stm-ni's Criterion. 

Here the given and derived functions are found to bo 

X = X* - 5i» + 3x« + 7a: - 18 
x^ = ^ - 15x" + 6x + 7 
X. = Six* - 114x + 173 
X, = 1144X - 1493 
x^= - 

Substituting in each of these, 

for X = — 00 , the signs are + — + — — three variations 

x=0 — + + — — two variations 

x=+oo + + + + — one variation, 

consequently the proposed equation has only two real roots, one negative 
and one positive ; and to determine the initial figures of these roots, we 
must narrow the limits. Thus the signs of x, x,, x^, x,, x^, are 

for X =0, 1- + — — » 2 var. for x = 0, 1- + — — , 2 var. 

x = — 1, 1 , 2 var. x = 4, — + + H ,2 var. 

X = —2, + — + ,3 var, x=:5, + + + H ,1 var, 

consequently the negative root is between —2 and — 1, and the positive 
root between 4 and 5. 

Bf/ BudarCs Criterion, 

If the roots of the proposed equation are real, there will be three posi- 
tive roots and one negative root {Prop, IV.) ; hence reducing by unity, 
we have the following operation : — 
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1—5 + 3 + 7— 33(1 
_4_1 +6—7 

— 3 — 4 + 2 

— 2 — 6 Reciprocal equation. 

1 — 1 — 6 + 2—7(1 7 — 2+6+1 — 1(1 

+ — 6 — 4 — 11 +5 + 11 + 12 + 11 

+ 1 — 5 — 9 no variations left. 

+ 2 — 3 

1 + 3 — 3 — 9 — 11 2 var. lost 

Since two variations are lost in the last transformation of the direct 
equation, and no variations are left in the transformed reciprocal equa- 
tion, the proposed equation has two imaginary roots. 

To find the situation of the two real roots, one of which is positive, 
and the other negative, we must continue the process of reduction till 
the variation is lost : thus 

1+3 — 3 — 9 — 11(1 1 + 7 +12—2—19(1 
+ 4+1—8—19 +8+20+18—1 

+ 5+6—2 +9+29 + 47 

+ 6 + 12 +10 + 39 

1 + 7 + 12 — 2—19 1 + 11 + 39 + 47 — 1 

The next reduction by unity will obviously make all the signs positive, 
and therefore the positive root lies between 4 and 5. To find the situ- 
ation of the negative root, change the signs of the alternate terms, 
(Prop. VI. 2), and proceed as before. 

1+5+ 3—7 — 13(1 1 + 9 + 24 + 18 — 11(1 

+ 6+9 + 2—11 +10 + 34 + 52 + 42 

+ 7 + 16 + 18 signs all + 

+ 8 + 24 

1+9 + 24+18—11 
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Hence the negative root is situated between — 2 and — 1, as before 
determined hj Sturm's criterion. Both criterions are unfailing ; and 
in practice, Budan's has the advantage of Stubm*s, as it requires a much 
less amount of hibour. 



We shall now find the values of these roots hj Hobneb*8 method.* 
1—5 +3 +7 — 13 (4-020911590 

+ 4 —4 —4 +12 



— 1 — 1 



+ 4 +12 



|- -11108 



+ 3 

+ 44 



— 1-00000000 
+ -95568816 



11 



28 



47000000 — -04431184 
784408 + -04374803 



390000 



2204 



47784408 — -00056381 



788824 



4!8:6!4;5 



48645 



1102 


392204 


485732 


32 


— 7736 


2 


2208 


356 


9 
2 


4864 


1104 


394412 


486089 


2872 


2 


2212 


356 


9 


2432 


1106 


39 66 24 


48644 


6 


— 440 


2 






4 




438 



S|0, 



hence the positive root is =4*020911590 



* The process here employed is precisely similar to that used in tiie mo- 
dern method of extracting the cuhe root of a number; and those who are 
familiar with the latter process, and the contractions for obtaining the last 
few figures of the root, will find no difficulty in determining the roots of 
equations to any extent. 
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For the negative root, change the signs of the alternate terms of the 
equation, and then proceed as above, prefixing the negative sign to the 
result. 



+ 5 
+ 1 

6 

1 


+ 3 
+ 6 

9 

7 

16 
8 


— 7 
+ 9 

2 
16 

18000 
8037 


— 13 (1-384435487 
+ 2 

— 11-0000 
78111 


7 

1 


— 318890000 
300919936 


8 

1 


2400 
279 




26037 
8901 

349380 
26769< 


— 17970064 
16199585 


93 
3 


2679 
288 


OO — 1770479 
92 1626156 


96 
3 


2967 
297 


37614992 — 144323 
2743296 122007 


99 
3 


326400 

8224 


403582 
1406 


8 8 —22316 
7 4 20335 


1028 
8 


334624 

8288 


404989 
1408 


6 2 — 1981 
4 1627 


1036 
8 


342912 
8352 


406398 
141 


—354 
325 


1044 

8 


3512 
4 

3516 
4 

3521 
4 


64 
21 

85 
2 


406539 
141 


29 


1|052 


40668 

1 


» 




40669 
1 





|35|25 



4|0|6|710 



Consequently the negative root is = — 1*384435487. 
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EXAMPLES FOB rBACTICE. 

Analyse completely the following equations, and find their real roots 
to seven places of decimals. 

(I) x3— 7x + 7 = 0. (2) x3+ lla:»— 102x + 181=0. 
(3) ar*H- ar^ — j-* — 2z + 4 = 0. (4) a:* + x' + x^ + 3x — 100=0. 
(5) ar* + x* + 4a:» — 4a:+l = 0. (6) ar* — x^— 4ara + 4f + 1=0. 
(7) ar» — 2x — 6 = 0. (8) x^ + lOx* + 6x — 2600 = 0. 

(9) x" — lOx' + 6a: + 1 = 0. (10) a:fi + 3x*+2x8— Sx*— 2x— 2=0. 

(11) X* — 80x' + 1998x» — 14937x + 6000 = 0. 

(12) 2x* — 1400x» — 6x2 — 1 1615J. ^ 29145 = 0. 

ANSWERS. 

(1) x= 1-356896867, x= 1*692021471, x=— 3-048917339. 

(2) x = 3*21312775, x=: 3*22952121, x = — 17*44264896. 

(3) All the four roots are imaginary. 

(4) X = 2-802851218, x = — 3*433677863, and the others imaginaiy. 
(6) All the roots are imaginary. 

(6) x = 1-33826121, x = 1-82709092, x = — -20905692, 

x = — 1-95629620. 

(7) x = 2-09455148164, and the other roots are imaginary. 

(8) X = 11-00679934, and the other roots are imaginary. 

(9) X = -8795087, x = 3-0530681, x = — -1766748, x = — -6915763, 

x = — 3*0653168. 

(10) x= 1-06910900346, and the other roots arc imaginary. 

(II) x = -3609870, x = 12-7664418, x = 32*0602909, x= 34*8322803. 
(12) x= 1*80309288, x = 700*016380387, the others are imaginary. 
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RECURRING AND BINOMIAL EQUATIONS. 

A recurring or reciprocal equation is one in which the coefficients 
recur in a reverse order, either with the same or opposite signs. 
Thus 

jc' +;?x* + qx^ + qx^ + px + 1=0 (1) 

x* -{-px^--px^l = (2) 

a:" — 1 = (3) 

are all recurring or reciprocal equations. In the first of these equa- 
tions write - for a:, and the resulting equation in y will have the 
same coefficients as (1), and its roots ar^ the reciprocals of the roots 
of (1), for y = -. The roots of (1) must therefore he of the form 



X 



^>—''*s''r-»*°^— 1- 



r, r^ 



Equation (1) may be written thus i — 

(x' + 1) +px(x^ + 1) + qx^(x + 1) = 0, 

which is divisible hy x + 1, and therefore one root is = — 1. The 
quotient, after dividing by x + 1, put = 0, gives the equation 

x* + (p-l)3fi + (q-p+ ly + (/} - 1> -f 1 =0, 

a recurring equation, and dividing by x^, and arranging, we get 

x^ + ar^ + (p- l)(x + 3r^)= - (q - p + 1) 

or {x + ar-^y-\- (p-l){x-h x"^) = - (q - p - 1), 

by adding 2 to both members. Solving this quadratic, gives the 
values of a: + or-i, and thence, finally, the values of x may be ob- 
tained. Eq. (2) is solved in a similar manner, and the binomial 
equation a:* — 1 = may be resolved by dividing the first member 
by a: — 1, which gives a:* + a:* + a:' + a: + 1 = 0, for the equation 
containing the four other roots. The roots of a:* + 1 = are the 
same as those of a:^ — 1 = 0, with their signs changed. The three 
roots of a:' - 1 = are 1, i(~ 1 + V - 3), l(- 1-^-3), and 
the three roots of a:' + 1 = are - 1, i(l-\/-S) and ^l + \/-S). 
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INDETERMINATE ANALYSIS. 



In the common rules of algebra, such questions are usually pro- 
posed as require some certain or definite answer ; in which case it is 
necessary that there should be as many independent equations, ex- 
pressing the conditions of the question, as there are unknown quan- 
tities to be determined; or otherwise the problem would not be 
limited. 

But in other branches of the science, questions frequently arise 
that involve a greater number of unknown quantities than there are 
equations to determine them ; in which instances they are called in- 
determinate or unlimited problems ; being such as usually admit of 
an unlimited number of solutions; although, when the question is pro- 
posed in integers, and the answers are required only in whole posi- 
tive numbers, they are, in some cases, confined within certain limits, 
and in others the problem may become impossible. 

Problem I. To find the positive integral values of x and y in the 
equation 

ax — hy -=. c \ 

where a, 6, c are given whole numbers, positive or negative, and 
where a and h have no common divisor, except when c is also divi- 
sible by it, and then the equation might be reduced. 

Rule. Let a be the coefficient which is less than h ; then the equa- 
tion gives 

hy •\- c , , di/ ± e 

X =r -^ =zmy ±n± — ; 

a ^ a 

where my and n are the nearest quotients, whether in defect or excess, 
arising from dividing hy and c by a ; hence d and e are each less than 
a. Let the last fraction, which must be a whole number, be put = », 
then dy du e za av, and as before 

y = — ^— = mv ± n ± - — -j-^ ; 
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where /and g are each less than d. Calling the last fraction r,, and 
repeating the process, the coefficient of v^ would be found to "be still 
farther diminished. Thus, by repeated operations, we at length arrive 
at a fractional expression, in which the coefficient of the subsidiary 
unknown quantity v^ is unity. Put this fraction = /), and we get 
an expression of the form 

v„ = Ajo ± k. 

By reversing our steps we get in succession the values of the sub- 
sidiary unknown quantities which have been employed, and finaUy 
those of X and y.* 

Note. Any indeterminate equation of the form 

ojc — 6y = ± c, 

in which a and h are prime to each other, is always possible, and will 
admit of an unlimited number of answers in whole numbers. 

But if the proposed equation be of the form 

ax + 6y = c, 

the number of answers will always be limited ; and in some cases 
the question is impossible ; both of which circumstances may be 
readily discovered, from the mode of solution above given.f 



♦ This rule is founded on the obvious principle, that the sum, difference, or 
product of any two whole numbers, is a whole number, and that, if a number 
divides the whole of any other number and a pai't of it, it will also divide the 
remaining part. 

t That the coefficients a and &, when these two formulse are possible, should 
have no common divisor, which is not at the same time a divisor of c, is evi- 
dent ; for if a =:■ md^ and b ^= wie, we shall have ojj ± &y =^ m{dx ± ey) = C', 
and consequently da? i ey = c-f- m. 

But d, «, X, and y, being supposed to be whole numbers, c -r-m must also 
be a whole number, which it cannot be, except when m is a divisor of e. 

Hence, if it were required to pay L.lOO in guineas and moidores only, the 
question would be impossible ; since, in the equation 21« + 27y = 2000, 
which represents the conditions of the problem, the coefficients 21 and 27, are 
each divisible by 3, whilst the absolute term 2000 is not divisible by it. See 
Vol. II. of BoNNTCASTLE's Treatise on Algebra, for the method of resolving 
questions of this kind, by means of Continued Fractions. 
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EXAMPLES. 

1. Given IOj' — 14^ = 11, to find the positive integral values of 

X and y. 

„ 19j:- 11 , . 6x + 3 

Herey = = a: - 1 + -j^ ; 

let the last fraction = v, then 5a: + 3 = 14v ; consequently 

14V-3 ^ ^ r-2 

Put the last fraction =/), then t' — 2 r= 6p, or v = 6p + 2 ; hence 

X = Bv — l—p =r 14p + 5, 
y = x-l + v= I9p + 6. 
Let/? = 0, 1, 2, 3, 4, 5, efc. ; 
then a: = 6, 19, 33, 47, 61, 76, eft:., 
y = 6, 25, 44, 63, 82, 101, etc. 
In this problem, the number of answers is unlimited. 

2. Given 21a: + 17^ = 2000, to find all the integral values of x andy. 

__ 2000-21ar ,,_ 4x+6 

Here y = ~ = 118- x- -j^ ; 

let the last fraction = v, then 4a: + 6 = 17t> ; hence 

17V-6 , , r-2 
X — — -. — = 4t; - 1 + —J—. 
4 4 

Put the last fraction = p ; then w = 4p + 2, and hence 

X = 4v-l + i? = 17p + 7, 
y — 118 -a:-v = 109 - 21p. 
Let/? = 0, 1, 2, 3, 4, 5, 
then a- = 7, 24, 41, 58, 75, 92, 
y = 109, 88, 67, 46, 25, 4. 
In this question the number of answers is limited to six. 



INDETERMINATE ANALYSIS. 228 

If there be three unknown quantities, and only two equations for de- 
termining them, as 

ax + by + cz =1 c?, and ex -{■ fy + gz =z hy 

eliminate one of the unkno>7n quantities in the usual manner, and find 
the values of the other two from the resulting eqtiation. 

But if there be three unknown quantities, and only one equation by 
which they are to be found, as ax + by + cz = d, we must first find 
the limit of the quantity that has the greatest coefficient, and then ascer- 
tain the different values of the other two, by separate substitutions of 
the several values of the former, from 1 up to the limit, as in the follow- 
ing example. * 

3. Given dx + 5y + 7z = 100, to find all the positive integral 
values of a:, y, and z. 

Here x = 1, and y = 1 are the least values of these two quantities, and 

_ 100-3-5 ^ ^3^ ^ 

therefore the limit of the value o{ z is 13. Supposing then that z is 
known, we have 

X = ms:^ = 33 - 2.-2y + ''-^±1. 

Let the last fraction = jo, then y—z + 1 = 3p, and hence 

y==Sp + z-l, 

x=:3S - 2z-2y + p=S5-4x-5p. 

By giving to z all values from 1 to its limit 13, and tojo all values, posi- 
tive or negative, which furnish integral and positive values of x and y, 
we get the entire number of solutions, as follows : 



z y X 


z y X 


z y X 


z 


y X 


1 3 26 


2 16 2 


5 1 20 


7 


9 2 


1 6 21 


3 2 23 


5 4 15 


8 


1 13 


1 9 16 


3 6 18 


5 7 10 


8 


4 8 


1 12 11 


3 8 13 


5 10 6 


8 


7 3 


1 15 6 


3 11 8 


6 2 16 


9 


2 9 


1 18 1 


3 14 3 


6 5 11 


9 


5 4 


2 1 27 


4 3 19 


6 8 6 


10 


3 5 


2 4 22 


4 6 14 


6 11 1 


11 


1 6 


2 7 17 


4 9 9 


7 3 12 


11 


4 1 


2 10 12 


4 12 4 


7 6 7 


12 


2 2 


2 13 7 


« 









The number of solutions is limited to 41. 
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EXAMPLES FOR EXERCISE. 



1. Given 2j: + 3y = 25 to determine x and y in whole numbers. 

Ans. X = 11, 8, 6, 2 
y= 1,3,5,7. 

2. Given 3x = 8y — 16, to find the least values of x and y, 

Ans. a: = 8, y = 5. 

3. Given 14 x = 5y + 7, to find the least valnes of x and y. 

Ans. X =r 3, y = 7. 

4. Given 27r = 1600 — 16y, to find the least values of x and y. 

Ans. X = 48, y = 19. 

5. It is required to divide 100 into two such parts, that one of them 
may be divisible by 7, and the other by 11. 

Ans. The only parts are 56 and 44. 

6. Given 9x + 13y = 2000, to find the greatest value of x, and the 
least value of y. Ans. x = 215, y = 5. 

7. Given llx + 6y = 254, to find all the possible values of x and y. 

Ans. X = 19, 14, 9, 4 ; y = 9, 20, 31, 42. 

8. Given r — 2y + z = 5, and 2x + y — 5: = 7, to find the values of 
X, y, and z. 

x = 6, 6, 7, 8, 9, 
Ans. 



rx = 6, 6, 7, 8, 9, 
J. ^ y = 3, 6, 9, 12, 15, 
(.z= 6, 11, 16,21, 26, 



9. Given 17x + 19y + 21z = 400, to find all the answers in whole 
numbers which the question admits of. 

Ans. 10 different answers. 

10. Given 5x + 7y + 11« = 224, to find all the possible values of x, 
y, and z^ in whole positive numbers. 

The number of answers is 59. 

11. It i.s required to find iii how many different ways it is possible to 
pay L.20 in half-guineas and half-crowns, without using any other sort 
of coin ? Ans. In 7 different ways. 

12. There were bought 100 animals for L.lOO ; oxen at L.5 each, 
sheep at L.l each, and fowls at Is. each ; how many were there of each 
kind? Ans. 19 oxen, 1 sheep, and 80 fowls. 
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13. I owe my friend a shilling, and have nothing about me but 
guineas, and he has nothing but louis-d'ors ; how must I contrive to pay 
the debt, the louis being valued at 17s. apiece, and the guineas at 21s. ? 

Ans. I must give him 13 guineas, and he must give me 16 louis. 

14. How many gallons of spirits, at 12s., 15s., and 18s. a gallon, must 
be taken to make a mixture of 1000 gallons, that shall be worth 17s. a 
gallon ? Ans. IIH at 12s., 111^ at 15s., 777^ at 18s. 

Problem II. To find a whole number, which, being divided by 
other given numbers, shall leave given remainders. 

Bule. Let x denote the number required, a, b, c, etc, the given di- 
visors, and/, g, A, etc. the given remainders. 

Subtract each remainder from a:, and divide the difi^jrences by 
a, by c, etc., and there will arise 

X — f X — a X — h , ,, , 

~. -7-^, , etc, =z whole numbers. 

a c 

Put the first of these fractions = p, and substitute the value of Xy 
as found in terms of p, from this equation, in the place of x in the 
second fraction. 

Find the least value of p in this second fraction, by the last pro- 
blem, which put = r, and substitute the value of a:, as found in terms 
of r, in the place of x in the third fraction. 

Find, in like manner, the least value of r, in this third fraction, 
which put = s, and substitute the value of a:, as found in terras of s, 
in the fourth fraction, as before. 

Proceed in the same way with the next following fraction, and so 
on, to the last ; when the value of ar, thus determined, will give the 
whole number required. 

When only two fractions are to be found in whole numbers, the 
operation may be conducted as in the first of the following examples. 

EXAMPLES FOR EXERCISE. 

1. It is required to find the least whole number, which, being divided 
by 17, shall leave a remainder of 7, and, when divided by 26, shall leave 
a remainder of 13. 

K 2 
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Let X denote the required nnmher, then we hare 

x — 7 , a: — 13 

= V ana = v, . 

17 26 * 

From the former, x = 17y + 7, and from the latter x :=. 26v, + 13 ; 

lience 

17t; + 7 = 26v, + 13, or 17t; = 261;^ + 6 ; 



.-. V = \- = 2i;, ^~- — = 2v^ - 2. 



4v, - 3 



17 * 17 » 17 

Let the last fractional part = v^ ; then 4f, — 17v, + 3 ; hence 

17^8 + 3 . ^ - V, - 1 
t;, = 2^ = 4i;, + 1 + -^^. 

Put the last fraction ■=/> ; then r^ = 4/) + 1 ; consequently 

v^ = 4rj, + 1 +p = 17/) + 5, 
X = 26^1 +13 = 442/? + 143. 

If p = 0, the least value of x is 143, a number which fulfils the condi- 
tions of the question, and others may be found at pleasure, by giving 
different values to p. 

2. It is required to find the least whole number, which, being divided 
by 11, 19, and 29, shall leave the remainders 3,5, and 10, respectively. 

Ans. 4128. 

3. To find a number, which, being divided by 6, shall leave the re- 
mainder 2, and when divided by 13, shall leave the remainder 3. 

Ans. 68. 

4. It is required to find a number, which, being divided by 7, shall 
leavo 5 for a remainder, and if divided by 9, the remainder shall be 2. 

Ans. 47. 

5. It is required to find the least whole number, which, being divided 
by 39, shall leave the remainder 1 6, and when divided by 56, the re- 
mainder shall be 27. Ans. 1147. 

6. It is required to find the least whole number, which, being divided 
by 7, 8, and 9, respectively, shall leave the remainders 5, 7, and 8 

Ans. 215. 
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7. It is required to find the least whole number, which, being divided 
by each of the nine digits, 1, 2, 3, 4, 5, 6, 7, 8, 9, shall leave no re- 
mainders^ Ans. 2520. 

8. A person receiving a box of oranges, observed, that when he told 
them out hj 2, 3, 4, 5, and 6 at a time, he had none remaining ; but 
when he told them out by 7 at a time, there remained 5 ; how many 
oranges were there in the box, the number being the least possible ? 

Ans. 180. 



DIOPHANTINE ANALYSIS. 

This branch of analysis takes its name from that of a Greek ma- 
thematician, DioPHANTUS of Alexandria, in Egypt, who flourished in 
or about the fourth century after Christ. Its object is to find such 
values of quantities, that certain functions of them may become 
squares or cubes. 

Prop. I. To find such values of x^ that the es^ression 03^ + 6j: + c 
may he a square, 

h^ — c 
Case I. When a = 0, let \/(bx + c) = A, then x = — 7 — (1). 

Case II. When c = 0, let \/(ax^ + bx)= hx, then x=j^ ....(2). 

Case III. When a is a square, m*, let ^(m^x^ + bx + c):=z mx — h; 

h^ — c 
then squaring, and reducing gives x — i , n j. (3)- 

Case IV. When c is a square as n^, let \/(ax^ + bx •\- n^) •=^ hx — n ; 
then squaring and reducing gives x = -j^ W* 

Case V. When ox* + bx + cis composed of two factors, as (mx+n) 

\P^ + 9) ; let \/(vix + n) (px ■\' q) — k (px + q) ; then squaring and di- 
viding by px + 9, we get ww: + n = h\px + q\ and 

qW^ — n -V 

'=- W~=ik ^^^ 
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Case VI. When cix^ + 6a: + c is the sum of a sqnare, and the pro- 
duct of two factors, as {mx -H «)* + (/>« + q) (rx + s) ; then let 

(mx^ny-\-(px+q)(rx+8)={{ma!+n)-\-h(px+q)}^ 

= (mx + n)* + 2h(mx+n) {px + q) + 

h\px + qf ; 

hence ra: + s = 2A {rnx + w) + h\px + q), and therefore 

_ qh^ + 2nA - 5 
^~ ph^-{- 2mh - r ^^^* 

Sc/iolium. If one value of x can be found that will render cus^+bx-{-c 
a square, we can find other values in this manner. Let r be a value of 
X which renders ax^ + bx + c & square, and let a? = y + r ; then 
<u'2 + 6« 4- c becomes ay^ + (6 + 2ar)y + ar^ + br + c\ but by hy- 
pothesis, ar^ ■\' br + CIS a. square, and hence by Case IV., 

y =: p , where n ■=. \/(ar^ + br + c); 

and aj = y + r = p— -^ (7). 

In all these cases, the value of h is arbitrary, and may be assumed at 
pleasure. 

Prop. II. To find siich values of Xj that the expf'essumax^ + bx^-\- ex -{-d 
may be a cube. 

Case I. If a is a cube, as m', then let 

(b \® b^x 6' 

'^■*"'3^J ='"'^'*"^**'*'"3^+27^» 

_ 68 - 27dm^ 



Case II. If c? is a cube, as n*, then let 



» c^a?' c^x^ 



3.10 . / ex . \ ^^ . c^x . . o 

az' + bx' + ex + n' = {^^ + nj = ^^H- --^ + <vr + n»; 
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•'• ""- 27an«-c8 ^^> 

Case III. If a is a cube, m^, and c/ is also a cube, n^ ; then let 

m^x^ + hx^ + ca; + w' = (mx + n/ = m^x^ + 3 w^^ + S/nn^a; + n^ j 

_ Smni^ - c ,_. 

•*• ^ -h- BmH ^^^'^ 

iVbte. If one value of x can be found, by trial or otherwise, then 
other values may be found as in the Scholium to Prop. I. 

Prop. III. To find such values of a:, that the expression aw?* + bx^ 
+ car* + dx •{• e may be a square. 

Case I. If a is a square as m^, then let 

m'^xi* + kr^ + cx^ ■\- dx •{• e — (mx' + - — x + hy 

^ 2m 

b^ . ^ .\ ..bh 



= m^ai'+ba^+(4-^+2mJi\x!^+—x+h 
\ 4m^ J m 



IP" Acm^ '~~ b^ 

Put , q + 2mh = c ; then we get A = — r— „ — , and thence 

_ K^^ — e) _ (^"^^g — b^)^ - 64m'e , . 

^- wrf - 6A ~ 8w2{47n2(2m*<; - 6c) + b^} ^ ^ 

Case II. If e is a square as n*, then let 

dx 
ax* + bx^+cx^+dx + n^ r= (hx^^—+nf 

Put 2^ + 2nA = c, then we get A = — ^-g — , and 

__ nb — dh ^ ^n\An\2n% - cd) + <f^} /„> 

^ - „(A2-a)~- (47i2c-d2)2-64n«a ^ ^' 
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Case III. If a is a square, m^, and e is also a square, n* ; then let 

= ni^i^ + 2//iAx8 + (K^ + 2mn)j^ + 2nhx + n*. 

And if 2inh = h : then A = - -, and x = 7^— ^ -577; — ^ — r> 
' 2;/i' 6^ ^4^,^2(2 win -c) 



./.« I , ,, , c/ , c/*+4w2(2/nii— c) 

or if 2nh = a : then h =. - — , and x = --, -,^ yr-^ 

2» 4n(nb—md) 



(3). 



Car. If a =: 0, and e is a square, as n^, then, by the second formuLi 
in Case III., we have m = 0, and x = — j-^. — , which is such a 
valae of x as will render rational the expression 

\/(bx^ + ca^ + dx + «'). 



EXAMPLES. 

1. What values of x will render rational the following expressions ? 

(1) ^(3x^ + 5x + 9). (3) V( 2x2 - 9x + 7). 

(2) V(3-c* + 8x + 5). (4) V(18x* + 33x + 13). 

(1). By Prop. I., Case IV., let x/(Bx^ + 5x + 9)= hx — 3; then 
squaring, etc., we get 

X ■=. ^2 Q' w^6re h is arbitrary. 

If A = 2, then x = 17, and ^(Zx^ + 5x + 9) = 31. 

C2). Since 3x2 + 8x + 6 =: (3^. + 5) (x + 1) ; therefore by Case V., 
Prop. I., let 

(3x + 5) (x + l)-h\x + 1)2, .-. 3x + 6 = A2(x + 1); 

.*. X := J 2 ^, where A is arbitrary. 

If A = 1| or f , then x = 1^ = 7^, and 

8 

\/(3x2 + 8x + 6) = 16. 
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(3). Since 2^* — 9a? + 7 = (2x — 7) (a — 1) ; therefore let 
(2a? - 7) (a; - 1) = A2(a; - 1)2, .-. 2a: - 7 = A2(a? - 1) ; 

A* — 7 

.•. X =: js ^, where A is arbitrary. 

ti — 2 \ 

Let A = 1, then ar = 6, and \/(2x^ — 9a? + 7) = 6. 

(4). Since 18a:2 + 33ar+13r^ (4a: + 3)2 + (2a: + 1) (x + 4); then by 
Case VI., Frop. 1, let 

(4a;+3)' + (2a: + lXa:+4)= {(4a:+3) + A (2aj + I)}* 

= (4a:+3)2+2A (4a?+3)(2x+l)+A2(2aj+l)^; 

.-. a: + 4 = 2A (4aj + 3) + A^ (2a; + 1), and hence 

A'' + 6A - 4 , , . , . 
j: r= — — — -^ -, where A is arbitrary. 

Let A = ^, then a: = 1, and x/(\Sx'' + 33a? + 13) = 8. 

Supposing we had found by trials that the yalue a; = 1, renders 
18a?* + 33a: + 13 an exact square ; then by substituting y + 1 for x, 
the expression becomes 18y* + 69y + 64, and by Case TV., Prop. 1, 
let 

18/ + 69y + 64 = (Ay - 8)^ = Ay - 16Ay + 64; 

69 + 16A , , . , . 
/. y r= -Yj — , where A is arbitrary. 

Let A = 3, then y r^ — 13, a? =—12, and V(18a?'' + 33a; + 13) = 47. 

2. To divide a given square number, 100, into two such parts, that each 
of them may be a square number. 

Let a* be the given square number, and x^ one of the parts ; then a*— a;^ is 
the other part, and since a^ — a?2 is to be a square number, let us assume 

a^ — x^ =. (rx — a)2 nz r^a?^ — 2ara? + a* ; 

whence cancelling, and dividing by a;, we get 

2ar _ 2ar2 r^ — 1 
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therefore a* ( -^ 1 and a* f -, — r- \ are the parts required, 

where a and r may be any whole numbers at pleasure.* This is 
Case IV., Prop. 1, 

If a* = 100, and r =. 2, then the parts are 

"' (mf = ^"^ ^ II = «"' "^ «' ($^J= »«" ^ ^ = '«• 

3. To divide a given number, 13, consisting of two known square num- 
bers, 9 and 4, into two other square numbers. 

Let rx — 3 = the root of the one square, and sx — 2 = the root 
of the other ; then by the question 

(ra — 3)2 + (sa:— 2)2= 13. 

Squaring and cancelling, we obtain r^x — 6r + s^x — 4s = ; hence 

6r + 4s 



X = 



r2 + s 



2» 



6r2 + 4rs „ Sr^ + 4rs — 3s2 
rx-S= -72-47^ - 3 = ^:2-3p-^2 = one root, 

6rs + 4s2 „ 2s2 + 6rs — 2r2 . 
sc — 2 r= — 5-- — 2 = 5— — « = the other root. 

If r =: 2, and s r= 1 ; then a: = Vj ^^ — 3 = V» sar — 2 = f , and 
13 = 3» + 22 zr (V)2 + (1)2. 

A variety of answers may be obtained by giving different values to 



* To this we may add the following useful property. 

If 8 and r be any two unequal numbers, of which s is the greater, it can then be 
readily shewn, from the nature of the problem, that 2r«,«2_r', and («' -f. r*)* 
will be the perpendicular, base, and hypothenuse of a right-angled triangle. 

From which expressions two square numbers may be found, whose sum or dif- 
ference shall be square numbers; for (2r«J* + («* — r*)* := («* + r*)*, and 
(s» + r')'—(2rsy - (a«— r^)', or («« + r«)9 - (»«--r«;« - (2ra)« ; where «andr 
may be any numbers whatever. 
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r and s, and if a' + h^ be put equal to the number to be divided, 
the general solution may be obtained in a similar manner.* 

4. To find two square numbers which shall have a given difference- 
Let d be the given difference, and (x + r)'*^, and a^ the required 
squares ; 

.*. {x + rY — ar* or 2 rx + r* = c?; whence 

c? - r2 ^ c? + r* 

X = —^ , and ar + r = — . 

2r 2r 

lid— 11, andr=: 1 ; then ar ~ 5, and a: + r= 6; or 6*"*— 5^— 11 ; 

if rf = 60 = 30 X 2, and r = 2, then a: = 14, and a: + r = 16, 
or 16* — 142 = 60. 

5. To find two numbers such, that their sum and difference shall be 
both square numbers. 

Let a;* + 1 and 2aj denote the two numbers ; then 

a?^ + 1 + 2a; = aj2 + 2a? + 1 = (a? + l)^ a square. 

a:^ + 1 — 2a; r= ar^ — 2a; + 1 = (a: — 1)', a square. 

If a; = 2, then a;^ + 1 = 5, 2a; = 4, and 5 ± 4 = 9 or 1, 

x—Z, then ar^ + 1 = 10, 2a? = 6, and 10 ± 6 = 16 or 4, 

a; r= 4, then a?^ + 1 = 17, 2a; =: 8, and 17 ± 8 = 25 or 9. 



* This problem is considered by Diophantus as avery important one, being 
made the foundation of many of his other problems. It may be observed, that 
in the solution of it, given above, the values of rand s may betaken at plea- 
sure, provided the ratio of them be not the same as that of 8 (a) to 2 (6) ; the 
reason of which restriction is, that if r and s were so taken, the sides of the squares 
sought would come out the same as the sides of the known squares which 
compose the given number, and therefore the operation would be useless. 

The excellent John Keusey, after amplifying and illustrating this problem 
in a variety of ways, concludes his chapt<»r thus : — " For a demonstration of the 
reverse of this rare speculation, see Anderson ns. Theorem 2, of Vieta's myste- 
rious Doctrine of Angular Sections ; and likewise H^bigonius, at the latter end 
of the first tome of his Curaus Mathematieus.** 
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6. To find two numbers such that if each be added to the square of the 
other, the sums shall be square numbers. 

Let or, and 2d; + 1 be the two numbers ; then 

a^ + 2« + 1 = (a; + 1/ = a square number, 

and (2x + 1)' + aj = 4x^ + 5a; + 1, must be a square number. 

This may be made a square either by Case III. or Case FV. of 
Prop. I., by substitution ; but it will be more advantageous to 
go through the process, as follows : 

Let 4a!2 + 6a? + 1 = (2a? — A)2 = 4c* - 4A» + A* ; hence 
(4A + 5) a? zr 7*2 _ 1, orar = ^^; 

and 2a? + 1 = 2(A!zi) + 1 ^ 2AM^iA±i. 

If A = 4, then a? = ^ = ♦, 2a? + 1 = V ; and 

(^)2 + V = Ift + V = W = (V)*, 
(V7+ f :=W+f =W= (V7. 

7. To find three numbers such, that not only the sum of all three of 
them, but also the sum of every two, shall be a square number. 

Let 4x, 0^— 4a?, and 2a; + 1 be the three numbers ; then since 

4a? + {o^ — 4a?) = a;*, 
(a;2-.4aT) + (2a; + 1) = ar^ — 2ar + 1 = (a?— 1)», 
4a; + (ar»— 4a;) + (2a? + 1) = a^* + 2a? + 1 =: (a?+l)2, 
we have only to make 4a? + (2a; + l)=-6a?+l,a square. 

Let 6a? + 1 = a^^ t^en a? = ^(a^— 1), and the three numbers are 

J(«'-l); i^5(a'-l)'-e(o'-l), and ^(0^+ 2). 
If a = 7, then the numbers are 32, 32, 17 ; 
if o = 11, then the numbers are 80, 320, 41. 
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8. To find three square numbers, such that the sum of every two of 
them shall be a square number. 

Let a^, y*, z^ be the square numbers required ; then a^ + y*, ar* + z*, 

and y^ + 2', are to be squares, or -^ + -^i — 2 + 1 ai^d — + 1 are 
to be squares. 

Let - = ^ ^\, , and - = ^—r — : then we have 

z &p z 2p 

a? ^ . 81;>* + 18/>2 + 1 , y' , y + 2p2+ 1 
1^+^= 36i^ ,and-, + lz= ^,_, 

which are both squares, and it only remains to make 

«' yg_ 81jp*-18j ?'+l j p*— 2/?Hl _ 90/)*— 36;?H10 

2^ ■*" z« - 3p "*" V ~ 36j«* ' * ^*^"*'*®* 

Hence 90/)* — 36p^ + 10 must be a square, which it is when 

p = 1 ; let then p =z q -{• 1, and 90p* — 36^* + 10 becomes 

9O7* + 360g® + 504g' + 2885' + 64, which must be a square. Let its 
root be denoted by tq^ + ISg' + 8, then we have 

90^ + 360^'' + .504^2 ^ 288g + 64=(^g2 + 189 + 8)* 

=<V+36^93+(324 + 16«V+2885'+64; 

and if we make 324 +16^= 504, the preceding equation reduces to 

180 45 
9O5 + 360 = t^q + 36f ; hence we have t = — = — , and 

360-36^ 16 , 1 3 

^ = -^-90-= -13' .•.;> = ^ + i--i^, 

X 9p2-l 44 ,y jd2-1 80 240 
^^''''^ -z = — ^— = ri7' *"^ i = -^r = 39 = m* 

If 2r = 117, then a? =: 44 and y = 240, and the required squares are 
44«, 2402, 1172 or 1936, 57600 and 13689. 
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EXAHrLES FOR rRACTICB. 

1 . It is required to find a number x such, that x + 1 and x — 1 shall 
bo botli square numbers.* Ans. a? — f . 

2. It is required to find a number x such, that x + 128 and a* + 192 
shall hp. both squares. Ans. x = 97. 

3. It is required to find a number such, that x^ + x and x^ — x shall 
bi> both squares. Ans. 2|. 

4. It is required to find two numbers such, that if each of them be 
added to their product, the sums shall be both squares. Ans. f and $. 

5. It is required to find three square numbers in arithmetical progres- 
sion. Ans. 1, 25, and 49 

6. To find three whole numbers in arithmetical progression such, that 
the sum of every two of them shall be a square number. 

Ans. 482, 3362, and 6242. 

7. To find three numbers such, that if to the square of each the sum 
of the other two be added, the three sums shall be all squares. 

Ans. 1, f , and y. 

8. To find two numbers in proportion as 8 is to 15, and such that the 
sum of their squares shall be a square number. 

Ans. Any two numbers having the ratio of 8 to 16. 

9. To find two numbers such, that if the square of each be added to 
their product, the sums shall be both squares. Ans. 9 and 16. 

10. To find two whole numbers such, that the sum or difference of 
their squares, when diminished by unity, shall be a square. 

Ans. 8 and 9. 

11. It is required to resolve 4225, which is the square of 65, into as 
many other integral squares as the question admits of. 

Ans. 162 + 632, 552 ^ 332^ qq2 ^ 252, and 52* + 39«. 



* The answers to n:any of the questions here given cannot be found in 
whole numlKTS. 
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12. To find three numbers in geometrical proportion, such that each 
of them, when increased by a given number (19), shall be square num- 
bers. Ans. 6, 30, and 150. 

13. To find two numbers such, that if their product be added to the 
sum of their squares, the result shall be a square number. 

Ans. 5 and 3, 8 and 7, 16 and 5, &c. 

14. To find three whole numbers such, that if to the square of each 
the product of the other two be added, the three sums shall be all squares. 

Ans. 9, 73, and 328. 

15. It is required to find three square numbers such, that their sum, 
when added to each of their three roots, shall be all square numbers. 

Ans. i*flVA» iflloj and if |U = roots required. 

16. To find three numbers in geometrical progression such, that if 
the mean be added to each of the extremes, the sums, in both cases, 
shall be squares. 

Ans. 5, 20, and 80. 

17. To find two numbers such, that not only each of them, but also 
their sum and their difference when increased by unity, shall be all 
square numbers. Ans. 1368 and 840. 

18. To find three numbers such, that whether their sum be added to, 
or subtracted from, the square of each of them, the numbers thence 
arising shall be all squares. Ans. VVj W> and Vb*« 

19. It is required to find three square numbers such, that the sum of 
their squares shall also be a square number. Ans. 9, 16, and W* 

20. It is required to find three square numbers such, that the differ- 
ence of every two of them shall be a square number. 

Ans. 485809, 34225, and 23409. 

21. It is required to divide any given cube number (8) into three 
other cube numbers. Ans. 1, |f, and VV» 

22. To find three square numbers such, that the difference between 
every two of them and the third shall be a square number. 

Ans. 1492, 2412, and 269*. 

23. To find three cube numbers such, that if from each of them a given 
number (1) be subtracted, the sum of the remainders shall be a square 
number. Ans. fyjl, V^s"* and 8. 
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EXPONENTIAL EQUATIONS. 



An exponmtiai quantity is one which has an unknown quantity in 
its index, as 

a*, a , r*, ar, (axy^ etc, ' 

An exponential equation is one which contains any of these expo- 
nential quantites in one or more of its terms, as 

Of* = 6, z* = a, ar = a, x^—x — (2x)', etc. 

The logarithms of the memhers of the first of these equations giye 
X log a = log h ; 

.•.x=j^ (1) 

log a ^ ' 

The second equation, in like manner, becomes 

a; log X = log a . . . . (2), 

and the value of x may be obtained by the aid of a table of logarithms, 
and the rule for approximating to the roots of equations by doubk 
position, p. 136. 

Taking the logarithms of both members of (2), we get 
log X + log (log x) = log (log a), and if log x = «, and log (log a) = n; 
then 

z + log « = n . . . . (3) ; 

whence the value of z may be obtained by means of a table of loga^ 
rithms, in the following manner : — 

Find that number which added to its logarithm gives a sum as 
nearly equal tO the number n as can be found, and this number will 
be the value of z or log x ; then the number corresponding to the 
logarithm thus obtained will be the value of x. 
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EXAMPLES. 

1. Given af = 100, to find the value of a;. 

Here we have the logarithmic equation 

X log a: = log 100 = 2, 

and since 3*5 X log 3*5 = 3*5 X '5440680 = 1*904238, 
3-6 X log 3-6 = 3-6 x -5563025 = 2-002689 ; 

hence the value of a; is greater than 3*5, but less than 3*6 ; therefore by 
the rule, p. 136, we have 

2-002689 3-6 2*002689 

1-904238 3*5 2* 



•098461 : '1 : : '002689 : '00273 ; 

hence ar = 3*6 — -00273 — 3*59727, nearly. 

Again, since 3*59727 x log 3*59727 ^ 1*9999854 
3*59728 X log 3-59728 = 1*9999952, 

1.9999952 3-59728 2 

1-9999854 3-59727 1-9999952 



-0000098 : *00001 :: *0000048 : -00000485; 
hence x = 3*59728 + -00000485 = 3-5972845, very nearly. 

2. Find the value of a: in the equation ah" = c. 

Ans. X = ISq^gf . 
log 6 

8. Find the value of ar in the equation a^ = c. 

Ans. X =■ , I , where d = -. . 

log b log a 

4. Given a*. 19 =. c.j and a: : y : : to : n, to find x and y, 

^jjg ,p__ TOJogc nlogc 

m log a + w log 6' ^ to log a + w log h* 



6. Given 2** . 32*-« = 4«-i . 5^*, to find the value of x, 

Ans. X = 11*26242, 
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m 

6. Given [a^ -h^f'~^^ = {a-bf, to find the value of a:. 

Ans. X = 1 + .^^ )?'".; 
log (a +6) 

7. Given 2-'3i' = 2000 and Sy = 5x. to find x and y. 

Ana ^- 3(3 + lo g 2) 5(3+log2) 

Ans. ^-3iog2 + 51og3'^~31og2 +51og3* 

8. Given 3^ + 3* = 6, and 4^*1' — 2 x 4*y = 8, to find j; and y. 

^"'•''- log 3'^ -log 2* 

9 Given* r* = 2000, to find an approximate value of x. 

Am. X = 4-82782263. 

10. Given (Gx)* = 96, to find an approximate value of x. 

Ans. X = 1-8826432. 

11. Given x* = 123456789, to find an approximate value of x. 

Ans. 8-6400268. 

12. Given x*— x = (2x— x*)*, to find an approximate value of x. 

Ans. x=« 1-747933. 



INEQUATIONS. 

When two expressions are connected by the sign of inequality, 
they are treated in a manner similar to equations and on analogous 
principles. 

If the signs of all the terms be changed, the sign of inequality 
connecting them must also be changed. 

Inequations of the first degree. 

1. If the inequality be /) >• </ — r, by equal additions jj+r^gr—r+r, 
or finally /) + r >• 5'. 

2. If the inequality be x •< y + 2, then by equal subtractions 
X ~ y ^y + 2 - y, or X - y •< 2. 
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3. Whatever be the values of/? and q^ p^ + q^>- 2pq, 

For whether p or q be the greater (p — qj^ must necessarily be positive, 
because its square, or />* — 2pq + g*, or p^ ■{• q^ — 2pq is positive ; 
•whence it follows that p^ -{- q' ^ 2pq, 

This mode of reasoning may be usefully employed in numeroiis other 
cases. 

4. Let it be proved that p^ + <f'>-p^q + pq^. 

By (3) /)'+?'> 2pq /. p^ + pq' > 2p% wadp^q + f> 2p^ ; 
whence jd® + g' + p'q + pq'^ >• 2p^q + 2pq^^ or by equal subtractions, 
|)' + 2* > p'^q + pq^' 

5. Of the two expressions p^ + 1 and p^ + />, which is the greater, 
whatever the value of jo may be, provided it is > 1 ? 

If jo' + 1 >-p(p + l)i then jo^+l >;>' + jt>, whence ^^ ^^^ ^ 1 ^^^^ 
by dividing each term by p + 1, or since p^ + 1 > 2jo by (3), then 
/)» + 1 >jp2 + p. 



Inequations of the second degree. 

Any inequation of the second degree involving one variable may be 
reduced to 

x^ -{-px + q^O (1) 

x^+px+ q<::0 (2) 

By Prop. III. theory of equations, page 201 : — 

1. a^ + px •{■ q = (x — a^)(x — a,,), whence (1) is satisfied by all 
values of x >• than the greatest of a^ and a,, or <: than the least. 

2. In like manner (2) is satisfied by all values of x between a^ and a,. 

3. When x^ + px + q-=. (a:— a^)', then (1) is satisfied by all values 
of a: except when a; = a^. 

4. In this case (2) is impossible. 

6. When 3^ -{■ px '\- q •=. (x -^ a^ + a,^, then (1) is satisfied by all 
values of x. 

6. In this case also (2) is impossible. 
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SCALES OF NOTATION. 

Notation is the method of expressing numbers by means of a series 
of powers of a given number, called the radix or 6a«e of the scaU in 
which the numbers are expressed. 

In the common system of numeration the radix is 10, and when 
the radix is 2, 3, 4, 6, 6, 7, 8, 9, 10, 11, 12, etc; the corresponding 
scale is named the binary^ ternary^ quaternary^ quinary^ senary^ s«p- 
tenary^ octenary^ nonary^ denary or decimal scale, undenary^ duodenary 
or duodecimal scale, and so on. 

Prop. 1, If r he any integer number^ and a, &, c, cf, ete., integers each 
less than r ; tlien any number whatever may be expressed in the form 

'Rz=.a-\'br'\-ci^-\-di^-\- +^>*~i + ht^ , 

For divide n by the highest power of r contained in it, as r", and let 
Ic be the quotient and n^ the remainder ; then n = Ici^ + n^. Again 
divide n^ by the highest power of r contained in it, as r*^i, and let 
the quotient and remainder be h and Nj ; then n^ = Ar"— i + n,, and 
N = ^•* + Ar*— * + Nj. Continue this operation till the remainder 
becomes less than r, we shall finally arrive at the form enunciated, 
in which a, 6, c, eic, are severally less than r, because the highest 
possible power of r has been taken in each divisor. 

Thus, if r = 6 and n = 279, then h^ — 125 is contained twice in 
279 with a remainder 29. Again 5' = 25 is contained (ynce in 29, 
and the remainder is 4 ; therefore 

a79 = 4 + l-5« + 2-58. 

Prop. II. To express a number in any given scale. 

Let r be the radix of the scale, and n the given number ; then will 
' K = a + 6r + cr' + (fy-^ + . . . . 

Now if W9 iivide n by r, the remainder will give a ; and the 
quotient divided by r will give 6, and so on till all the digits are 
obtained. 

Note. — In performing these divisions, it is sometimes useful to 
increase the quotient by unity, in order that the product of r and 
the increased quotient may differ as little from n as possible. In 
cases of this kind the remainder is to be accounted negative. See 
Prop. IV. infra. 
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EXAMPLES. 



1. Express 5271 in the octenary, and 10000 in the nonary scale. 
8 ) 5271 9 ) 10000 



8)658... 7 9)1111...! 



8) 82 ...2 9) 123 ...4 

8)10... 2 9)J3... 6 

J...*^ J... .4 

.\ (5271),o = (12227)8, ^^^ (lOOOO),^ = (14641),. 

2. Transform 12227 from the octenary to the ternary scale. 

Here we may first transform the number 12227 from the octenary to 
the denary or common scale by reversing the process in the preceding 
Proposition, or by performing the operations implied in the expression 
for the number. 

Thus, 7 + 2. 8 + 2. 82 + 2. 8' + 8*= 5271. 

The simplest mode, however, is the reversion of the preceding opera- 
tion, thus : 

12227 Then 3 ) 5271 

8 



3 ) 1757 ... 



10 
8 

82 



3)585 ...2 



3)195...0 



658 
8 

5271 



8 3)65...0 

3)21 ...2 



3)7...0 
2...1 



Hence (12227), = (5271)^0 = (21020020),. 
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3. In what scale of notation does 738 express 1848 ? 
Let r = the radix of the scale required ; then we have 
7r«4. 3r + 8 = 1848, or 7r" + 3r = 1840, 
a quadratic, which resolved gives r = 16 the radix required. 

Prop. III. Every number whatever is composed of the sum of certain 
terms of the geometrical series^ 1, 2, 2*, 2', 2*, etc. 

For in the binary scale of notation we have 

if = a + 6.2 + c.2« + (f.2'* + e.2* + etc, 

where n is any number ; and a, &, c, etc. are each less than 2, and 
must therefore be either 1 or ; hence no term of the progression is 
taken more than once, and the truth of the proposition is manifest. 

Example. Express 39 hj means of the powers of 2. 
The number 39 expressed in the binary scale is 100111 ; hence 
20 + 2* + 2* 4- 2* = 1 + 2 + 4 + 32 = 39. 

Prop. IV. Every number whatever is composed of the sum, or of the sum 
and difference of certain terms of the geometrical series 1, 3, 3', 3', 3*, 
etc. 

For in the ternary scale of notation, we have 

TSTz a + 6.3 + c.32 + fl?.33+ etc., 

where n is any number, and a, 6, c, c?, etc., are each less than 2 (see 
Note, Prop. II), and must therefore be either + 1, — 1, or ; hence 
no term of the progression is taken more than once, whether it be 
positive or negative, and therefore the truth of the proposition is 
manifest. 

Example. A person is desirous of weighing 206 lbs. by means of the 
series of weights, 1 lb., 3 lbs., 9 lbs., 27 lbs., etc. ; how is it to be done? 

The simplest method of doing this is to express 206 in the ternary 
scale by means of negative remainders when necessary. Thus 
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3)206 



3)69... -1 
3 ) 23 ... 



3)8... -1 
3)3... —1 

1 ... 

Hence 206 = -1 -Z^ -38 + 3" = 3»- (3' + 3' + 1), and there- 
fore to weigh 206 lbs. we must place 3^ or 243 lbs. in one scale, and 
3® + 3' + 1 or 37 lbs. in the other scale with the substance weighed.* 

EXAMPLES FOB PBACTICE. 

{t denotes 10 and e 11 in these examples,) 

1. Express 400 in the scales of 3, 4, 5, 6, and 12. 

Ans. (400),o = ( 1.1221 1)3 = (12100)^ = (3100). = (1504), = (294),,. 

2. Transform 2t7e5 from the duodenary to the denary scale. 

Ans. 59897. 

3. The number 215, expressed in a different scale becomes 425 ; find 
the radix of the scale ? Ans. 7. 

4. In what scale of notation does 400 become 484 ? 

Ans. In the nonary. 

5. Which of the weights, 1, 2, 2^, 2^, etc. pounds must be selected to 
weigh 97 lbs ? Ans. 2« + 2« + 1. 

6. What terms of the series 1, 3, 3^, 3', etc. pounds must be employed 
to weigh 1319 lbs ? Ans. 3' + 3* + 38 — (3« + 3^ + 3 + 1). 

7. If 4954 expressed in a different scale becomes 20305 ; what is the 
radix of the scale ? Ans. 7. 



* The method of solution here employed, which is new as fiir as we are 
aware, is simpler and more direct than that usually given. See Barlow's 
Theory of Numbers, or Hind's Algebra. 
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PERMUTATIONS AND COMBINATIONS. 



The permutations of any number of quantities are the different ar- 
rangements which can be made with them, when taken two together, 
three together, cfc., or all together. 

The combinations of any number of quantities are the different sets 
or groups that can be made of them, when taken two together, tkre^ 
together, etc., without regard to the order in which they are arranged. 

Thus the permutations of the three quantities a, 6, c, when taken 
three together, are a6c, achy ha£, bca, cahy cha ; and the combinations 
of the four quantities a, b, c, c?, when taken three together are abc^ 
abdf acd, and bed. 

Pbop. I. The number of permutations of n different quantities^ taken r 
together, is n(n—l)(n — 2) .... (n—r + 1). 

Let the n different quantities be a, 6, c, cf, etc., and let them be 
taken two together ; then a placed first will obviously give n— 1 per- 
mutations ; b placed first will give also n—1 permutations, and so on, 
throughout the n different quantities ; therefore the total number of 
permutations is n(n— 1), when taken two together. 

Let the n different quantities be taken three together ; then the 
number of permutations of the n—1 different quantities, 6, c, d, c, 
etc., is (w— 1) (71 — 2) by the preceding case, when taken two together; 
hence there are (n—l) (n—2) permutations of cf, 6, c, rf, c, ete., taken 
three together in which a stands first ; (n — l) (n—2) when b stands 
first, and so on throughout the n quantities ; therefore the total 
number of permutations of the n different quantities, taken three to- 
gether, is n(n — 1) (n—2). 

In the same manner, the number of permutations of n quantities 
taken four together is n(n— l)(n — 2)(n— 3), and generally when 
taken r together, the number is n(n — l)(n— 2) .... {»— (r— 1)}. 

i f the quantities are taken all together, then r=zn, and the num- 
ber of permutations is n(n- l)(n— 2) ....3.2.1orl.2.3.4....ii. 
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Prop. II. The number of permutations of n quantities taken all together^ 
of which p quantities are alike, q other quantities are alike, r other 
quantities are alike, and so on, is 

1.2.3.4 n 

(1.2.3 /)) (1 . 2 . 3 5^) (1 . 2 . 3 r)etc. 

For if the p quantities were unlike, they would form 1.2.3. ,„p 
pennutations, instead of only one when they are alike ; therefore the 

whole number of permutations must be diminished 1.2.3 p 

times when p quantities are alike. For a similar reason, the whole 

number of permutations must be diminished 1.2.3 q 

times when q other quantities are alike, and so on ; hence since 

1.2.3 n is the whole number of permutations when all the 

quantities are different, the truth of the proposition is manifest. 

Prop. III. The number of combinations ofn different quantities, taken r 
together, is 

n(n - l)(n- 2) {n~ (r ~ 1)} 

For since each combination of r quantities will form 1.2.3 r 

permutations ; therefore if c^ denote the whole number of combina- 
tions of n quantities taken r together, we shall have (Prop. I.) 

1.2.3 r X c^ = 7i(n - l)(n— 2) {n - (r— 1)}; 

_ <»- l)(n-. 2) {n - (r - 1)} 



.*. 0^ = 



1.2.3.4 r 



Cor. The sum of all the combinations that can be made of n quan- 
tities, taken one, two, three n together, is 

. n(n—l) <w— l)(n--2) 
= (1 + 1). _ 1 = 2» -. 1. 
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EXAMPLES. 



1. Find the nximber of pennutations of the letters in ihe term Algebm. 
Here the letter a occurs tyrice, and n = 7 ; hence (Prop. II.) we 
have 

— — '- — '- — ^— ' — '— ss. 2520 = nmnher of permntations. 

2. In how many different ways can six persons seat themselyes at table? 

Ans. 720. 

3. How many changes may be rung with 5 bells oat of 8, and how many 
with the whole peal ? Ans. 6720 and 40320. 

4. The number of permutations of n quantities, three together, is to the 
number of permutations, five together, as 1 to 42 ; find n. 

Ans. n = 10. 

5. How many different sums of money can be formed with a penny, a 
sixpence, a shilling, a crown, and a sovereign ? Ans. 31. 

6. The number of combinations of n quantities, four together, is to 
the number, two together, as 15 to 2 ; find n the number of quantities. 

Ans. n = 12. 

7. On how many nights may a different guard be posted of 4 men out 
of a company of 36, and on how many of these will any particular soldier 
be on guard ? Ans. 58905 and 6545. 

8. Prove that the number of combinations of n quantities, taken r to- 
gether, is equal to the number taken n — r together. 



CONTINUED FRACTIONS. 

A continued fraction is a complex fraction, composed of a fraction 
whose denominator is an integer with a fraction, whose denominator 
is also an integer together with a fraction, and so on. Thus the 
form of a continued fraction is 
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1 .^111 

o + - 1 ^ orwrittenthns: o + - , - . - . 

»* + - , 

s + , 



and/>, /> + -,jo + - -ijo + - ~i~i ^^^m ''^^en reduced to their 

simplest forms, are termed converging fractions. The reduced forms 
of these successive convergents are easily obtained by the following 
process : — 

JjQtp or Y be denoted by t, then we shall evidently have 

1 h 1 hq + k h. 

Now, if we write q ■{ — for 9 in the last convergent, thein we get 

r 

k.r + k A« 
Writing r + - for r in the last convergent, gives 

S 

111 *'(^j)+* V + A. h, 

p ^. _ _ _ :rr i =: -= 1 != ^ 

q +r +S 



i,(, + l) + i *.» + *. *.' 



and so on ; hence any convergent may be derived very simply from 
the two preceding convergents by the following 

RuU, — Multiply the terms of the nth convergent by the (n + l)th 
term of the series p, ^, r, s, t^ etc,^ and add to the respective pro- 
ducts the terms of the (n — l)th convergent. 

Hiese convergents are alternately less and greater than the quan- 

l2 
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tity from which the continuod fraction is deduced. Thas the first 
convergent,/) or^, is evidently less than the true value ; the second 

convergent is too large, for q is too small, and therefore -is too great. 

In like manner, the third convergent is shewn to be too small, and so 
on. Hence also these convergents are successive approximations to 
the value of the original fraction, or quantity, increasing in accuracy 
as they increase in number. 

Since, by the preceding rule, we have 

K = ^3^ + ^«» ••• ^ = (K— K) -5- K 

Equating these two values of f, and transposing, we get 

K K — ^4 ^a = —(^8 K - K K)- 

Similarly, hjc^-^lcji^ =— (hjc^—kji^)-^ hjc^—kjt,^ —-^(hjc—kji) ; 
h^h — hji = (hq + 1) — A^^ = 1, since A; = 1 ; 
.*. hjc^ — kjiy^ = — 1, ^3^:5, ~ kji^ — + 1, and generally 

K K-i — ^„^i = ± 1» 
according as n is odd or even. 

This remarkable property of two consecutive convergents furnishes 
an elegant mode of solution of an indeterminate equation. See 
Example 2, infra, 

EXAMPLES. 

1. Express V^ ^ & continued fraction, and find the convergent 
fractions. 

2xr VIS 

f = 1 + ^ ; hence, by successive substitution, we get 
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This process is precisely similar to that of finding the greatest common 
measure of the terms of a fraction, and the quotients 5, 15, 1, 6, 1, 2^ 
are readily obtained by that operation. To find the successive conver- 
gents, write down the quotients in a horizontal line, and proceed by the 
rule before deduced, thus : 

5, 15, 1, 6, 1, 2, quotients, 

T, h h ih ih ifli ^ff, VW, converging fractions ; 

where i and i, the symbols of nought and infinity are to be rejected, 
having been introduced for the purpose of shewing that the rule for the 
formation of the convergents applies to all the convergents. 

2. Given 19ar — Illy = 11, to find integer values of x and y. 

By the process of finding the greatest common measure of 19 and 
117, we have the following quotients, and thence the convergents : 

19)117(6 
114 



3)19(6 

18 6 6 3, 

1)3(3 i, i, f, V, W. 

3 



Hence taking the last convergent V ^^^ the fraction V/i we have 

19.37- 117.6= 1, or 19(37.11) — 117(6.11)= 11; 

therefore x = 37.11 = 407 and y = 6.11 = 66, or more generally 

X = 117m + 407 and i/ = 19m + 66, where m is arbitrary. 

If m =: — 3, then a: = 56 and y •= 9, which are the least values 
of X and y that satisfy the equation 19^ — 117^ = 11. 

3. Reduce V7 to a continued fraction. 

HereV7 = 2 + V7-2 = 2+(^^--;)^y! + ^>. 



3 



V7 + 2 
1 



= '^+V7+2 = 2+i^- 
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. . */7 + 2 , , VT— 1 . 2 . „ . 



^--n--=-vfeT=-^ii- 



V7 + 1 _ , ^ v/7-2 ._,_,! * 



We have now obtained the same expression as we commenced with, 
and we maj therefore discontinue the operation, the denominators 1,1,1,4 
recurring in the same order as before ; hence hj successive substitutioiu 
we get , 

V7 = 2 + i + i + i + i + i + i+i + i4. 

The fractions converging to V7 are obtained in the usual way, thus : 

2 1 1 1 4, 1 1 1 4, 
^ *, h f, h h U. ih II, W, Uh etc., 

each expressing the square root of 7 nearer than any preceding one, and 
these convergents may be continued at pleasure. 

EXAMPLES FOR PEACTICE. 

1. Find the series effractions converging to the fraction ^ or •^. 

Ans. 4, 5, V, V, or i, i, ^, j/^^. 

2. Express 3*1415926535 in a continued fraction, and find the con- 
vergents. Ans. h V, iUi lih y^Wf, W.W, WsW- 

3. Express y'JS in a continued fraction, and find the convergents. 

Ans. i, f, h V, V, W, W, W, etc. 



4. Find the fractions converging to the ratio of 365 days 5 hours 
48 min. 49 sec. to 29 days 12 hours 44 min. 3 sec. 

A a i-^ ** '-l ®^ ®® 1349 14*8 . 

A.ns. 1 » "a > 3 » 8 > 8 ' ■ 1 9 » 11 r » etc. 
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PROBABILITIES. 

The prohahility of an event is the ratio of the number of chances 
for its happening to the number of chances both for its happening 
and failing. Thus if an event happen in a ways, and fail in h ways, 
all being equally probable, the probability of its happening is 

a the number of favourable events 



a + 6 the whole number of events ' 

and the probability of its f^Uing is 

h the number of unfavourable events 



a + 6 the whole number of events 

In the theory of probabilities, certainty is denoted by unity, and 
the infinite variety of fractions between 1 and 0, will aptly represent 
all probabilities whatever. Thus the ratio 1 to 2 or J signifies that 
an event is as likely to happen as to fail ; f that it is more likely to 
happen than not, and \ that it is less likely to happen than to fail. 

Phop. I. The probability that two independent* events will both happen, 
is equal to the product of the probabilities of the happening of those 
events considered separately. 

Let a denote the chances of the happening of an event, and b the 
whole of the chances for its happening and failing ; a' the chances 
of the happening of another independent event, and b' the chances 
both for its happening and failing ; then the separate probabilities 

of the happening of these events are t aud ^, and those for their 
failing are 1 — r and 1 — tt- or — -. — and — -r, — • Now each of the 



b events in the first case may be combined with each of the b' events 
in the second, and thus form bb' combinations (p. 247) ; and each of the 
a favourable events in the first case may be combined with each of 
the a' favourable events in the second, and thus we have ac^ favour- 



* Events are said to be independent when the happening of an^ one of them 
neither increases nor diminishes the probabilities of the happening of the other 
events. 
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able events ; therefore the probability that both events will happen 

is expressed by r x 77- or -,.-,. In like manner the probability that 

. h — a h'^a' r6 — a) (fc'—a') 
both events will not happen is — t — x — -n — or ^ r^ -' 

Or we might reason thus : — Were it certain that the first event 
woold happen, then -7 = 1, and the probability of the happening of 

the second event would be = -^7 ; but if a is less than h ; then the 



probability of the happening of the second event must be diminished 

in the ratio of 1 to t- ; hence 1 : 7- : : 77- : 7^7-, as before. 

b 00 

Cor, 1. The probability that any number of independent events 
will all happen or will all fail is equal to the product of all the sepa- 
rate probabilities either for happening or failing. 

Cor, 2. The probability that both do not happen, though one may, is 
1 — yjt- or — j-r, ; the probability that the first will happen 

and the second fail is , ,, ^ ; the probability that the second will 

happen and the first fail is — Wtt — - ; and the probability that one 

will happen and the other fail, without specifying which event, is 
the sum of the probabilities that the first will happen and the second 
fail, and that the second will happen and the first fail, or 

ajh'-^ a') a'{h - a) _ ah' + alh - lad _ « , «^ 2ao' 
hh' "*" hV ~ W ~h^h' W 

Cor, 3. If a always denote the probability of the happening of an 
event, and 6 the probability of its happening and failing; then 

{Cov. 1) the fraction \t\ expresses the probability of its happening 

n times successively, and f — T—) *^6 probability of its failing n 
times successively. 

Prop. II. To determine the probability that an event will happen a 
given number of times exactly ^ in a given number of trials. 

Let a to 6 be the ratio of the chance of an event's happening to that 
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of its failing ; then if n denote the number of trials, and r the num- 
ber of times the event is to take place, the probability of the event's 
happening r times successively and failing the remaining n—r times 
will be {Frcyp. I. Cor, 3) 

But as there is the same probability of its happening any other r as- 
signed trials, and failing in the rest, it is evident that this probabi- 
lity ought to be repeated as often as n quantities can be combined, r 
together, which ( Combinations^ p. 247) is 

_ n(n - 1) (n - 2) {n - (r - 1)} 

therefore the probability of an event's happening exactly r times in 
n trials is 



n(n - 1) (n >- 2) (n - r + 1) a^b* 

1.2.3 r • (a + by 

Cor, 1. In a similar manner the probability of the event's failing 
exactly r times in n trials, may be shewn to be 

n(n - 1) (w — 2) (n - r + 1) a^^ b'' 

1.2.3 r ' (o+6)"' 

Cor. 2. The probability of the event's happening at hast r times 
in n trials is 

-, . w(n-l) -,„ . n(n-l) (T-\-l)orh'^ 

1^2 1.2.3 [n—r) 

(a -h by 

For if it happen every time, or fail only once, twice, (n — r) 

times, then it happens at least r times ; therefore the probability of 
its happening at hast r times in n trials is the sum of the probabili- 
ties of its happening every time, of failing only once, twice, 

(n — r) times ; that is, the probability required is equal to 

a» na^~^h 7i(n— 1), o»~^6^ 
(a+6>» ■*■ (a + by ■*" 1.2 '(0+6/ 



«(w - 1) (r 4- I) orb* 

1.2.3 (n-r) {a+by 
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EXAKPLES. 

1. If 5 white and 4 black balls be thrown promiscnouslj into a bag, 
what is the probability that the first ball drawn oat will be white and 
the second black ? and what is the probabiUtj of drawing first a white 
ballf and then two black ones ? 

The probability of drawing a white ball first is evidently f ; then the 
probability of drawing a black ball is ^ or ^^ because there are 8 baDs 
left, of which four are white and four black ; hence {Prop, I.) the pro- 
bability required is f x ^ = -^g. Again, if these two baUs are remoyed, 
there are left 4 white and 3 black balls, and the probability of drawing 
another black ball is ^ ; hence the probability of drawing first a white 
ball and then two black ones is -jV x f = jV* 

2. In how many trials may a person undertake, for an even bet, to 
throw an ace with a single die ? 

Let X be the number of trials, then the probability of failing the first 
time is 4* the probability of failing the second time is also ^, and so on ; 
hence the probability of failing x times together is {Prop, I. Cor. 3) 
(I)', which by the question must be equal to ^, the probability of its 
happening; therefore 

{if = i, or x(log 5 - log 6)= log 1 - log 2 = - log 2 ; 

log 2 -3010300 ^^ „^^ „« . , 

••• ^ = log6-log5 = ^079l8l3" = ^^'^^^ "^ ^^ ^^"^' '^^"^y- 

3. If 6 white and 12 black balls are thrown into a bag, what is the 
probability of drawing a white ball? and what is the probability of 
drawing two black balls at once ? Ans. ^ and |f . 

4. Among 32 counters, 12 are red and 20 white, what is the probabi- 
lity of drawing 6 red ones at once ; and also the probability of drawing 
7 white ones? Ans. ^-i^^ and ^WA* 

5. A purse contains 12 pieces of money, of which 4 are sovereigns ; 
what is the probability that in drawing 7 pieces, three (and no more) 
of them will be sovereigns ? Ans. f ^. 

6. In the last example, what is the probability of drawing at least 
three sovereigns among the seven pieces ? Ajqs. ^. 
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ON SERIES. 

THE DIFFEBENTIAL METHOD. 

The differential method is the method of findiDg the snccessive dif- 
ferences of the terms of a series, and thence any term of the series, 
as well as the sum of the whole series. 

If the first term of a series be taken from the second, the second 
from the third, and so on, the remainders will form a new series, 
called the ^rs^ order of differences. If the terms of this new series he 
treated as those of the former, the remainders will form a third series, 
called the second order of differences^ and so on. Thus if 

1, 4, 9, 16, 25, 36, etc. he the given series, 

3, 5, 7, 9, 11, etc. is the 1st order of differences, 
2, 2, 2, 2, etc. 2d 

0, 0, 0, 3d 

Examples. Find the several orders of differences of the following series : 

(1) IS, 2^ 3', 48, 58, 6% 7», cfc. 

(2) 1, 3, 6, 10, 15, 21, 28, etc. 

(3) 1, 6, 20, 60, 105, 196, etc. 

(4) i, i, i, tV, sV) i*ar» efc. 

o 

PROBLEM I. 

To find the first term of the nth order of differences. 

Let a, &, c, d^ e, etc. he the series; and d^, d^^ d^, dn the first 

terms of the several orders of differences ; then the orders of differences 

are 

1st order, b — a^ c — 6, d — c, e — c?, 

2d order, c — 26 + a, d — 2c + b, e - 2d + c, 

3d order, d - 3c + 36 — a, e — 3rf + 3c — &, 

4th order, e — 4c? + 6c — 46 + a, 



• •• 



• •• 
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whence, hy reversing the first terms of these several orders of differences, 
it is observed that the first term of the nth order of difference is 

the sign + being nsed when n is even, and the sign — when n is odd. 

EXAMTLES. 

1. Required the first term of the third order of differences of the series 
1, 5, 15, 35, 70, etc. 

Here a = 1, 6 = 5, c = 15, ci = 35, ete., and n = 3 ; whence 

, f , n(n-l) 7i(n-l)(n-2),\ 

- _> (1 -. 15 + 46 - 35) = 4. 

2. Find the first term of the fourth order of differences of the series 
1 , 8, 27, 64, 125, etc. Ans. d^ = 0. 

3. Find the first term of the eighth order of differences of the series 
1, 3, 9, 27, 81, etc. Ans. d^ = 256. 

4. Find the first term of the fifth order of differences of the series 

1» i» it ¥» tV» 3if» Tar» ^^^» 

Ans. d^=:: — ^2' 

PROBLEM II. 

To find the nth term of a series a, 6, c, o?, c, etc. 

Let c?j, c?2, c?3, etc. denote the first terms of the successive orders of 
differences ; then 

d^=.h—a^ .'. b=a+d^ =:a+d^ 

<f,=:c— 26+0, c=-a-\-2b + dg =za+2d^-\-d^ 

rfg— </— 3c+3i— a, rf=a— 36+3c+c?a=a+3(fi + 3flf, + </a 
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Hence the nth term — a + (n — l)c?j + ^ p^: -4?, 

^ („-l)(n-2)(n-3) ,^ + etc. 

EXAMPLES. 

1. Find the twelfth term of the series 2, 6, 12, 20, 30, etc. 

2, 6, 12, 20, 30, given series. 

4, 6, 8, 10, Ist order of diff. 

2, 2, 2, 2d order ... 

3d order ... 

Hence n = 12, c?j = 4, efj = 2, dg =:; 0, and therefore 

=:2+44+110=156=thel2thterm. 

2. Find the nth term, and thence the twentieth term of the series 
1, 3, 6, 10, 16, 21, etc. 

Ans. ^i-\and210. 

3. Find the fifteenth term of the series 1, 4, 9, 16, 25, etc. 

Ans. 225. 

4. Find the thirtieth term of the series 1, i, i, tV, 1*5, aS:> aV? ^^c. 

Ans. tH» 

PBOBLEM III. 

2'ofind the sum ofn terms of a series a, 6, c, cf, e, etc. 
Let us take the series 

0, a, a + 6, a + 6 + c, a + 6 + c + rf, etc (1) ; 

then the first order of differences of series (1) is the series 

a, 6, c, (f, e,/, ete «.«<1'^ 
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Now it is obvious that the sum of n terms of series (2) is the (n+l)th 
term of series (1) ; but by Problem II., the (n + l)th term of series (1) 
or the sum, 8, of n terms of series (2) is evidently 

5_na+ ^_2 "1+ 0:3 ".<«*=• 



EXAMPLES. 

1. Find the sum of n terms of the series 1^, 2*, 3", 4*, 6", etc, 

1, 4, 9, 16, 25, 36, given series, 

3, 5, 7, 9, 11, 1st order of diff. 

2, 2, 2, 2, 2d order ... 

0, 0, 0, 

Hence . = na+ ^^d^ + <n-mn~2) ^^ 

- « a. 3<« - 1) u. 2<w-l)(»~2) 
-'*■*" 2 + 1:2:3 

_ 6ra + 9»^ — 9n + 2wS - 6w^ + 4n _ 2n'* + 3w* + n 
~ 6 ~ 6 

__ <w + 1) (271 + 1) 
~" 1.2.3 

Find the sum of n terms of each of the following series : 

Aiuwen. 

2. 2, 6, 12, 20, 30, etc, <n+l)(n+ j)^ 

. .^ «/v «K n(n + 1) (n + 2) (« + 3) 

3. 1, 4, 10,20, 35, ete. 1.2.3.4 ' 

4. 1, 8, 27, 64, 125, ete. ^ J ^ . 

W* W* W^ H 

5. 1,2,3,4, 5 , efc. ^ "^ "2" "^ "S* "" 30* 

6 15 2» 3» 4« 6» ete ^ + ^! + 5^ « .^ 

b. 1 , ^ , d , 4 , , ew. 6 2 ^ 12 12 * 



/ 
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INTERPOLATION OF SERIES. 

Interpolation of series is the method of inserting any term which 
may be wanted to complete a given series, or of finding the value of 
any intermediate term of a given series of equidistant terms. 

The interpolation is effected by means of the formulae deduced in 
Problems I. and II., viz. : — 

J . f , n(n — l) nfTO — 1) (n — 2) , , ) ,^. 

nth term 



EXAMPLES. 

1. Given the logarithms of 101, 102, 104, and 105, to find the loga- 
rithm of 103. Supposing the fourth order of differences to vanish, then 
since in (1) d= 0, and n = 4, we have 

a — 46 + 6c - 4J + e = 0, 

and c is the required term, .*. c = — ^ ^ — ^ -. 

o 

Now a = log 101 = 2.0043214 

46 = 4 log 102 = . . . . 8.0344008 
4rf= 4 log 104 =r . . . . 8.0681332 
e = log 105 = 2.0211893 



4.0255107 16.1025340 
4.0255107 



6 ) 12.0770233 



.% log 103 = 2.0128372 



262 ELEMENTS OF ALGEBRA. 

2. Given the logarithmic sines of !<>, !<> 1', !<> 2', and !« 3', to find the 
log sine of !<> 1' 40". 

10 1' 10 1' 10 2' 10 3' 

Log sines 8-2418553 8*2490332 8-2560943 8-2630424 

Ist order of differences 71779 70611 69481 

2d order ... - 1168 — 1130 

3d order ... 38 

Hence since 1° 1' 40" lies between the second and third terms, and 
40" = f , we have n = 2f = |, and hj (2) the required term is 

-a4.r« IW , (n-l)(n~2) (n-l)Cn~2)Cn^3) 
= a + (n — i;cr, + j-2 a, + j-^-g d, 

= a + ^d^ + id^ — ^d„ 

= 8-2418553 + -0119632 - -0000649 — -0000002 

= 8-2537534 = the log sine of 1© 1' 40", as required. 

3. Given the natural tangents of 88© 54', 88o 55', 88o 56', 88o 57', 
88° 68', 880 59'^ 390, to find the natural tangent of 88° 58' 18". 

Ans. 65-711145. 

4. Given the cube roots of 45, 46, 47, 48, and 49, to find the cube 
root of 50. Ans. 3-684032. 

5. Given the logarithms of 50, 51, 52, 54, 65, and 56, to find the 
logarithm of 53. Ans. 1-72427586. 



SUMMATION OF SERIES. 



As the summation of certain classes of series has already been given 
in a former part of the work, we shall only advert to a few examples 
of summation of some other series. The sum of n terms will be 
denoted by s^ and the sum of the series ad infinitum by the symbol 

«00' 
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EXAMPLES. 



1. Sum n tenns of the series 1 + 3 + 7 + 16 + 31 + 6te. 

Here 
«,= 1 + 3 +7 +15 + ... =(2-l)+(2=-l)+(2''-l)+(2*-l)+ .. 

= 2 + 2*+2'+ 2*+ ... +2"-(l + l + l + l+ ... tow terms) 
— 2. ^*""/ -n = 2(2» - 1)— »r= 2*+i— n — 2. 

2. Sum n terms of the series i + f + I + V + efc. 
Here 



2—1 2^-1 2^-1 2*--l 
1 "^ 2 "^ 2" "^ 2- 



«.= i + f + i+V + cte. = -r- + — s— + -TTT- + -^3-+ e«c. 



2 + 2 + 2+ 2 + ...to 71 terms — (l + i+i+^+ .... +-2^J 



J - 1 2»-i 2»-i 



3. Required the sum of the series i + |+ f + ^ + ... ad infinitum. 

Here Soo=i + * + f + TV + A+ , 

4«oo = i + ^ + tV + bV + , 



• . 



• • 



^Soo-J + i + i + TV + i!»ir+ 

= -r-^—r = 1 ; therefore s^^ = 2, 
1 —J 
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4. Find the sum of the series i + ft + /r + H+ adrnfimimn 

MnltiplTuig by (1— |)*, hj the method of detached coefficients, we 
hmve 

i + » + A + H + WW+ ( - i 

i + t + fiV + /t + »!» + ( -i 

— i — tfV — A ~ afir - 

J + | + /r + A + 5J3 + ( — i 

*~ i "" ifr *~ A ■" sly ■" 

.-. (1 - i)»«oo = i + i, 

or (I/sqo = ti l»enee «qo = f x V = f = 1 J' 



6. Sum the senes — + + -• — h -«- + (taut- 

m mr mr mr 



firdtum. 

Multiplying by I 1 j we have 



a a+d a+2d a+Zd 

m mr mt^ mr* 

a a+d a+2rf 

mr mr^ mr* 



add d 

m mr mr^ mr* 



a d d_ 

mr mr^ mr* 



(-i 



(-J 



/, IV a , J-a 

V rJ "^^ m mr 
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6. Sum n terms of the series i + i + J^ + -iV + T*5 + ^^« 

2 2 2 2 2 

Smce the pyen series = _.+_+_+_ + ... +^^-Yy 

and r = —? TT ; therefore we have 

n n + 1 n{n + 1) 



1111 1 

2 ■*" 3 ■*" 4 "^ ^ n 

111 11 



**•— l"'"2"*"3'*'4"^ "*■ n 






2 3 4 n n + 1 ^ 

1 n 



w + 1 n + 1' 



.*. s- = ' r = the sum of n terms. 

* n + 1 



2n 2 



Also, since s„ = =. :; r, when the series is continued ad 



n + 1 ■ 1 + V 

infinitum, the term - becomes : hence Sen =2. 

n 



7. Find the sum of n terms of the series 



1111 



1.2.3 ^2. 3. 4 ^3. 4. 5 4. 5. 6 «(7i+l)(n+2)* 



^"'''® n(n+l) "" («+l)(n+2) " n(«+l)(n+2)' ^^^^^^^'^^ 
1111 1 



1.2 2.3 3.4 ' 4.5 w(w+l) 



^ 1 i 

n(n+l) rw+l)(n+2)* J 



2.3 3.4 4.5 «(n+l) (w+l)(n+2) 

11 1 

-, or s„ = 7 — 



~"2 (n + l)(n+2y "' "» — 4 2(n+l)(n+2)* 

When n is indefinitely great : then -^r? ttt — rrrr = ^» ^^^^ the 

2(n + l)(n + 2) 

sum of the series continued ad infinitum is Sqq = i* 

M 
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8. Find the sum of the series 1 + 3x + 6a^ + lOx* + 15^ + 

ad infinitum^ whore x is a proper fraction. 

Let Soo = 1 + 3« + 6a?» + 10x» + 15a:* + , 

then multiplying both sides by (1 —«)'', we have the subjoined operation. 

1+3 + 6 + 10+15+ ( — 1 

-l-.3_ 6-10- 

1 + 2 + 3+ 4+ 5+ ( — 1 

_1_2— 3— 4 — 

1 + 1 + 1 + 1 + 1 + ( - 1 

— 1 — 1 _ 1 _ 1 - 



.-. (l-ar/soo — 1, 

1 



or Sqq = —^ — rs -^ ^® ^^"^ ^^ *^® series ad infinitum. 



9. Find the sum of n terms of the series 1.2 + 2.3 + 3.4 + 4.5 + etc., 
by the method of Indeterminate Coefficients. 

Let 1.2 + 2. 3 + 3. 4+ .... + n(n + l)=An* + b«2 + en . . . (1), 

where the values of a, b, c are independent of n ; hence writing (n+O 
for n, we get 

1.2 + 2.3 + 3.4+ + n(»+ 1) + (n + 1) (n + 2) 

= a(w + 1/ + b(w + 1/ + o(n + 1) . . . .(2). 

Subtracting (1) from (2) gives 

(n + 1) (n + 2) = 3An2 + (3a + 2B)n + a + b + c; 

or n* + 3» + 2 = Bau^ + (3a + 2b> + a + b + o. 

Equating the coefficients of the same powers of n, we have 

3a = 1, 3a + 2b = 3, A + B + c = 2 ; 

hence A = f, b = 1, and c = f ; 

.'. the sum of n terms of the proposed series is 

8, 2. n2 .2n n3 + 3n2+2» n(n + l)(n+2) 
s« = An8 + Bn'+cn = y+w2+ y = ^ =-^^ ^ \ 
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EXAMPLES FOB PRACTICE. 



Find the sums of the following series : — 



1 J-+ J-+ -L.+ J- + 

1.3 ^ 3.5 ^ 5.7 ^ 7.9 



A>. = ^.,.=!. 



2 -L.+ _L_+ ^__+ _L_+, 

3.8 ^ 6.12 ^ 9.16 12.20 ^' ' 



A _ n _ 1 

^'^' ^* - 12 (n + 1)' ""* ~ 12' 



^'2.7 "*■ 7.12 "*" 12.17 "*■ 17.22 "^ 



^'^- *• ~ 2 (5« + 2)' ^^^ - 10* 



JL_ J_ 1 1 

2.6 '*"4.8 ■*" 6.10 "•"8.12 



^''^' *• - 16 (n + 1) (n + 2)' ** "" 16' 



111 1 1 

^•I"*"4"*"l0"*"20"*'35"*" 



3 

2 ~ (n+l)(n + 2y "* -2" 



AnS. 5» = jr — 7 ; — 7T7 — 7~o\> *C0 — n* 



fi — L_4. 1 , __L_ . 

1.2.3.4"*" 2.3.4.5"^ 3.4.5.6"^ 



1 1 _} 

Ans. s, - — - 3(^^i>>(^„ ^ 2)(n + 3)' '"^ "" 18* 
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„ 2 3_ 4 5__ 

'' :i.5 5.7 ^ 7.9 9.11 "*■ 



_ 1 (-1)" _ 1 

Ans. .9. - ^2- ^2n~+Ty *» ~T2- 



_5_ 6 7 8 

' '• 1 . 2~. 3 "*■ 2.3.4"^ 3.4.5 4 . 5V'6 



A — ? n + 3 _ 3 

Ads. s, _ 2 (« + i)(„ + 2)' *® " 2' 



9 _1 ^+ _L L_ + 

3.6 6.8 ^ 9.10 12.12 ^ 



A - L (-1)* _ 1 

Ans. «• - 24 ~ 12(71 + 1) (n + 2)' '« " 24* 



In the next two examples x ia & proper fraction. 
10. 1 + 42- + lOa-2 + 20^ + 35x* + 



Ans, 500 = 



11. 1 + 8x + 27x2 _|. 64^j ^ i25x* + 

1 + 4x + a:* 

Ans. Sqq — rz v? • 

{l—x}* 

^^- 52 -_ 1 ^ 62 - 1 ^ 72 - 1 ^ 8^-1 ^ 



9 2w + 9 

40 2(« + 4) (n + 6)* "^^ ~ 40' 



Ans. Sn TT^*^ r77 . 7\~7Z — T"^* '^oo T^^* 



^^* 32- 22 "^ 72- 22 "^ 112— 2" "^ 152— 22 "^ ••• 



Ans.5n-^^-, «oc -4. 



14. 1 . 22 + 2 . 32 + 3 . 42 + 4. 52 + 

, w* 7n3 7w2 5n 
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REVERSION OF SERIES. 



The reversion of series is the method of finding the value of the 
unknown quantity in that series, by means of another series contain- 
ing the powers of the quantity which is equal to the given series. 

Let X = a^y + b^y^ + c^y^ + cte., then to revert the series^ is to 
find the value of y in terms of x. Assume y=zbx + cx^ + dx^ + efc. ; 
then by the Table of Factors given at p. 186, the powers of y are readily 
found to be as follow : 

y2 ^ aj2{ 6* + 2hcx + (2W + c2) a:2 + (26e + led) 3?^ + ...}, 

f = 3^{h^ +362ca: + (36'rf+ 36c") ar^ + ... }, 

y4r=a:*{6* +46''cx+ {^hM+ 66V) a?^ + ... }, 

^ = x*{6* + bh*cx + ...} 



Substituting these values of the powers of y in the given equation, 
and arranging the result, we get 



flj . 6a: + fltj . c 


X + Cj . c? 


ar^ + «! . e 


6,. 62 


+ 6i . 26c 


+ 6, (26rf + c«) 




+ c, . 6« 


+ Cj . 362c 






+ rf, . 6* 



ar* + .. 



Equating the coefficients* of the same powers of x on both sides, we 
have 



* The coeflBcients of the powers of x exceeding the first power, in the 
left member of the equation, are severally equal to 0. 
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/1, 6 = 1, 

# 

,,,,• + hy -0, 



.-.6 


_1 






.•. c; 


_ 6. 






.-.d: 








i, .*. e 


_ SA.C**.- 




.)+<»'.<* 



cte. «/r. 



Substituting these values for 6, c, rf, e, ete., and dropping the sub- 
scribed figure both in the proposed equation and in those valnes, as 
no longer necessary, we find that if x = ay + iy* + cy* + etc,^ then 

V - : X < x' + w- -X* ^ / X* + etc..,.(k). 



EXAM1>LE8. 

1. Given x =y — Jy* + Jy* — iy* + iy* — 6te., to find y. 
Here a = 1, 6 =: — j, c =^ i, c? - - — J, e^r. ; therefore by (a) 

X* X* X* 

2. Given x^=^y-~y'^'\-\^ — "k^-^-if — etc., to find y. 

Ans. y = X + x'* + X* + X* + «^c. 

3. Given x = 2y + By* + 4y* + 6y^ + etc., to find y. 

Ans. y = - - _ - + __ - _.-_+ etc. 

4. Given x = y — ^y^ + ij/^ — ^j/^ -i- etc., to find y. 

. . x" 2x» . 17x^ 

Ans.y-x+-+_+^^+e/c. 
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PROPERTIES OF NUMBERS. 

Nu?nbers are either prime or composite. A prime number is one 
which has no measure except itself and unity, and all others are 
composite numbers. 

Numbers are jprime to each other when they have no common mea- 
sure greater than unity. A perfect number is one which is equal to 
the sum of all its divisors. 

Let a, b^ Cy d, etc. represent the digits of a number ; where a is the 
digit in the unit's place, b that in the ten's place, c that in the hun« 
dred's place, and so on ; then if r = 10, the general value of any 
number may be represented by 

a + br + cr^ -^ dr^ + er^ ■hfr'^ + (1). 

Thus 1848 rrr 8 + 40 + 800 + 1000 = 8 + 4 . 10+8 . 10^+ 1 . lO^. 

Prop. I. If from any number the sum of its digits be subtracted^ the 
remainder is divisible by 9. 

For let a + 6r + cr^ + c?r3 + ... = the number, 

a + 6 + c + d + ... = sum of its digits. 

Subtracting, we have b(r — 1) + c (r* — 1) + <f (7-3 — 1) + ..., an 
expression which is obviously divisible by r — 1 or 9. See Example 19, 
p. 23. 

Thus 37462-(3 + 7 + 4+6+2) = 37452— 21 = 37431 = 9 x 4159. 

Prop. II. If the sum oftlie digits of any number be divisible by 9, then 
the number itself is divisible by 9. 

For let N = a + br -\- cr^ + di^ + ..., be the number ; then 

N = a + 6 (r-1) +6+C (r2 — 1) +c+rf(r'-l) +d+... 
= a+b + c + d+... + b(r-i) +c(r2— 1) +d(T^—l) +... 
Hence n is divisible by r— 1 or 9, if a-i-b + c-\-d-\- ... is divisible by 9. 
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f'tn-. 1 . Uy means of this property, the common process of casting 
out nines in order to test the correctness of a sum in multiplication, may 
ho proved. 

(or. 2. Ilence if the sum of the digits of any number be divisible by 
3, tht» number itself is divisible by 3. 

Prop. III. To Jind a jterfect nvmhei\ 

Since numbers may be represented by the continued multiplication of 
certain factors, the general form of any number is a*V*(f(h ..., where 
</, /y, c, d ... arepjime numbers, and w, «, />, q, ... any whole numbers. 

Now if a*^b denote a perfect number ; then the divisors of a**i are 
1, a, <i^, «^ ... a«, and 6, oi, a'6, a^6, ... a**~^i ; hence 

«"»i -- 1 + a + a* + ... a*" + b + ab + a% + aH + ... a^^^b 

' ' a-1 ■*■ ^•~a=T~ ^"=1 ' 

a**i — 1 / a"* — 1\ «■»*» - 1 a**i — 2a« + 1 

... ft=: -j_(a«. _) — 1 -^ 

a—1 V a — 1 / a—1 a—1 

- = & whole number. 



a»*i - 2a« + 1 



Now if a**i — 2a"» +1 = 1; then we have o^i = 2a*, or a = 2, and 

where 2"**^ — 1 must be a prime number. Let m r= 1, 2, 3, 4, e/c. ; 
tlicn 2»**i —1 =3, 7, 15, 31, 63, etc., of which 3, 7, 31, 127, etc. areprime 
numbers, and 1, 2, 4, 6, etc. are the corresponding values of m. Hence if 



7«.^1, a«6=2 (22-l):rr= 2 X 3= 6^ 

/;i = 2, 0*6 = 22(2^— 1)= 4x 7= 28 

mr- 4, a"^> = 2*(2*-l) = 16 X 31= 496 

»i = 6, a"»^> = 2«(2^— 1)=64 X 127 = 8128^ 

etc. etc. 



perfect numbers. 
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EXAMPIiES. 

1 . If from any number the sum of the digits in the odd places be sub- 
tractedy and to it the sum of the digits in the even places be addedy then 
tlie result is divisible hy 11. 

2. If the sum of the digits in the even places be equal to the sum of the 
digits in the odd places, then the number is divisible by 11. 

3. The product of any three consecutive numbers is divisible by 6. 

4. The product of any four consecutive numbers is divisible by 24. 

5. The difference between a number, and the number formed by re- 
versing the order of the digits, is divisible by 9. 

6. Prove the arithmetical test for multiplication by casting out nines. 



INTEREST AND ANNUITIES. 

The explanation of the terms used in Interest is given in all 
treatises on Arithmetic, and need not be repeated here. 

An annuity is interest of money, rent, or pension, payable periodi- 
cally, as yearly, half-yearly, quarterly, etc. 

Pboc. I. To find the amount of a sum of money in any number of 
yearSy at simple interest. 

Let p denote the principal or sum at interest, r the interest of one 

pound for one year, t the number cf years the principal is at interest, 

and A the amount of principal and interest at the end of t* years ; 

then since 

r = the interest of one pound for one year, 

tr = the interest of one pound for t years, 

Ftr ■= the interest of p pounds for t years, 

.'. A rr p + p^ = p (1 -1- tr) (1). 

From this formula any one of the four quantities a, p, f, r may be 
found, when the other three are known. 



* t may signify the number of termsn whether yearly, half-yearly, or quar< 
teriy, provided the corresponding part of r be taken. 

M 2 
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Peob. II. To find the amount of a sum of moiiey in any number oj 
years^ at compound interest. 

The amount of p pounds in one year by Proh. I. is p (1 + r), which 
becomes the principal for the second year ; hence the interest for the 
second year is pr (1 + r), and the amount at the end of two years is 
= p (1 4-r) + pr (1 +r) = p (1 + r/, which converted into principal 
for the third year, gives for interest pr (1+r)*; consequently the 
amount in three years is = p (1 + r)* + pr (1 + r)* =3 p (1 + r/, and 
so on for any number of years ; hence at the expiration of t years, 
we liave 

A = p (1 + r)*, or in logs, log a = log p + / log (1 + r) (2). 

From this formula any one of the quantities a, p, ^, r may be found, 
when the other three are known. 

If the interest is paid half-yearly^ then t must be changed to 2t and 
r to Jr ; hence 

A = p (1 + Jr)2*, or log A =: log p + 2f log (1 + ir) (2'). 

If the interest is paid quarterly^ then, in like manner, we have 
A = p(l + ir)*«, or log A = log p + 4/ log (1 + \r) (2"). 

Cor. Hence we can find the number of years in which a sum of 
money at compound interest will amount to twux, thrice^ or m times 
itself. 

Thus if A = 2p, A r= 3p, or A = TOP ; then by (2) 

2 = (1 + r)«, 3 = (1 + r)«, or7n = (l + r)*; 
from which t may be found by the aid of logarithms. 

Pror. III. To find the amount of an annuity in any number of yearSj 
at compound interest. 

Let p denote the annuity due at the end of the first year ; then the 
amount of the first payment for t — i years is = p (l + r)*—i; the 
amount of the second payment for t—2 years is = p (1 +r)*—2^ and 
so on to the last payment p at the end of the t years ; hence the total 
amount of the annuity p for t years is equal to the sum of all these 
partial amounts, and therefore, reversing the steps, we have 

Arr:p 4. p (1 + r) + P (1 + r)2+ + P (1 + r)*-l 

= p{l + (l+r)+ (l+r)*+ + (1+r)*-!}, 
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(l + r>-l (l+r)*-l ._, 

or A = p 77-T--^^ — :r— P. ^^ ^ (3 . 

(1 + r) —1 r ^ 

If the annuity is to be received in half-yearly instalments, then we 
have 

, = jp.(L±ir)!!=LL=p.(i±i!fL-J (3'> 

Tf5„arter/3,,A = iP.<i-±J^ = p/-i±*^--i (3"). 

Cor. If p pounds are placed out annually for t successive years, 
and the whole allowed to accumulate at compound interest, then we 
have, in a similar manner, 

A = P (1 + r) + p(l + rf + P(l + ry + p(1 + r)* 

= p(, + ,).(±±jO!=i (4). 



Peob. IV. To find the present value of an annuity to he paid t years , 
at compound interest. 

Let X = the present value of the annuity p, then the amount of x 
pounds in ^ years is = a:(l + r)* by (2), and the amount of the 
annuity p in the same time is 

(1 -I- r)*— 1 
= p . -^^ by (3) ; hence we obtain 

/. N, (l+r)«— 1 (l+r)«-l ,,. 

:,(l + ^)*=:pl_rj ,orx = P.i-^^^-^^^ (6). 

If half-yearly or quarterly payments are male, the corresponding 
modifications of equation (5) are the same as in the last problem. 

If it is a perpetual annuity, or perpetuity; then t is infinite, and 
we have by (6) 

since (l + r)< is infinite when t is infinite. 

The purchase of estates is regulated by the formula given in (5'). 



¥ 
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Prob. V. To find the present value of an annuity to commence at the 
end o/p years f and to continue q years. 

The present value, x, of an annuity restricted to the specified con- 
ditions is evidently equal to its present value for p + 9 years dimi- 
nished by its present value for p years ; that is, by (5) 






If the annuity is payable ^r ever after p years have expired ; then 
the reversion of the perpetuity is found from (6) by making q infinite. 

Now when q is infinite, then (1 +?*)* is infinite, and (6) reduces to 



« = ;^rTl^ (6')- 



EXAMPLES. 



1. In how many years will L.400 amount to L.569, 6s. 8d. at 4 per 
cent, compound interest ? 



J 1 TOft 

Here r =:-—=: -04, p = 400, a = 569J - —^ ; therefore by (2), 



1708 
t log 1 -04 = log -i- - log 400 = log 1708 - log 3 — log 400, 



log 1708 — log 3 — log 400 
~ log 1-04 



3-2324879--4771213-2-6020600 '1533066 ^ , 

-^ ^170333 = ^0170333 = ^ ^^' ^^^^^' 
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2. In what time will any sum of money double itself, at 4 per cent, 
compound interest ? 

By Frob. II. Cor. we have 2 = (1 + r)t or log 2 = ^ log (1 + r) ; 
therefore since r = -04, we have 

log 2 -3010300 ,^.^^ 

^^1-^04=^0170333= ''•''' ^^"^^- 

3. If L.20 is placed out annually for 40 successive years, and allowed 
to accumulate at the rate of 3^ per cent, compound interest, what would 
be the amount at the end of 40 years ? 

Here p = 20, « = 40, and r = ^^ = -035 ; therefore by Frob. III. 
Cor. eq. (4), 

or log A = log p + log (1 + r) + log {(1 + r)* — 1} — log r. 

Now 1 + r = 1-035 log = -0149403 

40 



(1 + r)* - 


3-95924 log = -5976120 


Again p = 

1 + r — 

(l + r>-l- 


20 log - 1-3010300 
1-035 log = 0-0149403 
2-95924 log = 0-4711802 


r — 


1-7871505 
•035 log = 2-5440680 



A = 1750-18 log = 3-2430825 
Hence a = L.1750; Ss. 7d. = amount required. 

4. Find the present value of an annuity of L.500 for 40 years at 2^ 
per cent, compound interest. 

By Prob. IV. eq. (5) we have x = —r-^ — - { ( 1 + r> — 1}, 

r (1 + ?•/ ^ 

.-. log a? = log P + log { (1 + r)» — 1} — logr — nog(l + r). 
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Now l+r= 1-025 log = -0107239 

40 



t 



(1 + r\ =^ 2-68507 log = -4289660 

1 



/. (1 + ry - 1 = 1-68507 log = -2266180 

p = 500 log = 2-6989700 

r= -025 log= . . . . 2-3979400 

(1 + r> z= (1-025)" log = ... . 0-4289560 



2-9255880 2-8268960 
2-8268960 



X = 12561-4 log = 4-0986920 
Hence the present value is = L.12551, 88., nearly. 

6. Find the amount of L.450 at 6 per cent compound interest, for 
3 years, both when the interest is to be paid yearly and half-yearly. 

Ans. L.520, 18s. 7id., and L.621, 17s. 2id. 

6. If a freehold estate be purchased for L.9520, what is the yearly 
rent, allowing the purchaser 4 per cent, for his money ? 

Ans. L.360, 16s. 

7. What is the present value of an annuity of L.20 for 25 years, to 
commence at the expiration of 5 years, allowing 4 per cent, compound 
interest? Ans. L.256, 16s. Id. 

8. Suppose an annuity of L.175 is to commence 9 years hence, and 
then continue 1 1 years ; find its present value, allowing 6 per cent, 
compound interest. Ans. L.816, 188. 9d. 

9. Required the compoimd interest and amount of L. 160 in 4 years, 
at 6 per cent, per annum. 

Ans. Interest, L.41, 19p. lid. 

Amount, L.201, 19s. lid. 
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10. If P pounds at compound interest, rate r, double itself in h years, 
and treble itself at rate 2r\nk years ; find the relation between h and k. 

h_ log^ log(l + 2r ) 
^''^* k" log 3 • log(l + r)- 

11. The present value of a freehold estate of L.100 per annum, subject 
to the payment of an annuity at the end of every two years, is L.IOOO ; 
find the annuity, allowing 5 per cent, compound interest. 

Ans. L.102, 10s. 

12. A debt of p pounds accumulating at compound interest is discharged 
in h years by annual payments of — pounds ; shew that, if r be the 
interest of one pound for a year, 

, _ log (1 — mr) 
''- log(l + r)" 

13. A sum of money, p pounds, is left among a, b, c, in such a manner 
that at the end of a, 6, c years, when they respectively come of age, they 
are to possess equal sums ; find the share of each, allowing compound 
interest at rate r. 

■D 

Ans. a's share =^ 



b's share = 



c's share =: 



1 + (1 + 


p 


+ 


(1 + 


r)a-c' 


1 + (1 + 


^j*-a 


+ 


(1 + 


rfr-t 




P 









1 + (1 + ry^^ + (1 + ry-^' 



14. The present value of an annuity of L.1 to continue x years is 
L.IO, and to continue 2 x years is L.16 ; required the rate of interest. 

Ans. 4 per cent. 

15. Four persons a, b, c, d contribute equal sums towards the pur- 
chase of a freehold estate ; find the terms that A, b, c may successively 
enjoy it, in order that d may be entitled to the absolute reversion. 

Ann rA^ '°g 4 - log 3 log 3 - log 2 Iog2 

^- ^'■> log (1 + r) ' ("^ log (1 + r; ' ^^^ log (1 + r) ^'^^ 
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THEORY OF POPULATION. 

Let F denote the populatiou of a coantry at any given period, — 
the fractional part of the population which die in a year, or the ratio 
of mortality, j the ratio of births in a year, and a the amount of the 
population at the end of n years ; then 

-. = 7 - = rate of increase of population in one year, 

and p H v— p = p( 1 H -~\ = population at the end of the 

first year. 

Now since p is changed to p( 1 H j- ), we must write this last 

value for p in the preceding state of the population at the end of one 
year, and we get 

1 H — —J— j = population at the end of two years ; hence at the 
expiration of n years, we must have 

^ + -^) (»)' 

from which if four of the involved quantities be given, the remaining 
one may be found. 

But since, in any country, under given circumstances of births and 
deaths, the fraction — j— is always a given quantity, we may re- 
present it by - ; then (1) becomes 



"(■%-)■ 



•(!') 
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Suppose the population is increased q times ; then a = ^p, and we 
have the relation 



-(^%-)* ^''- 



EXAMPLES. 

1. The population of Great Britain in 1841 was 27019558 ; now if the 
^th part die annually, and the hirths he to the deaths as 40 to 30, what 
will be the amount of the population of Great Britain in the year 1900 ? 

Here p = 2701 9558, « = 59, »i = 40, 6 = 30, and therefore 

11 1 m — h 1 ,,1 121^ 

- = T = 7— = 7^1 and 1 + - = -— ; hence (1 ) 

pom mb 120 p 120 

log A = log p + n logf 1 + -) 

= log 27019558 + 59 Oog 121 — log 120) 
= 7-4316783 + 69 x -0036042 
— 7-6443261 — log 44088570. 
Hence a = 44088670 = population in the year 1900. 

2. What must be the annual increase of population in any country, 
that it may be doubled in 100 years? 

By formula (2) we have ^ = 2, and n = 100 ; hence 
log 2 = 100 log M + - j ; therefore 

= log 1-0069556 ; consequently 

1 + - = 1-0069556, or i = -0069556 = 7^, nearly. 
J) p 144 
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3. If the number of persons bom in any year be ^5 of the whole po- 
pulation at the commencement of that year, and the number of those 
who die be ^ of it ; in how many years will the population be doubled ? 

Ans. In 125 years. 

4. Supposing the annual increase of a province containing 1800000 
inhabitants to be ^ of the whole ; what will be the population at the 
end of a century ? Ans. 47787300 of inhabitants. 

5. Suppose the population of an empire to be 40 millions, and the an- 
nual increase T^vth ; in how many years will it amount to 50 millions ? 

Ans. In 43'6 years. 

6. What must be the rate of increase that a population of 1106400 
persons may become five millions in 100 years ? Ans. ^ annually. 

7. The population of a province in 1801 was 500000, and in 1841 it 
amounted to 720000 ; now supposing the ratio of mortality to be ^0, 
what was the ratio of births ? Ans. ^, nearly. 

8. The population of the British Isles in 1841 was 27019558; in 1831 
it was 24410429 ; required the value of -,^ and thence the population 
in 1851. 

Ans. - = r— very nearly, and in 1851 the population 

will be 29907555. 

9. The population of France in 1841 was 34230178 ; the value of m 
was 50, that of & 40 ; what may be the expected population of France in 
1851 ? Ans. 35980700. 



* Note.— It would perhaps be convenient to put - rnr r, the rate of increase, 

P 

to render the preceding analogous to the formulae for Interest and Annuities. 



APPLICATION OF ALGEBRA 



TO THE 



RESOLUTION OF GEOMETRICAL PROBLEMS. 



As the characters which are employed in Algebra may represent 
every class of magnitudes, the relations of lines, surfaces, etc,, may 
be deduced, and properties of them discorered, with more facility 
by the principles of Algebra, under the guidance of Geometry, than 
by purely geometrical research. 

When a geometrical problem is proposed for solution, a figure is 
to be drawn that shall represent the conditions of the problem, and 
this figure is to be regarded as a correct one. Then consider the 
nature of the problem, and, if necessary, draw such other lines in 
the figure as may appear to facilitate the solution of the problem 
under consideration. Denote the known and unknown quantities 
by the usual algebraic characters, and form as many independent 
equations as there are unknown quantities to be determined ; then 
find the values of these unknown quantities by the ordinary prin- 
ciples of Algebra. 

The following directions may be useful to the student. 

1 . Having drawn a figure representing the conditions of the pro- 
blem, draw other lines, if necessary, either parallel or perpendicular 
to those of the figure, or so as to form similar triangles. 

2. When an angle is given, draw a perpendicular opposite to it 
from the extremity of one of the lines containing the given angle. 
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3. Denote the known or given quantities by a, 6, c, etc., and the 
ii!!lvnown or required quantities by c, y, ar, etc. 

4. ^^lIcn two lines or quantities are alike related to other parts of 
the figure, it is often convenient to substitute for their sum or difie- 
renco, or rectangle, or for some quantity to which they have both 
the same relation. 

PROBLEM I. 

Given one side of a right-angled triangle = 5, and the sum of the 
hjpothenvse and tfie otlier side = 25, to determine the hgpoiJienuse 
and tlie remaining side. 

Let ABC represent the required triangle, the angle abc 
being a right angle, and let ab =:= a, the sum of AC and 
bc = 6, and bc = j: ; then AC = 6 — a:, and 
(Euc. 1.47,) 

A 
ab2 + BC*-* = Ac2, or a» + a:2 = {b~xf = h^- 2hx + ar" ; 

,0 9 J ^^-«' 25' -5* ,^ 
2bx = 6^ — a^i and x 3= — ^ — = rx — = 12 = bc. 

o I. b'-a^ b^ + a' 25« + 6« ,^ 

Also, b-x = b~-^- = -^^-=--—^-=^S = Ac. 

PBOBLEM II. 

To divide a given straight line into two parts, such that the square of 
the greater part may be equal to tlie rectangle contained by the whole 
line and the less part. 

Let the given line ab = a, and the 
greater part AC ■-= x, then the less part c A c B 

BC =r. a — X, and by the condition of the 
problem we have 

a:* =:: a{a—x) ^= a^ — ax^ or «' + ax = aK 
The solution of this quadratic gives the two values 

x=-^± |a/5 =|(-1±V5). 
the one being positive and the other negative. 
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This proWein furnishes an instance of the geometrical interpretation 
of a negative value of an algebraic quantity. For in the preceding solu- 
tion we supposed ao to extend from a towards b, and hence the positive 
value of ar is AC ; but the line corresponding to the negative value of x 
must lie in a direction opposite to that of AC, and therefore if ba be 
produced to c', so that ac' may be equal to — 2a(l + \/b), the negative 
value of Xj then ac' will represent the negative value of x. 

The interpretation of a negative result may generally be ascertained 
by writing — xiox x in the original equation, a transformation which 
simply changes the signs of the roots of the equation, without altering 
their values. Thus in the quadratic found above, viz., ar^ + oj? = a", 
substitute — x for ar, then we have x' — dx r=. a^, or a;^ = a^ + ax 
= ci{a + x\ which leads to the following problem. 

To produce a given straight line, so that the square of the produced 
part shall be equal to the rectangle contained by the given line and the 
line which is made up of the whole and the part produced. 

PROBLEM III. 

The hypothenuse of a right-angled triangle is 13, and tJie excess of the 
perpendicular above the base is 7 ; Jind the sides of the triangle. 

Let the base bc = a:, then the perpendicular ab = a? + 7, 
and therefore, by Euc. I. 47, we have the equation ' 

AB» + BC^* = Ac2, or (x + ly + x^= 132; 

and expanding and transposing we get 

2a;^ + 14ar = 169 - 49 =: 120 ; 
.-. ar" + 7a; = 60 ; 

which resolved by quadratics gives either a: = 5, or a: = — 12 ; hence 

AB = 12 and bc = 5. 

PROBLEM IV. 

The hypothenuse of a right-angled triangle is 13, aud the sum of (he 
base and perpendicular is 17 ; Jind the sides of the triangle. 

Let the base bc = ar, then ad = 17 — a:, and therefore (Euc. T. 47) 
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x^ + (17 — r)» = 13«, 

or 2x* — 34^ = 169 - 289 = — 120, 
.-. x^ — I7jr = — 60, 

and the resolution of this quadratic gives either i: = 12, or x = 5 ; 
henco the sides containing the right angle are 5 and 12. 

PROBLEM V. 

The hypothentise of a right-angled triangle is 13, and the product of 
the base and perpendicular is 60 ; Jind the sides of the triangle. 

Let BC = X, and ab = y ; then the equations of condition, by Euc. 1. 47, 
and the hypothesis, are 

«2 + y» = 169 (1) xy = 60 (2) 

To and from equation (1) add and subtract twice eq. (2) ; then we get 

x" + 2xy + f — 289 .-. x + t/ = ± 17 
x' - 2xy + 2/' = 49 .'. a? — y = ± 7. 

Consequently by adding and subtracting the latter of these equations 
from the former, we have a: =i 12, and y = 5. 

problem VI. 

The top of a maypole, broken by the windy struck the ground twenty 
feet from the base^ and being fixed j was again broken five feet lower 
than before^ and its top then struck the ground thirty feet from the 
base ; find the height of the maypole. 

Let AB be the maypole, bc and cd the standing 
and broken parts in the first case, and bp, pq the cor- 
responding parts in the second case. Let 

bd = a, bq = 6, cp = c, BC = ar, AC ^ CD = y ; 

then BP = X — c, and ap = pq =: y + c ; hence 

(Euc. I. 47)...bd2 + bc2=cd2, or a^ + x^=^^,.,(l) -^^ ^ 

...bq2 + Bp2 z= pq", or 62 + (a: _ cf -=(y + c)« (2). 
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Expanding (2), and subtracting equation (1) from it, we have 

6* - a« — 2ap = 2cy, or b^ -~ a^ = 2c{x + y); 

h* — c? 
.*. a; + y =: — = 50 feet = the height ab. 
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PROBLEM VII. 



In a nght-angled triangle^ the lengths of the lines drawn from the 
acute angles to the points of bisection of the opposite sides are a and 
h / find.the sides of the triangle. 



Let ABC be the triangle, ad and ce the lines drawn 
from the acute angles to the points of bisection d and e 
of the opposite sides. Let ad = a, ce = 6, bc = 2a?, 
AB := 2y ; then 

(Euc. L 47)...AD» = ab2+bd*, or a« =-. a;2+42/»...(l) 



...cb2 = bc»+be«, orft2 — 4a^+j/2...(2) C 




D B 



By adding and subtracting these two equations, we get 



•(4), 






Hence also ac* = ab« + bc* = t^ (Ba^ + 36«) =i(a^+ h^) 



or AC 



= ^Vi — e — J = the hypothenuse. 
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PROBLEM VIII. 

Givon the perimeter of a rhihtaufjlnl triangky and the perpendicular 
droicnfrom the, riijht anyle to the hypodienuse, to determine the sides 
of the triangle. 

Let u:> = p, AB + «c + ca ^ 2s, ab r= a;, bo r= y, and AC = c ; then 

(Euc. VI. 8) xy=^pz (1) ^ 

( „ 1.47) ar2 + y2^,2 (2) 

(hyijothesis) a;+y+« = 2s (3) 

A D C 

Multiply (1) by 2, and add the product to equation (2) ; then 

3^ + 2xy + y2 :_- 2:2 ^ 2pz, or {x + y)* = z^ + 2pz, 
But by (3) we have x + y=2s—z; consequently 

Z^ + 2pZ = (2s^Zy=As^-AsZ + 2*; 

,'. z= =t := AC, the hypothenuse. 

4s + 2p 2s + jo ' ^^ 

2s' 2sf s + p) 

Again, by (3), x+y = 2s^z = 2s- ^j^- - "27^7" ' 

2s2» 
and(l) xy = pz = 27+1^' 

whence we obtain x — y = A/s^'—2sp — p^ ; 

^ 2s + p^ 



X = (s + p + \/s^—2sp—p^) = the side ab, 

^S *T" p 



8 



and y = {^ + P — \/s'-^sp—p^) — the side bc. 

PROBLEM IX. 

Given the hypothenuse of a right-angled triangle^ a, and the side of a 

square inscribed in it, so that one of its angles may be coincident 

with the right angle of the triangle, b ; to determine the sides of the 

triangle. 

Let ABO be the right-angled triangle, and prbq the 

square inscribed in it, as specified in the enunciation 

of the problem. Let 

AB = Xj and BC = y ; then cr = y— 5, and hence 

(Euc. L 47) x^+f = a^ (1) 

( „ VI. 4), AB : BO : : PR : RC, or a: : y : : 5 : y— 5 ; 

.'. b(x + y) = xy (2) 
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To eq. (1) add twice eq. (2), and we get at once, after transposition, 

from which, by the resolution of a quadratic, we hare 

X + y = 6 ± ya* + 6* (3) ; 

.-. xy = 6(jr + y) = 62 ± h^/a'^■\^ h^ (4). 

From (1) take twice equation (4), and extract the root of the remainder, 

x-y - ± {a^-2b^ zf 2h^/c? + 6* }^ (6). 

Taking half the som, and then half the difference of equations (3, 5), 
we get 

ir = i (6 ± Va^+62) ± i{a^^W q: 26V'«N^)* = ab, 
y = J (6 ± VoHF) q: i(aa-262 q: 26v'a2 + 6* )* = bc. 



PROBLEM X. 



The, hypothenuse of a right-angled triangle is = 2a, and a perpendi- 
cular from its middle point cuts from the perpendicular a segment 
adjacent to the right angle = 6 ; find the sides of the triangle. 



Let DB be the perpendicular from the middle of the 
hjpothenuse, and be the segment cut from the perpen- 
dicular AB, Then ad = do = a, be = 6, and let ae 
= X ; then we have ab = a; + 6, and the triangles 
ABC, ADE are equiangular ; therefore 

ab : AO : : AD : ae, or a: + 6 : 2a : : a : x ; 

.*. a^ ■{■ hx = 2a", 

and resolving the quadratic we obtain either 




2^ 2 '°^^— 2 2 ' 

hence the sides of the triangle are 



ab = - + -51 ; and BC = JV{8a2 _ 26« - 2h\/^a* + 6' }. 

N 
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PROBLEM ZI. 



From one of the angular points of a given square, to draw a straight 
line such, that the part of the line interested between the two sides of 
the square containing tlie opposite angle may he equal to a given line. 

Let ab(;d be the given square, and apq the required r> 
line of which the intercepted part is pq. Let 

AB ==. a, PQ := 6, and bp = a; ; then cp = a — x, and 

(Euc. L 47)... AB* + Bp'-^rzzAp", or \/ar+~S = AP. h. 




(Euc. VI. 4)...BP : PA : : cp : pq, or x : >v/a" + j:' : : <z — ar : J ; 

.-. h'x^z=(a'-'Xf{a^ + a:») = a* - 2a'x + 2a«a:2 — 2aa?» + a;*, 
hence, x* — 2ax' + {2a^ — b^)x' — 2a'ar + a* =0, 

or (a?* + a*) — 2ax(x^ + a«) + (2a» — 5">* = 0. 

But since x* + a^ = (x^ + a^f — 2o?3fl ; therefore the last equation 

becomes 

(a:« + a2)« - 2flw<ar» + a") = 6V; 

which being resolved as a quadratic giyes 



a:* — (a ± V«" + &>= - «*, 
and this resolved again gives 



a ± V«' + 6' . V6* - 2a3 ± 2a Va" + &* 
^= 2 ^ 2 ^- 



The equation deduced above may be resolved in a different manner. 
For since 

a;* — 2aa:8 + (2a* - 1)^)3^ — 2a^x + a* = ; 

.-. X*- — 2ax8 + 2a"a;" - 2a'aj + a* = 6V. 

Adding a^a:* to both sides, and taking the square root, gives 

a;2 - flu: + a' = ± ^{a'^ + h^)x, 

or a;" — { a ± VC^* + 6*) } a: = — a*, the same quadratic as above 
obtained. 
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PROBLEM XII. 

A gentleman has a garden IQOfeet long and ^0 feet broad, and a walk 
is made of an equal width half round it^ so as just to occupy half the 
garden; find the breadth of the walk. 

Let ABCD be the garden whose diagonal is d_ 
AC, and PDB the walk. Let 

R 



C 



AB =: a, BC = 6, AC = C, PB =0?, BR = y, 

and -a + 6 + c = 2s ; then by hypothesis, 

A Jf B 

2xyz=ah (1). 

Now, since ap — cr, we have ab— bp=: cb — bb, or bp — br = ab — cb, 

hence, x—y = a—h (2). 

Add twice (1) to the square of (2) and extract the root ; then 



a; + y = \/a^ + h 
From (2) and (3) we obtain at once 

a—b + c 



(3> 



X = 



= S — 6 =: PBJ 



y 



Also, a—x=. 



— a+6+ c 



= s— a = BR. 



a + b — c 



s — c = AP, the width of the walk. 

If a = 100, and b = 80, then c = v'(«*+ ^^) = 20^41, s = ^'^^'^'^ 

= 90 + 10^41, and ap = s -c = 90 - 10^41 == 26'96876 feet, the 
breadth of the walk. 

Cor, If Qv be drawn perpendicular to AC, then will qv = ap = (jb. 

For the triangles aps, QSV and abc are equiangular ; therefore (Euc. 
VL 4.) 

«& + 6" — be 



, a 4- 6 — c 
AB : BC : : AP : PS, or a : 6 : : ~ : PS 



2a 



— a+/>+c ab^V^^bc ac+6c— (a' + t^) 

ac+bc—c^ c a+b—c c, . 
2a a 2 a^ ^ 

Again, ac : ab : : SQ : qv, or c : a : : - (s — c) : qv = s — c ; 

a 

hence it is manifest that qv == ap = cr, and consequently Q is the centre 
of the circle inscribed in the triangle adc. 
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PROBLEM XIII. 

The lengths of three successive chords completing a semicircle are a, fc, c; 
find the diameter of the circle, D 

Let AD = a, DC = 6, CB = c, and ab = x, 
AC = y, BD = z. 

I / ^-— ^^^^ 

Then (Euc. III. 31 and VI. d.) 

^ A .B 

AB* = AD* + db2; or, a:' = a« + «« (1) 

AB* = AC* + CB* ; or, a:* = c* + y* (2) 

AB.CD + AD.BC = AC . BD ; Or, ^2: = OC + hx (3). 

From (1) and (2) we have y* = x*— c*, and «* = x*— a*; hence 

y*2* = (x*-a*) (x=-c*) = X*- (a* + c*) x* + a"c*...(4) 

Equating the square of (3) to (4) we get 

ar4_(a* -^ <?) x^ -^^ a^<? = aV* + 2a5cx + 6*x*, 

or x»— (a* + &* + c*) X = 2aftc (5) 

From which one value of x can be obtained when numerical values are 
given to the quantities a, &, c. 



PBOBLEK ZIY. 



CUven the three sides of a plane triangle, to find its area. 



Let ABC be a plane triangle, and denote 
tlie sides respectively opposite to the angles 
A, B, c by a, 6, c. Draw ad perpendicu- 
lar to BC, and let cd=:x, and BD = y; 
then since q 



AC* — CD* = AB* — BD* ; 

for each member is equal to the square of ad, we have the two equations 
X + yz=a (1). X*— / = 6*— c* (2). 
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Dividing (2) by (1) gives 

&* — /!* 

Adding (1) and (3), and halving the sum, gives 

a h'-(^ a' + b^-c^ 

a? = - + — - — = = CD. 

2 2a 2a 

Hence, ad' .= ac*— cd* = 6"— x^ = (i+a7)(6— a?) 

= V^ — 2T— )(^ 2^—) 

~~ 2a ' 2a ' 

.-. 4a" . AD* = {(a + ft)2-c2} {c2- (a-6)'} 

= (a + 6 + c) (a + i5>— c) (c + a— 6) (c— a + 6). 

But the area of a triangle is half that of a rectangle of the same base, 
and between the same parallels (£uc. I. 41) ; hence if A denote the area 
of the triangle abc, we have (^a . ad being equal to the area) 

lQA^ = (a + ft + c) (— a + 6 + c) (a — i + c) (a + 6 - c), 

„ a ■{- b + c) -^a + b + c a — b + c a + b ^c 
or A-* = . . . . 



r ^ a+b + c - — a+6+c , a—b-^-c 
Let 8 = r ; tlien s—a= , a — o = ^ 

s — c = » and the last equation becomes 

A* = s (s — a) (s—b) (s-c)] 



.•. A=: -v/s(s— a)(s— 6) (s— c), 

from which the following practiced rule for determining the area of a 
triangle is deduced : 

Fmd half the sum of the three sides of the triangle ; from this half 
sum subtract each side separately; multiply together the half sunk, and the 
three remainders^ then the square root of the product will express the area 
of the triangle. 
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rnOBLEM XV. 

T/ie extremities of two straight portions of a railway are to be connected 
by two circular curve lines; to determine the radius of one of the 
curves J when the radius of the otJter is given. 

Let AB and cd be the two straight portions of the railway, and let it 
be required to connect the extremities of these, viz. b and c, by the two 
circular curves bs and sc. 



Fig. 1. 



Fig. 2. 





(1.) When the two lines of rail ab and cd form a small angle with 
each other, as in Fig. 1., then b and c must be connected by a curve of 
a serpentine form, which is technically called the ogee or S curve. 

Let o be the centre of the circular portion bs, and Q that of the circular 
portion sc ; then if ob and QC be drawn they must be perpendicular to 
AB and CD respectively, since the straight portions of the rail must be 
tangents to these circular curves, and the line OQ, joining the centres of 
the circular curves must pass through s their point of contact. 

Produce dc and draw oh perpendicular to dc, and Qi perpendicular to 
OH ; then QH is a rectangle. Let ob = r, oh r= a, ch =r 6, and 
Qo = Qs = aj ; then we have oq = r + a?, qi = ch = 6, and 
oi ^ oh — ih = OH — QC = a — j:, and therefore (Euc, I. 47) 
QO* = Qi^ + lo" ; that is 

(r+ocy^ z=b'' + (a— xf, or r' + 2rjr + ar^ = 6« + a" - 2ax + x* ; 

/i2 4. 52 _ ~2 
.-. 2(a + r)x = a" + 6* - r2 or a: = - Za + r) = <ic . . . . (1) 
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(2.) When the two lines of rait farm villi «ach other itn angle not 
differing greatly from a right angle, then the connecting curve must be 
concave towarda tlie same side aa in Fig. 2. In this case we have 
«q — r — T, and therefore 



wheiwe 2(r - a)x = o' + 4' - r' 



- 2rj: + i» = S= + u» - 2iLc + 



2(r-a) 



■ P) 



Scholiam. A straight line of nulway cannot alnajs be made, owing 
to unavoidable obBtnictiona, and the eipedienc; of making the line ap- 
[voadi to denaelj popnlaled loc&lltips ; hencfi the neceaaity of railway 
curves, which are nniformly arcs of circles, whose radii, are not allowed, 
by Act of Parliament, to be lesa than 80 chains, or 1 mile. 

Thia useful prableo!! has been ^ven bj Dr KuCherford for tbe purpose 
•^ enabling Bt^way Engineers to adapt their curves most advantAgeously 
to ene another for safety. 



Let ABO be the triangle, a,b, c the sides opposite to the angles 
respectively, o the centre of the in- 
ecnbed circle, od and 0£ radii perpen- 
dicnjai to AB and AO. Draw AO, bo, 
CO, and let A = the area of the 

radios of the inscribed circle ; then j 

(Prob.3.v.)i»^<s-a)(._6)fs-t 

and (_Eiu:. 1. 41, and II. Def. 1 

the triangle AOB = Jcr. Similarly 

AOC = ibr, and boc = ^r ; therefore, 

since the triangle abc is composed of the three triangles 




A = iar + ibr + ier= r. ^ = r« ; 



rr 
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Similarlj, if o' be the centre, and r^ the radius of the escribed circle 
touching BC exteriorly ; then ab(! = ao'b + ao'c — bo'c = ^cr^ + ^br^ 

.*. A = Tj. = r^(s — a); therefore 

r, = ^- = J'ii^lMiZlf) (2> 

Also if r, and r, be the radii of the escribed circles touching ac and 
AB exteriorlj, then 

^^^^.J^-^) ^3^^ ,^^^i(L-^^ (4). 

Taking the product of these radii we get 

Taking the reciprocals of r, r^, r„ r, we get 

1 8 1 8 — a 1 8 — h 1 s— c 

r A Tj A r, A r. A* 

, «— a 8—b 8 — c 3s — (a + b + c) s 
but h + = ^^ ^ = — ; 

A A A A A ' 

11.11 

.-.-= — + — + — (6). 

r r^ r^ r^ 

Let Q be the centre, and b the radius of the circumscribed circle. 
Draw FQG perpendicular to ab bisecting it in h, and draw also the per- 

2a _» 

pendicnlar cm ; then since A = Jab . cm, therefore cm = — . But 

(Euc. VI. c.) AC . cb = po . CM, or aft = 2e . — ; hence 4rA = oftc, 
and consequently 

cibc ahc 



4a 4V{«(«-a)(s— &)(«— c)} 



. . . (7). 



Since 2e = -z— and r = — : therefore we have 
2a s 

- ahc A ahc ahc .^. 

2Rr = -rr— X — = -TT- = w . . . (9\ 

2a 8 2« a -I- 6 -H c ^ ^ 



MISCELLANEOUS EXERCISES. 



1. Determine the three factors of the expression o' — 2abc — a6*— c'a^ 
and find its numerical value when a =r 5, 6 = 3, and c = i. 

Ans. a(a + & + c) (a — 6 — c) = 45. 

2. Simplifythe expression! ^^_^y^,^3^^^^^__^^;^^^^,^,^^^^^, |. 



Ans. 






3. Find by a direct process the values of/) and 9, such that the expres- 
sion 4a:* — 12a;* + ps^ + qx + 16 may be a complete square. 

Ans. ^ = 25, 9 = — 24. 

4. From what considerations is the meaning attached to ^ deduced ? 

5. Determine the relative magnitudes of VlO, -^30, and ^95, with- 
out extracting the specified roots of the numbers. 

Ans. VIO > ^^95 > v^30. 

6. A person being asked what o'clock it was, said it is between eight 
and nine, and the hour and minute hands are exactly together ; what was 
the time ? Ans. 8 hrs. 43 min. 38iV sec 

7. Find the values of x in the following equations. 

rn ^±1 _ ?LlI - _!^_ Ans a:- ± 9 

(2) V(«+ V^)+ V(a-V') - 5^^a+V=c) • 
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8. What number, consisting of two places of figures, is equal to the 
difference of the squares of its digits, and if 36 be added to it, the digits 
will be inverted ? Ans. 48. 

9. The pay of a Second Lieutenant for x dajs, at 5s. 6d. per diem, 
together with the pay of a First Lieutenant for y days at 7s. per diem, 
amounted to L.34, 4s. Now, if the Second Lieutenant is promoted to 
the rank of First Lieutenant, and the First Lieutenant to the rank of 
Second Captain, whose pay is lis. per diem, their pay together for xand 
y days respectively would be increased by L.15, 12s. : find the values 
of .r and y. 

Ans. a; = 48 days, y = 60 days. 

10. Find the values of x and y from the simultaneous equations. 

Vi'^V^ + ^Vy) + iV^ = 9— iVy, anda:— y=:12. 

Ans. a? = 16, y = 4. 

11. From two places, distant from each other 320 miles, two persons, 
A and B, set out at the same time to meet each other, a travelled 8 miles 
a day more than b, and the number of days in which they met was equal 
to half the number of miles b went in a day ; how many miles did each 
travel per day ? Ans, a 24 and b 16 miles. 

12. What two numbers are those, whose difference, sum, and product, 
are to each other as the numbers 2, 3, and 5 respectively ? 

Ans. 2 and 10. 

13. A piece of ground is to be enclosed with palisades, and it was 
found that if they were placed one foot apart, there would be 150 pali- 
sades wanting, but if placed a yard apart, there would be 70 remaining ; 
find the number of palisades. Ans. 180. 

14. After a certain number of men had been employed on a piece of 
work for 24 days, and had completed one-half of it, 16 men more were 
set on, and then the remaining half was finished in 16 days ; how many 
men were employed at first, and what was the whole expense at Is. 6d. 
a day per man ? Ans. 32 men, and whole expense L.115, 4s. 

15. The circumference of the fore-wheel of a carriage is c feet, and 
that of the hind-wheel is c' feet ; in what distance will the fore-wheel 
make r revolutions more than the hind-wheel ? 

Ans. -; — . 
c —c 
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16. It is required to find two numbers such, that if the square of the 
first be ftdded to the second, the sum shall be 62, and if the square of the 
second be added to the first^ it shall be 176. Ans. 7 and 13. 

17. The fore-wheel of a carriage makes six revolutions more than the 
hind- wheel, in going 120 yards; but if the circumference of each wheel 
was increased by three feet, it would make only four revolutions more 
than the hind- wheel in the same i^ce ; what is the circumference of each 
wheel ? Ans. 12 and 15 feet. 

18. A sum of money is to be divided equally among a certain number 
of persons ; now, if there had been 3 claimants less, each would have 
had L.150 more, and if there had been 6 more, each would have bad 
L.120 less ; required the number of persons, and the sum divided. 

Ans. 9 persons, sum L.2700. 

19. From each of sixteen foreign pieces of gold, of the same denomi- 
nation, a person filed a fifth of its value, and then offered them all in 
payment at their nominal currency ; but the fraud being detected, and 
the pieces weighed, they were found to be worth no more than L.ll, 4s. ; 
what was the original value of each piece ? Ans. 17s. 6d. 

20. A composition of tin and copper, containing 100 cubic inches, was 
found to weigh 505 ounces ; how many ounces of each did it contain, 
supposing the weight of a cubic inch of copper to be 5i ounces, and that 
of a cubic inch of tin 4 J ounces ? 

Ans. 420 oz. of copper, and 85 oz. of tin. 

21. Given xy(x^'\-y^)=iZ and x^y^{x*--\-y*-) = 7, to find the values 
of X and y. 

V^ + l V^-l 

Ans. X = — 2 — » 2^"^ 2 — 

22. Given xyz = 231, xyw = 420, xzw = 660, and yzw = 1540, to 
find the values of x, y^ «, w. 

Ans. a; = 3, y = 7, 2: = 11, and w = 20. 

23. The simi of two numbers is 2, and the sum of their ninth powers 
is 32 ; find the numbers by a quadratic equation. 
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24. Find the values of x and y from the equations 

X xy — cue . xy ax + ay — ac 
y DC — xy DC ay + ox — xy 

Ans. x= ±(± acf,y= ± (±6c)i 

25. Extract the square root of S^v/ — 1 in the form of a binomial surd, 

and find the value of (4 + 6V — 5)^ + (4 - 6^—5)'. 

Ans. 2 + 2V - 1» and 6. 

26. Given x + y + z = 23, ay + y« + «x = 167 and a:y« = 385, to 
find X, y, z. Ans. x =5, y = 7, « = 11. 

27. Given x^ + xy = 108, y* + yz = 69, and 2« + «^ = 580, to find 
X, y, 2f. Ans. x = 9, y = 3, 2: = 20. 

z 1.1 

28. If X varies as -», and z varies as -5-, then will x* vary as -=-. 

y*' x^' v 

29. If y is equal to the sum of three quantities, the first of which varies 
as x', the second as x, and the third is constant ; find the equation ex- 
pressing the relation between y and x, if when x = 1, 2, 3, the corres- 
ponding values of y are 16, 37, and 69. Ans. y = 5x" + 7x + 3. 

30. If A commence trade with L.5500, and if he add to this capital 
L.lOO the first year, L.200 the second, L.300 the third, and so on ; 
and if at the same time b commence trade with L.IOOO, and increase it in 
the first year by L.200, in the second by L.400, in the third by L.600, 
and so on ; in how many years will these tradesmen have equal capitals, 
and what will be its amount ? Ans. In 9 years — amount L. 10,000. 

31. The sum of three numbers in geometrical progression is 21, and 

the sum of their reciprocals is -^^ ; find the numbers. 

Ans. 3, 6, 12. 

32. If a is the mth term, and h the nth term of an harmonical pro- 
gression, what is the (m + n)th term ? 



Ans. 



mh — na' 



33. From a square pile of shot which had originally 24 courses, 14 
entire courses and part of the 15th have been removed ; and the number 
of shot left in the incomplete pile is known to be 3762 ; how many of the 
15th course have been removed? Ans. 123 shot. 



MISCELLANEOUS EXERCISES. 301 

34. Expand -^ — ^ in a series, both by the method of indeterminate 

coefBcients, and the binomial theorem. 

2. 2.2 3^ 4.23 52* 

^°^* Bx ~ (3x)2 "^ (3«/ ~ (3x)* ■*" (3x/ ~ ^'''' 

g^ 8a? + 12 

35. Decompose -5 -r -z into three partial fractions. 

X* — lox + 12 

3 1.4 

Ans. - 



X — S X — 1 X + A 

36. Find the term involving x^ in the expansion of 

(l + 3x+5x^+7a^+ etcf. Ans. 17765x". 

37. Find the logarithms of '875 and 3430 in terms of log 2 and log 7. 

Ans. log 7 — 3 log 2 and 1 + 3 log 7. 

38. Find all the roots of the equation ar*+«'-~15a:*- 19a?- 3 = 0. 

Ans. x= 3-99391857, a:= — 1-09041796 

x=- -18526445, x = — 3-71823617. 

39. Given 256ar — 87y = 1, to find the least possible values of x and 
1/ in whole numbers. Ans. x = 52, y = 153. 

40. In how many different ways is it possible to pay L.lOO with seven- 
shilling pieces, and dollars of 4s. 6d. each ? 

Ans. In 31 different ways. 

41. A farmer has two fields, for which he pays a rent of L.28 ; the 
rent of one. field is L.4, 6s. 8d. per acre, and that of the other L.2, 10s. ; 
how many acres are in each field ? 

Ans. 3 acres in the former, and 6 in the latter. 

42. It is required to find two different isosceles triangles, such that 
their perimeters and areas shall be both expressed by the same numbers. 

Ans. Sides of the one 29, 29, 40 ; and of the other 37, 37, 24. 

43. It is required to find the sides of three right-angled triangles, in 
whole numbers, such that their areas shall be all equal to each other. 

Ans. 58, 40, 42 ; 74, 24, 70; 113, 15, 112. 

44. To find a whole number, such that if unity be added to it, and also 
to its half^ the sums shall be squares. Ans. 48 or 1680. 
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45. Required the two least nonquadrate numbers x and y^ such that 
the som of their sqnares, and the sum of their cubes, shall be both 
squares. Ans. x = 864, and y = 273. 

46. It is required to find two whole numbers, such that their sum shall 
be a cube, and their product and quotient squares. 

Ans. 25 and 100, or 100 and 900, &c. 

47. It is required to find three biquadrate numbers, such that their 
Bum shall be a square. Ans. 12^, 15^ 20^. 

48. It b required to find three niftnbers in continued geometrical pro- 
gression, such that their three differences shall be all squares. 

Ans. 567, 1008, and 1792. 

49. It is required to find three whole numbers, such that the sum or 
difiference of any two of them shall be square numbers. 

Ans. 856350, 949986, and 993250. 

50. It is required to find four whole numbers, such that the difference 
of every two of them shall be a square number. 

Ans. 1873482, 2288168, 2399057, and 6560657. 

i_ 

51. Given xf = 1*2655, to find a near approximate value of x. 

Ans. 1-38736. 

52. Given a^ = 5000, and y" = 3000, to find the values of x and y. 

Ans. X = 4-691445, and y = 5*510132. 

53. How many figures would be required to express the 25th term of 
the series 2\ 2\ 2*, 2«, 2'% etc. 9 Ans. 5050446 figures. 

54. How may the series of weights 1, 3, 3*, 3^, etc. be employed to 
weigh 224 lbs. ? Ans. 224 = 3« + 3^ — (3^ + 1). 

55. Shew that if from the cube of any even number, four times the 
number itself be subtracted, the remainder will be divisible by 48. 

56. There is a certain number of quantities of which the variations 
taken 8 together = 80, and taken 10 together = 960 ; how many must 
be taken away £rom the original number that, of the remaining quantities 
taken 2 together, the number of combinations may be 15 ? Ans. 6. 



MISCELLANEOUS EXERCISES. 303 

57. The amount of an annuity of p pounds to continue n years is 
= a pounds, and the amount of the same annuity to continue 2n years 
is = 6 pounds ; what is the rate per cent, at compound interest ? 



A„,.100{(*3f)i_x}. 



58. K the straight portion ab of a railway be produced 7 miles 250 
yards, and the straight portion DC of another railway be produced 5 miles 
1050 yards, they would meet and form a right angle. The railways are 
to be connected by two circular railway curves bs and sc, and the radius 
of the former is 8 miles 200 yards ; find the radius of the other circular 
curve so. Ans. 4 miltf 763 yards 2tV feet. 

59. On the 19th of June 1846, a series of observations was made to 
determine accurately the time at Edinburgh, in latitude 55® 56' 58" N., 
longitude in time 12™ *43g*5 W. The mean of the times, by chrono- 
meter, at which the observations were made was 6^* 4™ 268*83 ; required, 
by interpolation, the sun's true declination firom the Nautical Almanac, 
so as to obtain thereby the time with the utmost precision from the true 
zenith distance 71M4' 25"-3. 

Note. — The column in page 1 of each month in the Nautical Almanac, 
titled " Diff. for 1 hour," is deficient in the requisite accuracy, when 
used as generally directed, near the solstice. 

1846. June 18. Sun's dec. N. 23*25' 5-7" . .^^(.,^» ^' 

19. ... 23 26 16-4 J i. ::.' - 24-8" 

20. ... 23 27 2-3 J ^ ^f.f - 24-8 

21. ... 23 27 23*4 + " ^^ ^ 

day 
Now6h4m26'83s + 12m 43-508 = 6h 17m 10-33s = 0*262, nearly. 

Whence by formula (2) page 261, we have n = 2*262, n - 1 = 1-262 
n - 2 = 0-262 ; d^ = 1' W'7 or 70"-7, and rf, = — 24"-8, hence 

r» n5 oc' .''^ . , o^o n^"n 1*262 X 0*262 X 24^-8 
Dec. = 23 25 5-7 + 1-262 x 70-7 r-^ 

= 23 25 5-7 + 89-22 - 4-16 = 23 26 3076 N. 

8 

The equation of time = + 56-57 by the Nautical Almanac. 

s 

Hence the error of the chronometer was 4*20 slow.* 



♦ This refers to real observations, and may or may not be followed beyond 
the interpolation, at the pleasure of the instructor or student. The data re- 
quired fi'om the Nautical Almanac, and a few steps of the calculation, haye 
been given to indicate the mode of procedure. 
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60. Required the moon's trne longitnde at the same place and time of 
day in July 1846. Here t = 6^ 17« 10«-33 = 0-62385 of 12»», the 
interval in the Nautical Almanac, since the moon's longitude is given 
in it to every 12^ 

di dg rf, d^ 



Long, on 18th at = 60 64 20-1 , X li* rA 
12 67 11 10-3 t 5 io ^n.o 



- 3 O'O 



19th 73 26 0-6 J ^ }? ^2 « - 2 40*4 + }^.^ - 2-1 
12 79 36 10-3 tai aI.q - 2 22-9 T J^.^ - 2*7 
20th 85 44 67-2 + ? ^ !! 2 - 2 8-1 + ^^^ 



12 



91 51 36-0 + 6 ^ 3^*^ mean — 2-4 



Hence rf, = 6 16 50-2 = 22610^2 n = 3-52385 
<f , = — 3 0-0 = -180*0 n — 1 = 2-52385 
d^= + 19-6 = + 19*6 n — 2= 1-62385 
rf^ = — 2*4 = - 2-4 n — 3 = 0-52386 

n — 4= -0-47615 

Hence, Long. = 60 54 2o'-l + 16 51 4-75 — 6 46*14 + 6'59 

= 76 39 46-3 

The effects of d^ being only + 0"-096 are nearly insensible, and may 
for that reason be omitted. 

61. The base of a triangle is 6, and the perpendicular is p ; required 
the side of a square inscribed in it ? 

Ans. ■= — — — . 
o + p 

62. Given the two sides and the line bisecting the vertical angle of 
a triangle, to find the base. Let a and b be the two sides, c the line 
bisecting the vertical angle, and x the base ; then 

63. Two trees standing on a horizontal plane are 120 feet asunder ; 
the height of the higher is 100 feet, and that of the lower 80 ; whereabout 
in the plane must a person place himself, so that his distance from the 
top of either of the trees shall be equal to the distance between them ? 

Ans. 20^/21 feet from the bottom of the lower, 
and 40 V 3 feet from the bottom of the higher. 

64. A town A was 30 miles from b, b 25 miles from c, and c 20 miles 
from A ; whereabouts must a person place himself so as to be* at equal 
distances from each ? Ans. 15*118579 miles from each. 
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65. To find the side Q|>a square, inscribed in a given semicircle, whose 
diameter is d, Ans. ^dy/d, 

66. To find the side of an equilateral triangle, inscribed in a circle 
whose diameter b d ; and that of another circumscribed about the same 
cirde. Ans. id ^3, and d^B. 

67. To find the side of a regular pentagon, inscribed in a circle whose 
diameter is d. Ans. id V(10 — 2^/5). 

68. To find the sides of a rectangle, the perimeter of which shall be 
equal to that of a square, whose edde is a, and its area half that of the 
square. Ans. a + la^2 and a — ^a<y/2. 

69. Having given the side (10) of an equilateral triangle ; to find the 
radii of its inscribed and circumscribed circles. 

Ans. 2-88675 and 6-77350. 

70. Having given the perimeter (12) of a rhombus, and the sum (8) 
of its two diagonals ; to find the diagonals. 

Ans. 4 + -v/2 and 4 — \/2, 

71. Having given the two contiguous sides (a, h) of a parallelogram, 
and one of its diagonals (d) ; to find the other diagonal. 

Ans. V (2a» + W - c/»> 

72. Having given the perpendicular (300) of a plaue triangle, the sum 
of the two sides (1155), and the di£ference of the segments of the base 
(495) ; to find the base and the sides. 

Ans. 945, 375, and 780. 

73. The lengths of the three lines drawn from the three angles of a 
plane triangle to the middle of the opposite sides, being 18, 24, and 30, 
respectively ; it is required to find the sides. 

Ans. 20, 28-844, and 34-176. 

74. In a plane triangle, there is given the base (i), the area (a*), and 
the difference of the sides (c) ; to find the sides and the perpendicular. 

2a* 
Ans. The perp. p = —v-, and the sides = 



V{,-^. ^ i} 



±r 
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75. The length of two lines that bisect the ,«cate angles of a right 
angled plane triangle being a and 2;, it is required to determine the tri- 
angle. 

Ans. If a = 40 and b = 50, the sides are 

35*80737, 47-40728, and 69-41143. 

76. Having given the lengths (a, b) of two chords, cutting each other 
at right angles in a circle, and the distance (c) of their point of intersec- 
tion from tMB centre ; to determine the diameter of the circle. 

Ans. V{i(«^ + b') + 2c2}. 

77. Having given the sides of a trapezium, inscribed in a circle, equal 
to 6, 4, 5, and 3, respectively ; to determine the diameter of the circle. 

Ans. ^^(130 X 133) or 6'57457. 

78. In a plane triangle, having given the perpendicular (p), and the 

radii (r, r) of its inscribed and circumscribed circles ; to determine the 

triangle. 

Ans. The base =. 2rV(2;.R - 4rE - r^) ^ 

p —2r 

79. Having given the base of a plane triangle equal to 2a, the per- 
pendicular equal to «, and the sum of the cubes of its other two sides 
equal to three times the cube of the base ; to determine the sides. 

Ans. a(2 -f ^y'G) and a{2 — i\/6). 

80. Given the area (100) of an equilateral triangle abc, whose base bc 
falls on the diameter, and vertex a in the middle of the arc of a semi- 
circle ; required the diameter of the semicircle. Ans. 20\/3. 



PilXNTKO Bl STETSN80N AND COMFA^Y, 
32 THISTLE STREET, EOINBimOH. 



